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Counterfactuals: Keep identification & estimation separate

2 Pearl’s Primer book Chapter 4

Defining the counterfactual should not require approximation. Definitions should 

accurately capture what we wish to estimate precisely.  

(How we then estimate it is a different problem).


Defining and estimating counterfactual allows us to address complex problems:


- efficacy of a job training programme by identifying how may enrolled would 

have gotten jobs had they not enrolled


- Predict the effect of an additive intervention (adding 5 mg/l of insulin to a group 

of patient with varying insulin levels), from experimental studies


- Obtain the likelihood that an individual cancer patient would have had a 

different outcome, had they chosen a different treatment



Mediation and Path-disabling Interventions

3 Pearl’s Primer book Chapter 4, page 114

Aim: Which of the two causal effects is greater (i) the direct effect (gender on 

hiring), or (ii) the indirect effect (education on job qualification on hiring)?


—> Could inform policy where to invest resources to address disparity


X: gender


Q: job qualification


Y: hiring decision
YX

Q



Mediation: Recall and contrast with CDE

4

Controlled Direct Effect (CDE): 
<latexit sha1_base64="42jNN/dDVQBi07TP30w818TQbRk="></latexit>

p(Y = y|do(T = t), do(X = x))� p(Y = y|do(T = t0), do(X = x))

There are 2 back-door paths from X to Y in the original graph: 


1) through gender T, which is blocked by T


2) Through income W, so we condition on W

YT

X

Gender Hiring 

Qualification

W

Income

There are no backdoor paths from T to Y, hence the above is equal to: 
<latexit sha1_base64="NDVbZObGqbFuZnL+0teTjeoEYR0="></latexit>

p(Y = y|T = t, do(X = x))� p(Y = y|T = t0, do(X = x))

<latexit sha1_base64="pYgThosGECRvambyVNAS+Ih0Z5U="></latexit>X

w

⇣
p(Y = y|T = t,X = x,W = w)� p(Y = y|T = t0, X = x,W = w)

⌘
p(W = w)
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Aim: Which of the two causal effects is greater (i) the direct effect (gender on 

hiring), or (ii) the indirect effect (education on job qualification on hiring)?


—> Could inform policy where to invest resources to address disparity


This concerns enabling/disabling processes (e.g., educational reforms) rather 

than lowering/raising values of specific variables. Thus, the do-operator and the 

controlled direct effect (CDE) seen earlier do not suffice … 


… as before, we phrase the problem mathematically via counterfactuals!



Mediation and Path-disabling Interventions
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How do we phrase this in a counterfactual manner?


For example, we want to know how the gender disparity changes after 

successfully implementing gender-blind hiring procedures.


In words: We estimate gender disparity under the counterfactual condition that 

all female applicants be treated as males
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How do we phrase this in a counterfactual manner?


For example, we want to know how the gender disparity changes after 

successfully implementing gender-blind hiring procedures.


In words: We estimate gender disparity under the counterfactual condition that 

all female applicants be treated as males


Hiring status (Y) of a female applicant with qualification Q = q, given that the 

employer treats her as though she is a male (X=1) is captured by the 

counterfactual 


Since Q varies over the population, we average this quantity according to the 

distribution of the qualification of female applicants, 

<latexit sha1_base64="m+CAXOLgWAd2oibwQAfi9X/5scY=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4kGEyLZ1uKgU3LluwD2mHkknTNjSTGZOMUIb+hhsXirj1Z9z5N6YPQUUPXDiccy/33hPEnCntOB9WZm19Y3Mru53b2d3bP8gfHrVUlEhCmyTikewEWFHOBG1qpjntxJLiMOC0HUyu5n77nkrFInGjpzH1QzwSbMgI1kbq3fbTThVdwEb1btbPFxzbQW6pgqBjI6/ouBVD3HKp6HkQ2c4CBbBCvZ9/7w0ikoRUaMKxUl3kxNpPsdSMcDrL9RJFY0wmeES7hgocUuWni5tn8MwoAziMpCmh4UL9PpHiUKlpGJjOEOux+u3Nxb+8bqKHFT9lIk40FWS5aJhwqCM4DwAOmKRE86khmEhmboVkjCUm2sSUMyF8fQr/Jy3XRmXbbZQKtctVHFlwAk7BOUDAAzVwDeqgCQiIwQN4As9WYj1aL9brsjVjrWaOwQ9Yb5/sKZD4</latexit>

YX=1,Q=q

<latexit sha1_base64="bnW4SP1UqiFWSOnEDX5VAqERIDQ=">AAAB83icdVDLSgMxFM34rPVVdekmWIS6GTLT0ummUnDjsgX7gHYomTRtQzMzMckIZexvuHGhiFt/xp1/Y/oQVPTAhcM593LvPYHgTGmEPqy19Y3Nre3MTnZ3b//gMHd03FJxIgltkpjHshNgRTmLaFMzzWlHSIrDgNN2MLma++07KhWLoxs9FdQP8ShiQ0awNlJPFBrVW3gPO1V00c/lkY0ct1RxILIdr4jciiFuuVT0POjYaIE8WKHez733BjFJQhppwrFSXQcJ7adYakY4nWV7iaICkwke0a6hEQ6p8tPFzTN4bpQBHMbSVKThQv0+keJQqWkYmM4Q67H67c3Fv7xuoocVP2WRSDSNyHLRMOFQx3AeABwwSYnmU0MwkczcCskYS0y0iSlrQvj6FP5PWq7tlG23UcrXLldxZMApOAMF4AAP1MA1qIMmIECAB/AEnq3EerRerNdl65q1mjkBP2C9fQIpGJB4</latexit>

p(Q = q|X = 0)
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Since Q varies over the population, we average this quantity according to the 

distribution of the qualification of female applicants, 


The result is 


Male applicants have similar chances, but averaging over  


<latexit sha1_base64="bnW4SP1UqiFWSOnEDX5VAqERIDQ=">AAAB83icdVDLSgMxFM34rPVVdekmWIS6GTLT0ummUnDjsgX7gHYomTRtQzMzMckIZexvuHGhiFt/xp1/Y/oQVPTAhcM593LvPYHgTGmEPqy19Y3Nre3MTnZ3b//gMHd03FJxIgltkpjHshNgRTmLaFMzzWlHSIrDgNN2MLma++07KhWLoxs9FdQP8ShiQ0awNlJPFBrVW3gPO1V00c/lkY0ct1RxILIdr4jciiFuuVT0POjYaIE8WKHez733BjFJQhppwrFSXQcJ7adYakY4nWV7iaICkwke0a6hEQ6p8tPFzTN4bpQBHMbSVKThQv0+keJQqWkYmM4Q67H67c3Fv7xuoocVP2WRSDSNyHLRMOFQx3AeABwwSYnmU0MwkczcCskYS0y0iSlrQvj6FP5PWq7tlG23UcrXLldxZMApOAMF4AAP1MA1qIMmIECAB/AEnq3EerRerNdl65q1mjkBP2C9fQIpGJB4</latexit>

p(Q = q|X = 0)

<latexit sha1_base64="nEDp22yK8JO0CSVir7TTDFyBcTU="></latexit>X

q

E
⇥
YX=1,Q=q

⇤
p(Q = q|X = 0)

<latexit sha1_base64="pcuYrXFP/eLrdc9KM26fNExI9/0=">AAAB83icdVDLSgMxFM34rPVVdekmWIS6GZJp6XRTKbhx2YJ9QDuUTJq2oZmHSUYoY3/DjQtF3Poz7vwb04egogcuHM65l3vv8WPBlUbow1pb39jc2s7sZHf39g8Oc0fHLRUlkrImjUQkOz5RTPCQNTXXgnViyUjgC9b2J1dzv33HpOJReKOnMfMCMgr5kFOijdSLC43qLbyHnSq+6OfyyEbYKVUwRDZ2i8ipGOKUS0XXhdhGC+TBCvV+7r03iGgSsFBTQZTqYhRrLyVScyrYLNtLFIsJnZAR6xoakoApL13cPIPnRhnAYSRNhRou1O8TKQmUmga+6QyIHqvf3lz8y+smeljxUh7GiWYhXS4aJgLqCM4DgAMuGdViagihkptbIR0TSag2MWVNCF+fwv9Jy7Fx2XYapXztchVHBpyCM1AAGLigBq5BHTQBBTF4AE/g2UqsR+vFel22rlmrmRPwA9bbJyqdkHk=</latexit>

p(Q = q|X = 1)
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Since Q varies over the population, we average this quantity according to the 

distribution of the qualification of female applicants, 


The result is 


Male applicants have similar chances, but averaging over  


Subtracting the two quantities yields the Natural Indirect Effect (NIE) of gender on 

hiring, mediated by the level of qualification Q:


Allow Q to vary naturally between applicants, as opposed to the CDE. Here we 
disable the capacity of Y to respond to X but leave its response to Q unaltered.

<latexit sha1_base64="bnW4SP1UqiFWSOnEDX5VAqERIDQ=">AAAB83icdVDLSgMxFM34rPVVdekmWIS6GTLT0ummUnDjsgX7gHYomTRtQzMzMckIZexvuHGhiFt/xp1/Y/oQVPTAhcM593LvPYHgTGmEPqy19Y3Nre3MTnZ3b//gMHd03FJxIgltkpjHshNgRTmLaFMzzWlHSIrDgNN2MLma++07KhWLoxs9FdQP8ShiQ0awNlJPFBrVW3gPO1V00c/lkY0ct1RxILIdr4jciiFuuVT0POjYaIE8WKHez733BjFJQhppwrFSXQcJ7adYakY4nWV7iaICkwke0a6hEQ6p8tPFzTN4bpQBHMbSVKThQv0+keJQqWkYmM4Q67H67c3Fv7xuoocVP2WRSDSNyHLRMOFQx3AeABwwSYnmU0MwkczcCskYS0y0iSlrQvj6FP5PWq7tlG23UcrXLldxZMApOAMF4AAP1MA1qIMmIECAB/AEnq3EerRerNdl65q1mjkBP2C9fQIpGJB4</latexit>

p(Q = q|X = 0)

<latexit sha1_base64="nEDp22yK8JO0CSVir7TTDFyBcTU="></latexit>X

q

E
⇥
YX=1,Q=q

⇤
p(Q = q|X = 0)

<latexit sha1_base64="pcuYrXFP/eLrdc9KM26fNExI9/0=">AAAB83icdVDLSgMxFM34rPVVdekmWIS6GZJp6XRTKbhx2YJ9QDuUTJq2oZmHSUYoY3/DjQtF3Poz7vwb04egogcuHM65l3vv8WPBlUbow1pb39jc2s7sZHf39g8Oc0fHLRUlkrImjUQkOz5RTPCQNTXXgnViyUjgC9b2J1dzv33HpOJReKOnMfMCMgr5kFOijdSLC43qLbyHnSq+6OfyyEbYKVUwRDZ2i8ipGOKUS0XXhdhGC+TBCvV+7r03iGgSsFBTQZTqYhRrLyVScyrYLNtLFIsJnZAR6xoakoApL13cPIPnRhnAYSRNhRou1O8TKQmUmga+6QyIHqvf3lz8y+smeljxUh7GiWYhXS4aJgLqCM4DgAMuGdViagihkptbIR0TSag2MWVNCF+fwv9Jy7Fx2XYapXztchVHBpyCM1AAGLigBq5BHTQBBTF4AE/g2UqsR+vFel22rlmrmRPwA9bbJyqdkHk=</latexit>

p(Q = q|X = 1)

<latexit sha1_base64="1lqFc6J8Dy2ZN2xB46ffFY5s8v4="></latexit>

NIE =
X

q

E
⇥
YX=1,Q=q

⇤�
p(Q = q|X = 0)� p(Q = q|X = 1)

�
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It remains to identify the Natural Indirect Effect (NIE) of gender on hiring, mediated 

by the level of qualification Q, in order to allow estimation:


The following result is known as Pearl’s Mediation formula


<latexit sha1_base64="1lqFc6J8Dy2ZN2xB46ffFY5s8v4="></latexit>

NIE =
X

q

E
⇥
YX=1,Q=q

⇤�
p(Q = q|X = 0)� p(Q = q|X = 1)

�
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It remains to identify the Natural Indirect Effect (NIE) of gender on hiring, mediated 

by the level of qualification Q, in order to allow estimation:


The following result is known as Pearl’s Mediation formula


Theorem (Pearl, 2001)


In the absence of confounding, the NIE can be identified as follows


In words: It measures the extent to which the effect of X on Y is explained by its 

effect on the mediator Q. In the NIE we “freeze” the direct effect of X on Y, yet 

allow the mediator Q of each unit to react to X in a natural “unfrozen” way.

<latexit sha1_base64="1lqFc6J8Dy2ZN2xB46ffFY5s8v4="></latexit>

NIE =
X

q

E
⇥
YX=1,Q=q

⇤�
p(Q = q|X = 0)� p(Q = q|X = 1)

�

<latexit sha1_base64="IZmekamSeeJ4ZFh5LvO+fMdT404="></latexit>

NIE =
X

q

E
⇥
Y |X = 1, Q = q

⇤�
p(Q = q|X = 0)� p(Q = q|X = 1)

�
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The various applications of counterfactuals we have seen share many features in 

their mathematical description. Examples are:


1. ETT (Effect of Treatment on the Treated, ATT), i.e.,  

Showed up in questions related to recruitment to a programme and additive 

interventions


<latexit sha1_base64="CcOigum0CPTtHcvuAWg9bh203eY=">AAACAnicdVDLSsNAFJ34rPVVdSVuBovoKiRpabtRCiK4rGAfkoYymUzaoZMHMxNpCcWNv+LGhSJu/Qp3/o2TtoKKHrhwOOde7r3HjRkV0jA+tIXFpeWV1dxafn1jc2u7sLPbElHCMWniiEW84yJBGA1JU1LJSCfmBAUuI213eJ757VvCBY3CazmOiROgfkh9ipFUUq+w3w2QHLhuejGxb3oj2A2oBzuno2OnVygaumFa5ZoJDd2slgyrpohVKZeqVWjqxhRFMEejV3jvehFOAhJKzJAQtmnE0kkRlxQzMsl3E0FihIeoT2xFQxQQ4aTTFybwSCke9COuKpRwqn6fSFEgxDhwVWd2sPjtZeJfnp1Iv+akNIwTSUI8W+QnDMoIZnlAj3KCJRsrgjCn6laIB4gjLFVqeRXC16fwf9KydLOiW1flYv1sHkcOHIBDcAJMUAV1cAkaoAkwuAMP4Ak8a/fao/aivc5aF7T5zB74Ae3tE42hluM=</latexit>

E[Yx | X = x0]
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The various applications of counterfactuals we have seen share many features in 

their mathematical description. Examples are:


1. ETT (Effect of Treatment on the Treated, ATT), i.e.,  

Showed up in questions related to recruitment to a programme and additive 

interventions


2. Probability of necessity, i.e.,   

In words: “Had Y not happened in case X was 0 (i.e., Y_0=0), i.e., was 

treatment (X=1) necessary to obtain Y=1?” 

Showed up in the cancer treatment example and legal liability


<latexit sha1_base64="CcOigum0CPTtHcvuAWg9bh203eY=">AAACAnicdVDLSsNAFJ34rPVVdSVuBovoKiRpabtRCiK4rGAfkoYymUzaoZMHMxNpCcWNv+LGhSJu/Qp3/o2TtoKKHrhwOOde7r3HjRkV0jA+tIXFpeWV1dxafn1jc2u7sLPbElHCMWniiEW84yJBGA1JU1LJSCfmBAUuI213eJ757VvCBY3CazmOiROgfkh9ipFUUq+w3w2QHLhuejGxb3oj2A2oBzuno2OnVygaumFa5ZoJDd2slgyrpohVKZeqVWjqxhRFMEejV3jvehFOAhJKzJAQtmnE0kkRlxQzMsl3E0FihIeoT2xFQxQQ4aTTFybwSCke9COuKpRwqn6fSFEgxDhwVWd2sPjtZeJfnp1Iv+akNIwTSUI8W+QnDMoIZnlAj3KCJRsrgjCn6laIB4gjLFVqeRXC16fwf9KydLOiW1flYv1sHkcOHIBDcAJMUAV1cAkaoAkwuAMP4Ak8a/fao/aivc5aF7T5zB74Ae3tE42hluM=</latexit>

E[Yx | X = x0]

<latexit sha1_base64="sDc+YgTJ6w3eoSJcC35MiCQUE0w="></latexit>

PN = P (Y0 = 0 | X = 1, Y = 1)
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The various applications of counterfactuals we have seen share many features in 

their mathematical description. Examples are:


1. ETT (Effect of Treatment on the Treated, ATT), i.e.,  

Showed up in questions related to recruitment to a programme and additive 

interventions


2. Probability of necessity, i.e.,   

In words: “Had Y not happened in case X was 0 (i.e., Y_0=0), i.e., was 

treatment (X=1) necessary to obtain Y=1?” 

Showed up in the cancer treatment example and legal liability


3. Nested counterfactual expression, i.e.,  

In words: “The expected outcome (Y) had the treatment been X=x, and, 

simultaneously, had the mediator M attained the valued             it would have 

attained had X been x’.  ” 

This is the key quantity in mediation

<latexit sha1_base64="CcOigum0CPTtHcvuAWg9bh203eY=">AAACAnicdVDLSsNAFJ34rPVVdSVuBovoKiRpabtRCiK4rGAfkoYymUzaoZMHMxNpCcWNv+LGhSJu/Qp3/o2TtoKKHrhwOOde7r3HjRkV0jA+tIXFpeWV1dxafn1jc2u7sLPbElHCMWniiEW84yJBGA1JU1LJSCfmBAUuI213eJ757VvCBY3CazmOiROgfkh9ipFUUq+w3w2QHLhuejGxb3oj2A2oBzuno2OnVygaumFa5ZoJDd2slgyrpohVKZeqVWjqxhRFMEejV3jvehFOAhJKzJAQtmnE0kkRlxQzMsl3E0FihIeoT2xFQxQQ4aTTFybwSCke9COuKpRwqn6fSFEgxDhwVWd2sPjtZeJfnp1Iv+akNIwTSUI8W+QnDMoIZnlAj3KCJRsrgjCn6laIB4gjLFVqeRXC16fwf9KydLOiW1flYv1sHkcOHIBDcAJMUAV1cAkaoAkwuAMP4Ak8a/fao/aivc5aF7T5zB74Ae3tE42hluM=</latexit>

E[Yx | X = x0]

<latexit sha1_base64="sDc+YgTJ6w3eoSJcC35MiCQUE0w="></latexit>

PN = P (Y0 = 0 | X = 1, Y = 1)

<latexit sha1_base64="EgM+ZWGv3E3dhCb+G5+vvJcK4YE="></latexit>

E
⇥
Yx,Mx0

⇤

<latexit sha1_base64="abMhe+Vugn3lfx+ZVvr859eWoNQ=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK6GjLT0ulKCm7cCBXsA9qhZNJMG5uZDElGLEP/wY0LRdz6P+78G9OHoKIHLhzOuZd77wkSzpRG6MPKrayurW/kNwtb2zu7e8X9g5YSqSS0SQQXshNgRTmLaVMzzWknkRRHAaftYHwx89t3VCom4hs9Sagf4WHMQkawNlLrqp/dn077xRKykeNWag5EtuOVkVszxK1Wyp4HHRvNUQJLNPrF995AkDSisSYcK9V1UKL9DEvNCKfTQi9VNMFkjIe0a2iMI6r8bH7tFJ4YZQBDIU3FGs7V7xMZjpSaRIHpjLAeqd/eTPzL66Y6rPkZi5NU05gsFoUph1rA2etwwCQlmk8MwUQycyskIywx0Sagggnh61P4P2m5tlO13etKqX6+jCMPjsAxOAMO8EAdXIIGaAICbsEDeALPlrAerRfrddGas5Yzh+AHrLdPvDCPPg==</latexit>

Mx0



Mathematical toolkit: Attribution
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First, we consider the attribution of cause


To keep things clear yet precise we consider binary events:


• X = x and Y = y represent treatment and outcome respectively


• X = x’ and Y = y’ represent their negations (no treatment / negative outcome)


Our target quantity is the probability of necessity:


“Find the probability that if X had been x’, Y would be y’, 


given that, in reality, X is x and Y is y”


In these variables, the probability of necessity reads


Pearl’s Primer book Section 4.5.1

<latexit sha1_base64="leJQbf6wcblBqV9bh85jW4lypjU="></latexit>

PN(x, y) = P (Yx0 = y0 | X = x, Y = y)
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This counterfactual quantity captures the legal criterion of “but for”


Example


The probability that the damage would not have occurred had the action not 

been take   (                 ) given that, in fact, the damage did occur (                 ) and the 

action was taken (                ).


In this case, the plaintiff has to argue that “it is more probable than not that the 

damage would not have occurred but for the actions of the defendant.”


We now consider conditions under which this “but for”, the probability of 

necessity, can be identified from empirical studies.

<latexit sha1_base64="PLg02DQqSWKjfn1yF31OZMDW6gw=">AAAB7nicdVDLSgMxFM3UV2191Lp0E6xCV0NmWjrdKAU3LivYh7RDyaSZNjTzIMkIZahf4MaNoCJu/R53/o1pq6CiBy4czrmXe+/xYs6kQujdyKysrq1vZDdz+a3tnd3CXrEto0QQ2iIRj0TXw5JyFtKWYorTbiwoDjxOO97kbO53rqmQLAov1TSmboBHIfMZwUpLnasBgicQDQolZCLLrtYtiEzLqSC7roldq1YcB1omWqDUKD7c3pSP8s1B4a0/jEgS0FARjqXsWShWboqFYoTTWa6fSBpjMsEj2tM0xAGVbro4dwaPtTKEfiR0hQou1O8TKQ6knAae7gywGsvf3lz8y+slyq+7KQvjRNGQLBf5CYcqgvPf4ZAJShSfaoKJYPpWSMZYYKJ0Qjkdwten8H/Stk2rZtoXOo1TsEQWHIBDUAYWcEADnIMmaAECJuAOPIInIzbujWfjZdmaMT5n9sEPGK8f8O2Q4g==</latexit>

Y0 = 0
<latexit sha1_base64="7fF5CF5nsnqv7u4iKtbxFqOR6gU=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0VwFSZpabpRC25cVjC20oYymU7aoZNJmJkIpfQb3LhQxK0/4h+482+cpgoqeuDC4Zx7uefeMOVMaYTercLS8srqWnG9tLG5tb1T3t27VkkmCfVJwhPZCbGinAnqa6Y57aSS4jjktB2Oz+d++5ZKxRJxpScpDWI8FCxiBGsj+TfwBDr9cgXZyHFrDQci2/GqyG0Y4tZrVc+Djo1yVM5eqzla/fJbb5CQLKZCE46V6joo1cEUS80Ip7NSL1M0xWSMh7RrqMAxVcE0DzuDR0YZwCiRpoSGufp9YopjpSZxaDpjrEfqtzcX//K6mY4awZSJNNNUkMWiKONQJ3B+ORwwSYnmE0MwkcxkhWSEJSba/KdknvB1KfyfXLu2U7fdS1RpnoIFiuAAHIJj4AAPNMEFaAEfEMDAHXgAj5aw7q0n63nRWrA+Z/bBD1gvH6yIkCg=</latexit>

Y = 1
<latexit sha1_base64="gfXrgpj6E7yzFxNp7nDcbGcPExk=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0VwFSZpabpRC25cVjBtoQ1lMp20QyeTMDMRSuk3uHGhiFt/xD9w5984TRVU9MCFwzn3cs+9YcqZ0gi9W4WV1bX1jeJmaWt7Z3evvH/QVkkmCfVJwhPZDbGinAnqa6Y57aaS4jjktBNOLhd+55ZKxRJxo6cpDWI8EixiBGsj+V14Bp1BuYJs5Li1hgOR7XhV5DYMceu1qudBx0Y5Khev1RytQfmtP0xIFlOhCcdK9RyU6mCGpWaE03mpnymaYjLBI9ozVOCYqmCWh53DE6MMYZRIU0LDXP0+McOxUtM4NJ0x1mP121uIf3m9TEeNYMZEmmkqyHJRlHGoE7i4HA6ZpETzqSGYSGayQjLGEhNt/lMyT/i6FP5P2q7t1G33GlWa52CJIjgCx+AUOMADTXAFWsAHBDBwBx7AoyWse+vJel62FqzPmUPwA9bLB6sAkCc=</latexit>

X = 1
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The following identification result can be found in [Pearl, 2000, Chapter 9].


Theorem


If Y is monotonic relative to X,                                     for all u for x > x’ (e.g., additional 

chemotherapy can remove the cancer but never prevent removal), and if the 

causal effect                                                      is identifiable, then PN is identifiable and


<latexit sha1_base64="evvZgP68jbP2Pd3ncMJ33hU2Oeo="></latexit>

Yx(u) � Yx0(u)

<latexit sha1_base64="o3dDiujrxc/GC6XyttARJijcyc4="></latexit>

p(Y = y|do(X = x))
<latexit sha1_base64="8GLegm6GKyMISsVN/ZQL4uhI2r4="></latexit>

PN =
p(y)� p(y|do(x0))

p(x, y)
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The following identification result can be found in [Pearl, 2000, Chapter 9].


Theorem


If Y is monotonic relative to X,                                     for all u for x > x’ (e.g., additional 

chemotherapy can remove the cancer but never prevent removal), and if the 

causal effect                                                      is identifiable, then PN is identifiable and


Equivalently, using the total law 


Note: The required causal effect can be estimated from randomised trials or 
from observational data, e.g., using the backdoor criterion

<latexit sha1_base64="evvZgP68jbP2Pd3ncMJ33hU2Oeo="></latexit>

Yx(u) � Yx0(u)

<latexit sha1_base64="o3dDiujrxc/GC6XyttARJijcyc4="></latexit>

p(Y = y|do(X = x))
<latexit sha1_base64="8GLegm6GKyMISsVN/ZQL4uhI2r4="></latexit>

PN =
p(y)� p(y|do(x0))

p(x, y)

<latexit sha1_base64="BNhow6gFzffOlh/5YapSEfQS30M="></latexit>

PN =
p(y|x)� p(y|x0)

p(y|x) +
p(y|x0)� p(y|do(x0))

p(x, y)

<latexit sha1_base64="VygLS24VeNRYcUxZdYqRYm0fD3A="></latexit>

p(y) = p(y|x)p(x) + p(y|x0)(1� p(x))
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This second expression has a helpful interpretation


Example: Suppose there is a case brought against a car manufacturer, claiming 

that its car’s faulty design led to a man’s death in a car crash. 


Excess Risk Ratio (ERR) or Attributable Risk Fraction among the exposed


It tells us how much more likely people are to die in crashes when driving one of 

the manufacturer’s cars (X=x) than not (X=x’)


<latexit sha1_base64="BNhow6gFzffOlh/5YapSEfQS30M="></latexit>

PN =
p(y|x)� p(y|x0)

p(y|x) +
p(y|x0)� p(y|do(x0))

p(x, y)
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This second expression has a helpful interpretation


Example: Suppose there is a case brought against a car manufacturer, claiming 

that its car’s faulty design led to a man’s death in a car crash. 


Excess Risk Ratio (ERR) or Attributable Risk Fraction among the exposed


It tells us how much more likely people are to die in crashes when driving one of 

the manufacturer’s cars (X=x) than not (X=x’)


Confounding Factor (CF): This factor corrects for confounding bias due to 

confounding of the causal effect of X on Y, i.e., when


E.g. People buying the manufacturer’s cars are more likely to drive too fast

<latexit sha1_base64="BNhow6gFzffOlh/5YapSEfQS30M="></latexit>

PN =
p(y|x)� p(y|x0)

p(y|x) +
p(y|x0)� p(y|do(x0))

p(x, y)

<latexit sha1_base64="LJrnMaariHGUSG79OjNvKgJkbfM="></latexit>

p(y|x0) 6= p(y|do(x0))
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Lawsuit against: the manufacturer of a drug x


Charge: drug x is likely to have caused the death of Mr A, who took it to relieve 

back pains. 


Manufacturer’s defence: Experimental data for patients with back pains show 

conclusively that drug x has only minor effects on death. 




Example: Attribution in Legal Setting

22 Pearl’s Primer book Section 4.5.1

Lawsuit against: the manufacturer of a drug x


Charge: drug x is likely to have caused the death of Mr A, who took it to relieve 

back pains. 


Manufacturer’s defence: Experimental data for patients with back pains show 

conclusively that drug x has only minor effects on death. 


Plaintiff argues: Experimental data is not relevant here because it represents 

average effects on patients in the study, not patients like Mr A, who did not 

participate in the study. In particular, Mr A used the drug of his own volition, 

unlike subject in the experimental study who took the drug to comply with the 

experimental protocols. The plaintiff then provides non-experimental 

(observational) data for patients similar to Mr A who chose drug x to relieve back 

pains but were not part of such experiments, and experienced higher death rates 

than those who didn’t take the drug.
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Lawsuit against: the manufacturer of a drug x


Charge: drug x is likely to have caused the death of Mr A, who took it to relieve 

back pains. 


Manufacturer’s defence: Experimental data for patients with back pains show 

conclusively that drug x has only minor effects on death. 


The course must now decide, based on experimental and non-experimental 

evidence, whether it is “more probably that not” that drug x was in fact the 

cause of Mr A’s death.  
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The court must now decide: Based on experimental and non-experimental data, is it 

“more probable than not” that drug x was in fact the cause of Mr A’s death. 


Experimental: 


Non-experimental

Pearl’s Primer book page 119
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The court must now decide: Based on experimental and non-experimental data, is it 

“more probable than not” that drug x was in fact the cause of Mr A’s death. 


Experimental: 


Non-experimental

Pearl’s Primer book page 120

Negative observational ERR: 

gives the impression that the 

drug is  preventing death
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The court must now decide: Based on experimental and non-experimental data, is it 

“more probable than not” that drug x was in fact the cause of Mr A’s death. 


Experimental: 


Non-experimental

Pearl’s Primer book page 120

Bias-correction term rectifies 

this impression!
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The court must now decide: Based on experimental and non-experimental data, is it 

“more probable than not” that drug x was in fact the cause of Mr A’s death. 


Experimental: 


Non-experimental

Pearl’s Primer book page 120

(Barring sampling errors) 

full assurance that drug x was in 

fact responsible for death.
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Next, we consider a typical mediation problem


and the various associated causal effects


Treatment (T), mediator (M), and outcome (Y)


Structural causal model:


As always, the omitted factors                                                that influence treatment, 

mediator, and outcome may very well be dependent 


(All expectations on the next slides are with respect to Y, UM and UY.)

Pearl’s Primer book Section 4.5.2

YT

M

<latexit sha1_base64="RsCQvPE4SQWTtLfA7J675FDsX4E="></latexit>

t = fT (uT ), m = fM (t, uM ), y = fY (t,m, uY )
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U = (UT , UM , UY )
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Four types of effects when we go from T=0 to T=1:


1. Total effect (TE): Measures the increase in Y as treatment 

changes from T=0 to T=1 while mediator M changes 

freely as per the structural function 

 

 

 

YT

M
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TE = E[Y1 � Y0]

= E[Y |do(T = 1)]� E[Y |do(T = 0)]
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YT

M
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fM
<latexit sha1_base64="6VYzwG3bqqJcwIsiMOELMSC0x8g="></latexit>

TE = E[Y1 � Y0]

= E[Y |do(T = 1)]� E[Y |do(T = 0)]

Four types of effects when we go from T=0 to T=1:


1. Total effect (TE): Measures the increase in Y as treatment 

changes from T=0 to T=1 while mediator M changes 

freely as per the structural function 

 

 

2. Controlled direct effect (CDE(m)): Measures the expected increase in Y as 

treatment changes from T=0 to T=1 while mediator is set to M = m uniformly  
<latexit sha1_base64="aTC7k0xynfwpFiM+yDAnBmSCJgc="></latexit>

CDE = E[Y1,m � Y0,m]

= E[Y |do(T = 1,M = m)]� E[Y |do(T = 0,M = m)]
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YT

MFour types of effects when we go from T=0 to T=1:


3. Natural direct effect (NDE): Measures expected 

increase in Y as treatment changes from T=0 to T=1 

while mediator is set to whatever value it would have 

attained (for each individual) prior to change, that is, under T = 0. 

  <latexit sha1_base64="UDjv/5XDyor0zWytCTSrLmDxkXY="></latexit>

NDE = E
⇥
Y1,M0 � Y0,M0

⇤
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YT

MFour types of effects when we go from T=0 to T=1:


3. Natural direct effect (NDE): Measures expected 

increase in Y as treatment changes from T=0 to T=1 

while mediator is set to whatever value it would have 

attained (for each individual) prior to change, that is, under T = 0. 

 

4. Natural indirect effect (NIE): Measures the expected increase in Y when the 

treatment is held constant at T=0 and the mediator M changes to whatever 

value it would have attained (for each individual) under T=1 

 

 

It captures the portion of the effect that can be explained by mediation alone, 

while disabling (or “freezing”) the capacity of Y to respond to T

<latexit sha1_base64="UDjv/5XDyor0zWytCTSrLmDxkXY="></latexit>

NDE = E
⇥
Y1,M0 � Y0,M0

⇤

<latexit sha1_base64="gWh8pUPU2dNk7uYuAJGkDwLBj/I="></latexit>

NIE = E
⇥
Y0,M1 � Y0,M0

⇤
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YT

MSome remarks on these four types of effects


1. TE and CDE(m) are do-expressions so can be 

estimated from experimental data or observational 

studies using the backdoor and front-door criteria 

2. NDE and NIE are not do-expressions, so their causal identifiability will require 

a new set of results and, possibly, further assumptions
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YT

MThere should exist a set W of measured covariates s.t.


A. No member of W is a descendant of T


B. W blocks all backdoor paths from M to Y (after 

removing the arrows T —> M and T —> Y)


C. W-specific effect of T on M is identifiable, possibly using experiments


D. W-specific joint effect of {T,M} on Y is identifiable, possibly using experiments 


Theorem


When A and B hold, NDE is experimentally identifiable and is given by


 

Identifiability of the do-expression is guaranteed by conditions C and D and can be 

determined using the backdoor or front-door criteria

<latexit sha1_base64="xO/a67pGpF9zHkcUfXgX5jPn8Ww="></latexit>

NDE =
X

m

X

w

h
E[Y |do(T = 1,M = m),W = w]� E[Y |do(T = 0,M = m),W = w]

i

⇥ p(M = m|do(T = 0),W = w)p(W = w)
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YT

MThere should exist a set W of measured covariates s.t.


A. No member of W is a descendant of T


B. W blocks all backdoor paths from M to Y (after 

removing the arrows T —> M and T —> Y)


C. W-specific effect of T on M is identifiable, possibly using experiments


D. W-specific joint effect of {T,M} on Y is identifiable, possibly using experiments 


Corollary


If A and B hold, and the W deconfound the relationships in C and D, then the do-

expressions in the theorem reduce to conditional expectations, and we have


  <latexit sha1_base64="xjZWwWL0gUVvrk16jmKiROokOHQ="></latexit>

NDE =
X

m

X

w

h
E[Y |T = 1,M = m,W = w]� E[Y |T = 0,M = m,W = w]

i

⇥ p(M = m|T = 0,W = w)p(W = w)
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YT

MFinally, one can give simpler expression assuming that


E. The exogenous variables  

are mutually independent 


If all conditions A, B, C, D, and E hold then


and, similarly, 


 

These two expressions are known as the mediation formulas


Note that NDE is a weighted average of CDE(m), whereas NIE is not
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U = (UT , UM , UY )
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NDE =
X

m

⇥
E[Y |T = 1,M = m]� E[Y |T = 0,M = m]

⇤
p(M = m|T = 0)
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NIE =
X

m

E[Y |T = 0,M = m]
⇥
p(M = m|T = 1)� p(M = m|T = 0)

⇤



NDE and NIE response fractions

37 Pearl’s Primer book Section 4.5.2

NDE/TE : Measures fraction of response that is transmitted directly, with 

M ‘frozen’


NIE/TE : Measures fraction of response that may be transmitted through M, with Y 

blinded to T


(TE-NDE)/TE : Measures the fraction of the response that is necessary due to M
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T=1 participation in an enhances training programme


Y=1 passing the exam


M = 1 student spending more than 3 hours per week on homework


Data (next slide) is obtained from a randomised trial with no mediator-outcome 

confounding 


Data shows: 


1) training tends to increase both the time spent on homework (Table 4.7) and  

the rate of success on the exam (Table 4.6)


2) Training and time spent on homework together are more likely to produce 

success than each factor alone  (Table 4.6, rows 1-3)

YT

M
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Question: To what extent does the students’ homework  

contribute to their increases success rates, regardless of 

the training programme. 


Policy implications: curtain/enhance homework efforts, e.g. by counting 

homework effort in final grade or by providing students with adequate 

environment to work at home. 


Extreme situation, with significant impact on educational policy:


- Programme does not contribute substantively to student’s’ success, apart from 

encouraging students to spend more time on homework. This encouragement 

may instead be obtained through less expensive means.  


- Opposing the above, some teachers may argue the programme’s success is 

substantive, achieved mainly due to the unique features of the curriculum 

covered, and that the increase in homework cannot on its own account for 

success observed 

YT

M
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YT

M
Question: To what extent does the students’ homework  

contribute to their increases success rates, regardless of 

the training programme. 


= (0.4-0.2)(1-0.4)+(0.8-0.3)0.4 = 0.32

<latexit sha1_base64="NnlBzcSO/jnj/Ucy10xk9oRKtiI="></latexit>

NDE =
X

m

⇥
E[Y |T = 1,M = m]� E[Y |T = 0,M = m]

⇤
p(M = m|T = 0)
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YT

M
Question: To what extent does the students’ homework  

contribute to their increases success rates, regardless of 

the training programme. 


= (0.4-0.2)(1-0.4)+(0.8-0.3)0.4 = 0.32


=  0.2(0.25-0.6) + 0.3(0.75-0.4) = 0.035


<latexit sha1_base64="NnlBzcSO/jnj/Ucy10xk9oRKtiI="></latexit>

NDE =
X

m

⇥
E[Y |T = 1,M = m]� E[Y |T = 0,M = m]

⇤
p(M = m|T = 0)
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NIE =
X

m

E[Y |T = 0,M = m]
⇥
p(M = m|T = 1)� p(M = m|T = 0)

⇤
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YT

M
Question: To what extent does the students’ homework  

contribute to their increases success rates, regardless of 

the training programme. 


= (0.4-0.2)(1-0.4)+(0.8-0.3)0.4 = 0.32


=  0.2(0.25-0.6) + 0.3(0.75-0.4) = 0.035


= 0.8x0.75+0.4x0.25 - (0.3x0.4 + 0.2x0.6)=0.46

<latexit sha1_base64="NnlBzcSO/jnj/Ucy10xk9oRKtiI="></latexit>

NDE =
X

m

⇥
E[Y |T = 1,M = m]� E[Y |T = 0,M = m]

⇤
p(M = m|T = 0)
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NIE =
X

m

E[Y |T = 0,M = m]
⇥
p(M = m|T = 1)� p(M = m|T = 0)

⇤
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TE = E[Y |T = 1]� E[Y |T = 0] = p(Y = 1|T = 1)� p(Y = 1|T = 0)

=
X

M={0,1}

p(Y = 1|T = 1,M)p(M |T = 1)� p(Y = 1|T = 0,M)P (M |T = 0)
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YT

M
Question: To what extent does the students’ homework  

contribute to their increases success rates, regardless of 

the training programme. 


= (0.4-0.2)(1-0.4)+(0.8-0.3)0.4 = 0.32


=  0.2(0.25-0.6) + 0.3(0.75-0.4) = 0.035


       = 0.46


NIE/TE = 0.07


NDE/TE = 0.699


1-NDE/TE = 0.304

<latexit sha1_base64="NnlBzcSO/jnj/Ucy10xk9oRKtiI="></latexit>

NDE =
X

m

⇥
E[Y |T = 1,M = m]� E[Y |T = 0,M = m]

⇤
p(M = m|T = 0)
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NIE =
X

m

E[Y |T = 0,M = m]
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p(M = m|T = 1)� p(M = m|T = 0)

⇤

<latexit sha1_base64="gAC9oavaL+2pCSMoSjUlemSXs78=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBbBU0ja2vYkBRE8VmhtsQ1ls920SzebsDsRS+i/8OJBEa/+G2/+G7cfgoo+GHi8N8PMPD8WXIPjfFiZldW19Y3sZm5re2d3L79/cKOjRFHWopGIVMcnmgkuWQs4CNaJFSOhL1jbH1/M/PYdU5pHsgmTmHkhGUoecErASLc9YPeQNi+nuJ8vOLbjFss1Fzu2Wy05xZohxUq5VK1i13bmKKAlGv38e28Q0SRkEqggWnddJwYvJQo4FWya6yWaxYSOyZB1DZUkZNpL5xdP8YlRBjiIlCkJeK5+n0hJqPUk9E1nSGCkf3sz8S+vm0BQ81Iu4wSYpItFQSIwRHj2Ph5wxSiIiSGEKm5uxXREFKFgQsqZEL4+xf+Tm6LtVuyz63Khfr6MI4uO0DE6RS6qojq6Qg3UQhRJ9ICe0LOlrUfrxXpdtGas5cwh+gHr7RO68JD4</latexit>

TE Conclusion: programme as a whole has increased the 

success rate of 46%. Only 7% of the increase can be 

explained by stimulate homework alone, while 30.4% is 

the response that is necessarily due to M.



Further examples

45 Pearl’s Primer book Section 4.5.2

SCM:
<latexit sha1_base64="fU9NyXnY1BopEQEhtdhP8Xpuo0g="></latexit>

y = �1m+ �2t+ uy

m = �1t+ um

<latexit sha1_base64="+Y3uLXhOUHjvk4yKsDAzeO1SaIg="></latexit>

NDE = E[Y1,M0 � Y0,M0 ]

=
⇣
�1[�1 ⇥ 0 + um] + �2 ⇥ 1 + uy

⌘
�
⇣
�1[�1 ⇥ 0 + um] + �2 ⇥ 0 + uy

⌘

= �2

NDE, recall, we measure the expected increase in Y as T changes from T=1 to T=1 

while M is set to the value it would have attained prior to the change (i.e. under T=0):



Further examples

46 Pearl’s Primer book Section 4.5.2

SCM:
<latexit sha1_base64="fU9NyXnY1BopEQEhtdhP8Xpuo0g="></latexit>

y = �1m+ �2t+ uy

m = �1t+ um

<latexit sha1_base64="+Y3uLXhOUHjvk4yKsDAzeO1SaIg="></latexit>

NDE = E[Y1,M0 � Y0,M0 ]

=
⇣
�1[�1 ⇥ 0 + um] + �2 ⇥ 1 + uy

⌘
�
⇣
�1[�1 ⇥ 0 + um] + �2 ⇥ 0 + uy

⌘

= �2

NDE, recall, we measure the expected increase in Y as T changes from T=1 to T=1 

while M is set to the value it would have attained prior to the change (i.e. under T=0):

NIE, recall, we measure the expected increase in Y, with T held constant at T=0, and 

M changes to whatever value it would have attained under T=1:
<latexit sha1_base64="ZkskD6rLKDqQ6Dv+LyfCpZhKdvg="></latexit>

NIE = E[Y0,M1 � Y0,M0 ]

=
⇣
�1[�1 ⇥ 1 + um] + �2 ⇥ 0 + uy

⌘
�
⇣
�1[�1 ⇥ 0 + um] + �2 ⇥ 0 + uy

⌘

= �1�1



Further examples

47 Pearl’s Primer book Section 4.5.2

SCM:
<latexit sha1_base64="fU9NyXnY1BopEQEhtdhP8Xpuo0g="></latexit>

y = �1m+ �2t+ uy

m = �1t+ um

<latexit sha1_base64="+Y3uLXhOUHjvk4yKsDAzeO1SaIg="></latexit>

NDE = E[Y1,M0 � Y0,M0 ]

=
⇣
�1[�1 ⇥ 0 + um] + �2 ⇥ 1 + uy

⌘
�
⇣
�1[�1 ⇥ 0 + um] + �2 ⇥ 0 + uy

⌘

= �2

NDE, recall, we measure the expected increase in Y as T changes from T=1 to T=1 

while M is set to the value it would have attained prior to the change (i.e. under T=0):

NIE, recall, we measure the expected increase in Y, with T held constant at T=0, and 

M changes to whatever value it would have attained under T=1:
<latexit sha1_base64="ZkskD6rLKDqQ6Dv+LyfCpZhKdvg="></latexit>

NIE = E[Y0,M1 � Y0,M0 ]

=
⇣
�1[�1 ⇥ 1 + um] + �2 ⇥ 0 + uy

⌘
�
⇣
�1[�1 ⇥ 0 + um] + �2 ⇥ 0 + uy

⌘

= �1�1

<latexit sha1_base64="jpA2+VmjJajHLO4nKN1LpUTzpZo="></latexit>

TE = E[Y1 � Y0] = �2 + �1�1 = NDE +NIE



Further examples

48 Pearl’s Primer book Section 4.5.2

SCM:
<latexit sha1_base64="fBIX7PBQZP+bfBo3VuKZBWZYbbU="></latexit>

y = �1m+ �2t+ �3tm+ �4w + uy

m = �1t+ �2w + um

w = ↵t+ uw



Further examples

49 Pearl’s Primer book Section 4.5.2

SCM:
<latexit sha1_base64="fBIX7PBQZP+bfBo3VuKZBWZYbbU="></latexit>

y = �1m+ �2t+ �3tm+ �4w + uy

m = �1t+ �2w + um

w = ↵t+ uw - w is confounding for m and y 

- there is an interaction term
Suppose M is the mediator

<latexit sha1_base64="LQ1KXLDmk/ZCLYob9iQzMiez3FM="></latexit>

NDE = E[Y1,M0 � Y0,M0 ]

=
⇣
�1 ⇥ 0 + �2 ⇥ 1 + �3 ⇥ 1⇥ 0 + �4 ⇥ ↵

⌘
�

⇣
�1 ⇥ 0 + �2 ⇥ 0 + �3 ⇥ 0⇥ 0 + �4 ⇥ 0

⌘

= �2 + ↵�4



Further examples

50 Pearl’s Primer book Section 4.5.2

SCM:
<latexit sha1_base64="fBIX7PBQZP+bfBo3VuKZBWZYbbU="></latexit>

y = �1m+ �2t+ �3tm+ �4w + uy

m = �1t+ �2w + um

w = ↵t+ uw - w is confounding for m and y 

- there is an interaction term
Suppose M is the mediator

<latexit sha1_base64="LQ1KXLDmk/ZCLYob9iQzMiez3FM="></latexit>

NDE = E[Y1,M0 � Y0,M0 ]

=
⇣
�1 ⇥ 0 + �2 ⇥ 1 + �3 ⇥ 1⇥ 0 + �4 ⇥ ↵

⌘
�

⇣
�1 ⇥ 0 + �2 ⇥ 0 + �3 ⇥ 0⇥ 0 + �4 ⇥ 0

⌘

= �2 + ↵�4

<latexit sha1_base64="BIGghFLz5Krk1UZ16swUk0ukYF0="></latexit>

NIE = E[Y0,M1 � Y0,M0 ]

=
⇣
�1[�1 + �2↵] + �2 ⇥ 0 + �3 ⇥ 0 + �4 ⇥ 0

⌘
�
⇣
�1 ⇥ 0 + �2 ⇥ 0 + �3 ⇥ 0⇥ 0 + �4 ⇥ 0

⌘

= �1(�1 + ↵�2)



Further examples

51 Pearl’s Primer book Section 4.5.2

SCM:
<latexit sha1_base64="fBIX7PBQZP+bfBo3VuKZBWZYbbU="></latexit>

y = �1m+ �2t+ �3tm+ �4w + uy

m = �1t+ �2w + um

w = ↵t+ uw - w is confounding for m and y 

- there is an interaction term
Suppose M is the mediator

<latexit sha1_base64="LQ1KXLDmk/ZCLYob9iQzMiez3FM="></latexit>

NDE = E[Y1,M0 � Y0,M0 ]

=
⇣
�1 ⇥ 0 + �2 ⇥ 1 + �3 ⇥ 1⇥ 0 + �4 ⇥ ↵

⌘
�

⇣
�1 ⇥ 0 + �2 ⇥ 0 + �3 ⇥ 0⇥ 0 + �4 ⇥ 0

⌘

= �2 + ↵�4

<latexit sha1_base64="BIGghFLz5Krk1UZ16swUk0ukYF0="></latexit>

NIE = E[Y0,M1 � Y0,M0 ]

=
⇣
�1[�1 + �2↵] + �2 ⇥ 0 + �3 ⇥ 0 + �4 ⇥ 0

⌘
�
⇣
�1 ⇥ 0 + �2 ⇥ 0 + �3 ⇥ 0⇥ 0 + �4 ⇥ 0

⌘

= �1(�1 + ↵�2)

<latexit sha1_base64="FF4dlJwxNMTwVJDfmAvIb03QAVE="></latexit>

TE = E[Y1 � Y0]

=
⇣
�1[�1 + �2↵] + �2 ⇥ 1 + �3[�1 + �2↵] + �4↵

⌘
�
⇣
�1 ⇥ 0 + �2 ⇥ 0 + �3 ⇥ 0⇥ 0 + �4 ⇥ 0

⌘

= �2 + (�1 + ↵�2)(�1 + �3) + �4↵
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