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For the exam
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1. Candidates may consult up to THREE A4 pages (6 sides) of notes. 

2. CALCULATORS MAY BE USED IN THIS EXAMINATION, please bring your 

own calculators (they will not be provided).




Learning Outcomes
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1. Explain the difference between causal and associational estimation and 

justify why causal inference techniques are necessary to derive meaning 

from observational data


2. Explain the difference between randomised trials vs observational studies 

related to public health and other types of data more generally


3. Learn and apply foundational causal estimation techniques using two major 

frameworks: (i) Rubin's Potential Outcomes and (ii) Pearl’s Structural 

(graphical) causal models to simulated examples and real world data, in the 

presence of observed and unobserved variables


4. Explain different types of causal discovery algorithm, learn their underlying 

assumptions and short-comings, and be able to apply them to data using 

available software.


5. Be able to modify/repurpose a current technique in order to apply it to a 

particular problem of interest.



Overview of the course

• Lecture 1: Introduction & Motivation, why do we care about causality? 

Why deriving causality from observational data is non-trivial.


• Lecture 2: Recap of probability theory, variables, events, conditional 

probabilities, independence, law of total probability, Bayes’ rule


• Lecture 3: Recap of regression, multiple regression, graphs, SCM 


• Lecture 4-20: Causality

Causal Effect Estimation Casual Discovery

Obsv confounders Unobsv confounders

Regression

Adjustment

Propensity 
score 

Rubin

IV
Front-door 

criterion

Rubin

Constraint-
based

FCMs

Counterfactuals & 
Mediation

Pearl



Causal Inference
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• Model a causal inference problem with assumptions manifest in Causal 

Graphical Models [Pearl]


• Identify an expression for the causal effect under these assumptions 

(“causal estimand”),  [Pearl]


• Estimate the expression using statistical methods such as matching or 

instrumental variables, [Rubin’s Potential Outcomes]


• Verify the validity of the estimate using a variety of robustness checks. 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Observational data: What goes wrong?

p(x|t = 1) 6= p(x|t = 0)
<latexit sha1_base64="WBS66W4REKXQyW0MTnj/H3EUrYU=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2AR2k3J1GrHhVB047KCfUBbSiZN29BMZkwyYmm78FfcuFDErb/hzr8x01ZQ0QMXTs65l9x7vJAzpRH6sBILi0vLK8nV1Nr6xuaWvb1TVUEkCa2QgAey7mFFORO0opnmtB5Kin2P05o3uIj92i2VigXiWg9D2vJxT7AuI1gbqW3vhZm7sT5zsrAp6A2cvVC2badRDqFC8QRBQ05d1y0akj9GBYSgY6wYaTBHuW2/NzsBiXwqNOFYqYaDQt0aYakZ4XSSakaKhpgMcI82DBXYp6o1mu4/gYdG6cBuIE0JDafq94kR9pUa+p7p9LHuq99eLP7lNSLddVsjJsJIU0FmH3UjDnUA4zBgh0lKNB8agolkZldI+lhiok1kKRPC16Xwf1LN55yjXP6qkC6dz+NIgn1wADLAAUVQApegDCqAgDF4AE/g2bq3Hq0X63XWmrDmM7vgB6y3TxImlNw=</latexit>

treatment Control

Age

✓Z
y1(x)p(x|t = 1)dx �

Z
y0(x)p(x|t = 0)dx

◆
6=

Z �
y1(x)� y0(x)

�
p(x)dx

<latexit sha1_base64="THysm4IscHt9No/tkD9LNMzeowE=">AAACTXicdVFNTxsxEPWmtND0K7THXiyiSpsDkTekTXqohODCESQCSNko8npnEwuvd2vPokQpf7CXSr31X3DhAEIILxtQW7UjWXp67814/BzlSlpk7JdXe7Ly9Nnq2vP6i5evXr9prL89sllhBAxEpjJzEnELSmoYoEQFJ7kBnkYK jqPT3VI/PgNjZaYPcZ7DKOUTLRMpODpq3IhDBQn6odRI5+PAn7Vyf/YNvwSteEZDukmXCntUmFNCIydTbNFQw9fKEUZy4lcDNit3yZQtzj5uNFmbsW7vE6MOfO73+z0HOh9ZlzEaOKmsJlnW/rjxM4wzUaSgUShu7TBgOY4W3KAUCs7rYWEh5+KUT2DooOYp2NHiPo1z+sExMU0y447b7J79vWPBU2vnaeScKcep/VsryX9pwwKT/mghdV4gaFFdlBSKYkbLaGksDQhUcwe4MNLtSsWUGy7QfUDdhfDwUvp/cNRpB1vtzkG3ub2zjGONvCcbxCcB6ZFtskf2yYAI8p1ckCty7f3wLr0b77ay1rxlzzvyR9VW7wCVIbCm</latexit>

In contrast to randomised control trial. 



Potential Outcomes Framework (Rubin-Neyman)

Definition: Given treatment, t, and outcome, y, the potential outcome of 

instance/individual i is denoted by yt(i) is the value y would have taken if individual 

i had been under treatment t.
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Potential Outcomes Framework (Rubin-Neyman)

Definition: Given treatment, t, and outcome, y, the potential outcome of 

instance/individual i is denoted by yt(i) is the value y would have taken if individual 

i had been under treatment t.


 

y0(i) and y1(i) are not observed, but potential outcomes


t(i) is the observed treatment applied to individual (i), 0 or 1


Observed outcomes: y0(i) OR y1(i) depend on treatment (fundamental problem of 

causal inference):

<latexit sha1_base64="lt6FXee/h1vgeWqloXrseb/v6v4="></latexit>

y(i)obs = t(i)y(i)1 + (1� t(i))y(i)0 =

(
y(i)0 if t(i) = 0

y(i)1 if t(i) = 1
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Potential Outcomes Framework (Rubin-Neyman)

Definition: Given treatment, t, and outcome, y, the potential outcome of 

instance/individual i is denoted by yt(i) is the value y would have taken if individual 

i had been under treatment t.


 

y0(i) and y1(i) are not observed, but potential outcomes


t(i) is the observed treatment applied to individual (i), 0 or 1


Observed outcomes: y0(i) OR y1(i) depend on treatment (fundamental problem of 

causal inference):


Counterfactual (missing) outcome “what would have happened if …”

<latexit sha1_base64="lt6FXee/h1vgeWqloXrseb/v6v4="></latexit>

y(i)obs = t(i)y(i)1 + (1� t(i))y(i)0 =

(
y(i)0 if t(i) = 0

y(i)1 if t(i) = 1

<latexit sha1_base64="g3VhmGuAymtHgKOw99L17CwFGUI="></latexit>

y(i)CF = (1� t(i))y(i)1 + t(i)y(i)0 =

(
y(i)1 if t(i) = 0

y(i)0 if t(i) = 1



Potential Outcomes Framework: Assumptions

SUTVA


Positivity


Unconfoundedness

<latexit sha1_base64="8akzZVDZPc0hXchdXP1qCWE+2HA=">AAAB9XicdVDLSsNAFJ34rPVVdelmsAh1U5K2qRFaKLpxWaEvaGOZTCft0MmDmYlaYv/DjQtF3Pov7vwbJ20FFT1w4XDOvdx7jxMyKqSuf2hLyyura+upjfTm1vbObmZvvyWCiGPSxAELeMdBgjDqk6akkpFOyAnyHEbazvgi8ds3hAsa+A05CYntoaFPXYqRVNK1XqnnGlXjvlO9O6kY/UxWz+u6WSxbUJGzgmWZihQMs1Q0oaGsBFmwQL2fee8NAhx5xJeYISG6hh5KO0ZcUszINN2LBAkRHqMh6SrqI48IO55dPYXHShlAN+CqfAln6veJGHlCTDxHdXpIjsRvLxH/8rqRdC07pn4YSeLj+SI3YlAGMIkADignWLKJIghzqm6FeIQ4wlIFlVYhfH0K/yetQt4o50tXpWztfBFHChyCI5ADBjgFNXAJ6qAJMODgATyBZ+1We9RetNd565K2mDkAP6C9fQJNd5Ee</latexit>

0 < P (T = 1|X = x) < 1

y(i)1 , y(i)0 ?? t(i) | x
<latexit sha1_base64="5uTkyCocmZmwZwACsfnKF0nVLcE="></latexit>

T Y

X

T Y1

X
Real worldHypothetical

Y0 X’
<latexit sha1_base64="Qlx8fJ/5Y+BGPwxT/nxtREUz5uo="></latexit>

y(i)1 , y(i)0 6?? t(i) | x

Another disease 
background

X’



Observed Confounders: Regression Adjustment

Fit a model for  

(we substituted T=1 and T=0 into individual treatment effect 

 =                                                   , then took average over all individuals i, via 

linear regression). Under the linearity assumption:  
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<latexit sha1_base64="kg4KqXAU6OMU13tHpUJMOh+sjiA=">AAACBHicdVDLTgIxFO3gC/GFumTTSEyGREmHjIA7ohuXkMgjASSdUqCh80jbMZIJCzf+ihsXGuPWj3Dn39gBNGr0JDc5Pefe9N7jBJxJhdC7kVhaXlldS66nNja3tnfSu3sN6YeC0DrxuS9aDpaUM4/WFVOctgJBsetw2nTG57HfvKZCMt+7VJOAdl089NiAEay01EtnaqZ1dHMVmSw3zcFjWDPR17OXzqI8QnapiKAmp+VyuaRJ4QTZCEFLWzGyYIFqL/3W6fskdKmnCMdSti0UqG6EhWKE02mqE0oaYDLGQ9rW1MMuld1odsQUHmqlDwe+0OUpOFO/T0TYlXLiOrrTxWokf3ux+JfXDtWg3I2YF4SKemT+0SDkUPkwTgT2maBE8YkmmAimd4VkhAUmSueW0iF8Xgr/J41C3irm7ZqdrZwt4kiCDDgAJrBACVTABaiCOiDgFtyDR/Bk3BkPxrPxMm9NGIuZffADxusHhlWVgA==</latexit>

Q(1, x(i))�Q(0, x(i))

<latexit sha1_base64="zLdvXOsjxG1FRV4dMTcJieqTzx0="></latexit>

E[Y |T,X] = ↵0 + �xX + �tT + ✏ , E[✏] = 0

<latexit sha1_base64="jvC4gJGZngmiL5nEvnluQBqfv2I=">AAACBHicdVBNS0JBFJ1nX2ZfVks3QxIYhIxi+loEUgQtFfyK50PmjaMOzvtgZl4gLxdt+ittWhTRth/Rrn/TPDWoqAMXDufcy733OAFnUiH0YSSWlldW15LrqY3Nre2d9O5eS/qhILRJfO6LjoMl5cyjTcUUp51AUOw6nLad8UXst2+okMz3GmoSUNvFQ48NGMFKS710pp5rHHeO4BnsuliNHCe6nFrXt1qzYS+dRXmESpUygpqcmqZZ0aR4gkoIwYK2YmTBArVe+r3b90noUk8RjqW0CihQdoSFYoTTaaobShpgMsZDamnqYZdKO5o9MYWHWunDgS90eQrO1O8TEXalnLiO7owvlb+9WPzLs0I1MO2IeUGoqEfmiwYhh8qHcSKwzwQlik80wUQwfSskIywwUTq3lA7h61P4P2kV84VyvlQvZavniziSIAMOQA4UQAVUwRWogSYg4A48gCfwbNwbj8aL8TpvTRiLmX3wA8bbJyCClok=</latexit>

Q(T,X) = E[Y |T,X]

<latexit sha1_base64="O9OGIBGm7fLc+QoquzfEW5uBbgc="></latexit>

ATE = EX

h
E[Y |T = 1, X]� E[Y |T = 0, X]

i

=
⇣
↵0 + �xE[X] + �t

⌘
�

⇣
↵0 + �xE[X]

⌘

= �t

T Y

X



Important remarks about the previous form:

1) Depends on the structure of the causal graph of interest


2) Data need not be linear  

model-misspecification -> statistical bias

12

!
T Y

X



Observed Confounders: Propensity score
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Propensity score matching


Need to know the notation of balancing score,  

why propensity is the coarsest balancing score,  

how to estimate and match propensity scores in principle

Real world

e(x) = p(t = 1|x)
<latexit sha1_base64="WIlUbaYz3qTQq4z/eipX0bOCUBE=">AAAB/nicdVBNS0JBFJ1nX2ZfVrRqMySBbuS9p2guBKlNS4PUQB8yb7zq4LwPZuaF8hL6K21aFNG239Guf9P4EVTUgQuHc+7l3nvckDOpTPPDSKysrq1vJDdTW9s7u3vp/YOmDCJBoUEDHogbl0jgzIeGYorDTSiAeC6Hlju6mPmtWxCSBf61moTgeGTgsz6jRGmpmz7quMEYejFkx7lqmFVV626cm3bTGTNvmhWzVMaaVAp2saCJbZWssoUtbc2QQUvUu+n3Ti+gkQe+opxI2bbMUDkxEYpRDtNUJ5IQEjoiA2hr6hMPpBPPz5/iU630cD8QunyF5+r3iZh4Uk48V3d6RA3lb28m/uW1I9U/c2Lmh5ECny4W9SOOVYBnWeAeE0AVn2hCqGD6VkyHRBCqdGIpHcLXp/h/0rTzViFvXxUztfNlHEl0jE5QFlmojGroEtVRA1EUowf0hJ6Ne+PReDFeF60JYzlziH7AePsEbRKVJg==</latexit>



Unobserved Confounders (Part 1): IV
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Instrumental variable approach


Assumptions and why they are necessary: 


- SUTVA


- Exclusion restriction


- Non-zero average (Z to T association)


- Monotonicity


<latexit sha1_base64="QTouoaKyzF0JzCeLbFG3FSDjiLI="></latexit>

⌧ =
E [(Y |z = 1)� (Y |z = 0)]

E [(T |z = 1)� (T |z = 0)]

X

Y

U

TZ



Unobserved Confounders (Part 1): IV
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Instrumental variable approach


Assumptions and why they are necessary: 


- SUTVA


- Exclusion restriction


- Non-zero average (Z to T association)


- Monotonicity


<latexit sha1_base64="QTouoaKyzF0JzCeLbFG3FSDjiLI="></latexit>

⌧ =
E [(Y |z = 1)� (Y |z = 0)]

E [(T |z = 1)� (T |z = 0)]

X

Y

U

TZ

Estimation:  

Binary case


Continuous case


- Ratio of Covs


- 2-Step regression 



Other Causal estimators

ATE: 


ATT:  


<latexit sha1_base64="lumbMMR7yLGj7ypXPVdQvauxzMw=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEN5ZMGdu6K4rgsoJ9MR2GTJq2oZkHSUYoQ8FfceNCEbd+hzv/xkxbQUUPBA7n3Ms9OX7MmVQIfRi5peWV1bX8emFjc2t7x9zda8koEYQ2ScQj0fGxpJyFtKmY4rQTC4oDn9O2P77M/PYdFZJF4a2axNQN8DBkA0aw0pJnHvQCrEa+n15Nna5nnXY9BN2CZxZRCSG7WkFQk/NarVbVpHyGbISgpa0MRbBAwzPfe/2IJAENFeFYSsdCsXJTLBQjnE4LvUTSGJMxHlJH0xAHVLrpLP4UHmulDweR0C9UcKZ+30hxIOUk8PVkFlb+9jLxL89J1KDmpiyME0VDMj80SDhUEcy6gH0mKFF8ogkmgumskIywwETpxrISvn4K/yetcsmqlOwbu1i/WNSRB4fgCJwAC1RBHVyDBmgCAlLwAJ7As3FvPBovxut8NGcsdvbBDxhvn7czlLE=</latexit>

E[Y1 � Y0]

<latexit sha1_base64="O8QS+ScgBKTTCMmnnBa2o7zBtCM=">AAACAXicdVDLSgMxFM3UV62vqhvBTbAIbiyZMrZ1IRRFcFmhT9phyKRpG5p5kGSEMtaNv+LGhSJu/Qt3/o2ZtoKKHrhwOOde7r3HDTmTCqEPI7WwuLS8kl7NrK1vbG5lt3caMogEoXUS8EC0XCwpZz6tK6Y4bYWCYs/ltOmOLhK/eUOFZIFfU+OQ2h4e+KzPCFZacrJ7XQ+roevGl5NO2zGP2w66rZ2ZNnSyOZRHyCoVEdTktFwulzQpnCALIWhqK0EOzFF1su/dXkAij/qKcCxlx0ShsmMsFCOcTjLdSNIQkxEe0I6mPvaotOPpBxN4qJUe7AdCl6/gVP0+EWNPyrHn6s7kXvnbS8S/vE6k+mU7Zn4YKeqT2aJ+xKEKYBIH7DFBieJjTTARTN8KyRALTJQOLaND+PoU/k8ahbxZzFvXVq5yPo8jDfbBATgCJiiBCrgCVVAHBNyBB/AEno1749F4MV5nrSljPrMLfsB4+wQRbJYD</latexit>

E[Y1 � Y0|T = 1]



Other Causal estimators

ATE: 


ATT:  


Difference in difference: 

We wish to estimate the impact of a treatment/policy      applied at time  

on some outcome         by using information before and after the treatment 


<latexit sha1_base64="lumbMMR7yLGj7ypXPVdQvauxzMw=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEN5ZMGdu6K4rgsoJ9MR2GTJq2oZkHSUYoQ8FfceNCEbd+hzv/xkxbQUUPBA7n3Ms9OX7MmVQIfRi5peWV1bX8emFjc2t7x9zda8koEYQ2ScQj0fGxpJyFtKmY4rQTC4oDn9O2P77M/PYdFZJF4a2axNQN8DBkA0aw0pJnHvQCrEa+n15Nna5nnXY9BN2CZxZRCSG7WkFQk/NarVbVpHyGbISgpa0MRbBAwzPfe/2IJAENFeFYSsdCsXJTLBQjnE4LvUTSGJMxHlJH0xAHVLrpLP4UHmulDweR0C9UcKZ+30hxIOUk8PVkFlb+9jLxL89J1KDmpiyME0VDMj80SDhUEcy6gH0mKFF8ogkmgumskIywwETpxrISvn4K/yetcsmqlOwbu1i/WNSRB4fgCJwAC1RBHVyDBmgCAlLwAJ7As3FvPBovxut8NGcsdvbBDxhvn7czlLE=</latexit>

E[Y1 � Y0]

<latexit sha1_base64="O8QS+ScgBKTTCMmnnBa2o7zBtCM=">AAACAXicdVDLSgMxFM3UV62vqhvBTbAIbiyZMrZ1IRRFcFmhT9phyKRpG5p5kGSEMtaNv+LGhSJu/Qt3/o2ZtoKKHrhwOOde7r3HDTmTCqEPI7WwuLS8kl7NrK1vbG5lt3caMogEoXUS8EC0XCwpZz6tK6Y4bYWCYs/ltOmOLhK/eUOFZIFfU+OQ2h4e+KzPCFZacrJ7XQ+roevGl5NO2zGP2w66rZ2ZNnSyOZRHyCoVEdTktFwulzQpnCALIWhqK0EOzFF1su/dXkAij/qKcCxlx0ShsmMsFCOcTjLdSNIQkxEe0I6mPvaotOPpBxN4qJUe7AdCl6/gVP0+EWNPyrHn6s7kXvnbS8S/vE6k+mU7Zn4YKeqT2aJ+xKEKYBIH7DFBieJjTTARTN8KyRALTJQOLaND+PoU/k8ahbxZzFvXVq5yPo8jDfbBATgCJiiBCrgCVVAHBNyBB/AEno1749F4MV5nrSljPrMLfsB4+wQRbJYD</latexit>

E[Y1 � Y0|T = 1]

<latexit sha1_base64="vRIWrqS2Dq/b94Z94alie+hY2rM=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcyGmKy3oBePCeQFyRJmJ73J6OyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXFwuuNCEfVm5tfWNzK79d2Nnd2z8oHh51VZRIBh0WiUj2PapA8BA6mmsB/VgCDTwBPe/uOvN79yAVj8K2nsXgBnQScp8zqo3Uao+KJVImpFqvEWzIpeM4dUMqF6RKCLaNlaGEVmiOiu/DccSSAELNBFVqYJNYuymVmjMB88IwURBTdkcnMDA0pAEoN10cOsdnRhljP5KmQo0X6veJlAZKzQLPdAZUT9VvLxP/8gaJ9h035WGcaAjZcpGfCKwjnH2Nx1wC02JmCGWSm1sxm1JJmTbZFEwIX5/i/0m3UrZr5WqrWmpcreLIoxN0is6RjeqogW5QE3UQQ4Ae0BN6tm6tR+vFel225qzVzDH6AevtExU2jSU=</latexit>

T
<latexit sha1_base64="aYxRIWjsV5S7UFBi8zFosg5xhS4=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8hdkQk/UW9OIxAfOQZAmzk9lkzOyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXFwuuNMYf1srq2vrGZm4rv72zu7dfODhsqyiRlLVoJCLZ9YhigoespbkWrBtLRgJPsI43ucr8zj2TikfhjZ7GzA3IKOQ+p0QbqXk7KBRxCeNKrYqRIReO49QMKZ/jCsbINlaGIizRGBTe+8OIJgELNRVEqZ6NY+2mRGpOBZvl+4liMaETMmI9Q0MSMOWm80Nn6NQoQ+RH0lSo0Vz9PpGSQKlp4JnOgOix+u1l4l9eL9G+46Y8jBPNQrpY5CcC6QhlX6Mhl4xqMTWEUMnNrYiOiSRUm2zyJoSvT9H/pF0u2dVSpVkp1i+XceTgGE7gDGyoQR2uoQEtoMDgAZ7g2bqzHq0X63XRumItZ47gB6y3TxzKjSo=</latexit>

Y

Time

Treatment group: Have 

received T=1 at time s

S*

Outcome

Control group: Have not 

received T (T=0) at time s

Group T

Group C

S0 S1
= measured (line is for visualisation only!)



Other Causal estimators

ATE: 


ATT:  


Difference in difference: 

We wish to estimate the impact of a treatment/policy      applied at time  

on some outcome         by using information before and after the treatment 


Regression discontinuity

<latexit sha1_base64="lumbMMR7yLGj7ypXPVdQvauxzMw=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEN5ZMGdu6K4rgsoJ9MR2GTJq2oZkHSUYoQ8FfceNCEbd+hzv/xkxbQUUPBA7n3Ms9OX7MmVQIfRi5peWV1bX8emFjc2t7x9zda8koEYQ2ScQj0fGxpJyFtKmY4rQTC4oDn9O2P77M/PYdFZJF4a2axNQN8DBkA0aw0pJnHvQCrEa+n15Nna5nnXY9BN2CZxZRCSG7WkFQk/NarVbVpHyGbISgpa0MRbBAwzPfe/2IJAENFeFYSsdCsXJTLBQjnE4LvUTSGJMxHlJH0xAHVLrpLP4UHmulDweR0C9UcKZ+30hxIOUk8PVkFlb+9jLxL89J1KDmpiyME0VDMj80SDhUEcy6gH0mKFF8ogkmgumskIywwETpxrISvn4K/yetcsmqlOwbu1i/WNSRB4fgCJwAC1RBHVyDBmgCAlLwAJ7As3FvPBovxut8NGcsdvbBDxhvn7czlLE=</latexit>

E[Y1 � Y0]

<latexit sha1_base64="O8QS+ScgBKTTCMmnnBa2o7zBtCM=">AAACAXicdVDLSgMxFM3UV62vqhvBTbAIbiyZMrZ1IRRFcFmhT9phyKRpG5p5kGSEMtaNv+LGhSJu/Qt3/o2ZtoKKHrhwOOde7r3HDTmTCqEPI7WwuLS8kl7NrK1vbG5lt3caMogEoXUS8EC0XCwpZz6tK6Y4bYWCYs/ltOmOLhK/eUOFZIFfU+OQ2h4e+KzPCFZacrJ7XQ+roevGl5NO2zGP2w66rZ2ZNnSyOZRHyCoVEdTktFwulzQpnCALIWhqK0EOzFF1su/dXkAij/qKcCxlx0ShsmMsFCOcTjLdSNIQkxEe0I6mPvaotOPpBxN4qJUe7AdCl6/gVP0+EWNPyrHn6s7kXvnbS8S/vE6k+mU7Zn4YKeqT2aJ+xKEKYBIH7DFBieJjTTARTN8KyRALTJQOLaND+PoU/k8ahbxZzFvXVq5yPo8jDfbBATgCJiiBCrgCVVAHBNyBB/AEno1749F4MV5nrSljPrMLfsB4+wQRbJYD</latexit>

E[Y1 � Y0|T = 1]
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Y

Time

Treatment group: Have 

received T=1 at time s

S*

Outcome

Control group: Have not 

received T (T=0) at time s

Group T

Group C

S0 S1
= measured (line is for visualisation only!)
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The notion of d-separation

• Conditional independence via graphs and D-separation 


• 3 main graph structures: 

<latexit sha1_base64="xzzYsvEoEpJbFUGad11eKefD0EE="></latexit>
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Graphical models and do-calculus

Observation vs intervention vs counterfactual


(Conditioning vs applying the do-operation)


The adjustment formula (revisited)


How to get from:


To 


(Using the modified graph as a tool)

p(Y = 1|do(T = 1))� p(Y = 1|do(T = 0))
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p(Y = y|do(T = t)) =
X

x

p(Y = y|T = t,X = x)p(X = x)
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Graphical models and do-calculus

Observation vs intervention vs counterfactual


(Conditioning vs applying the do-operation)


The adjustment formula (revisited)


How to get from:


To 


(Using the modified graph as a tool)

p(Y = 1|do(T = 1))� p(Y = 1|do(T = 0))
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p(Y = y|do(T = t)) =
X

x

p(Y = y|T = t,X = x)p(X = x)
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The Backdoor Criterion

Pearl, Causal Inference 
 in Statistics (2016)

Under what conditions does a causal model permit computing the causal effect of one variable 

on another, from data obtained from passive observations, with no intervention? i.e.,


Under what conditions is the structure of a causal graph sufficient of computing a causal effect 

from a given data set? Identifiability


Backdoor Criterion: Given an ordered pair of variables (T,Y) in a DAG G, a set of variables X 

satisfies the backdoor criterion relative to (T,Y) if:


(i) no node in X is a descendent of T 


(ii) X block every path between T and Y that contains an arrow into T


If X satisfies the backdoor criterion then the causal effect of T on Y is given by: 

p(Y = y|do(T = t)) =
X

x

p(Y = y|T = t,X = x)p(X = x)

<latexit sha1_base64="3shhAmbqFD1YUJBsFUDFvQryug4="></latexit>

YT

X

YT

X



Unobserved Confounders (Part 2): Front-door 

p(Y = y|do(X = x)) =
X

z

X

x0

p(Y = y|Z = z,X = x0)p(X = x0)p(Z = z|X = x)

<latexit sha1_base64="fVSmdnt8Z7o3iSQYOrMOxvZ+aew="></latexit>

Pearl, Causal Inference in Statistics (2016)

(Understand derivation and example, why useful)

To compute ATE:
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p(Y = 1|do(X = 1))� p(Y = 1|do(X = 0))



Do-Calculus Rules

Let X, Y, Z, W be arbitrary disjoint sets of nodes in a DAG G


Rule 1 (insertion/deletion of observations): 


Rule 2 (Action/observation exchange):


Rule 3 (Insertion/deletion of actions):


Provides conditions for introducing/deleting an external intervention without 
affecting the conditional probability of Y.

<latexit sha1_base64="jvF/WQYj/YVkey4u6WLVtTIdGv0="></latexit>

p(Y |do(X = x), do(Z = z),W ) = p(Y |do(X = x), z,W ) if (Y ?? Z)|X,W in GXZ

<latexit sha1_base64="BAreGyajXkEsnsfpC+mNhNEo78U="></latexit>

p(Y |do(X = x), do(Z = z),W ) = p(Y |do(X = x),W ) if (Y ?? Z)|X,W in GXZ(W )

<latexit sha1_base64="GjUpkL1vGSEaqK7+3aAYr6K1dNg="></latexit>

p(Y |do(X = x), Z,W ) = p(Y |do(X = x),W ) if (Y ?? Z)|X,W in GX

Proof in Pearl 1995a24



Counterfactual and Mediation

Counterfactuals

Attribution 

Probability of necessity 

Mediation



Mediation: CDE

26

Controlled Direct Effect (CDE): 
<latexit sha1_base64="42jNN/dDVQBi07TP30w818TQbRk="></latexit>

p(Y = y|do(T = t), do(X = x))� p(Y = y|do(T = t0), do(X = x))

There are 2 back-door paths from X to Y in the original graph: 


1) through gender T, which is blocked by T


2) Through income W, so we condition on W

YT

X

Gender Hiring 

Qualification

W

Income

There are no backdoor paths from T to Y, hence the above is equal to: 
<latexit sha1_base64="NDVbZObGqbFuZnL+0teTjeoEYR0="></latexit>

p(Y = y|T = t, do(X = x))� p(Y = y|T = t0, do(X = x))

<latexit sha1_base64="pYgThosGECRvambyVNAS+Ih0Z5U="></latexit>X

w

⇣
p(Y = y|T = t,X = x,W = w)� p(Y = y|T = t0, X = x,W = w)

⌘
p(W = w)



Mediation and Path-disabling Interventions

27 Pearl’s Primer book Chapter 4, page 114

Aim: Which of the two causal effects is greater (i) the direct effect (gender on 

hiring), or (ii) the indirect effect (education on job qualification on hiring)?


—> Could inform policy where to invest resources to address disparity


This concerns enabling/disabling processes (e.g., educational reforms) rather 

than lowering/raising values of specific variables. Thus, the do-operator and the 

controlled direct effect (CDE) seen earlier do not suffice … 


… as before, we phrase the problem mathematically via counterfactuals!



Mediation and Path-disabling Interventions

28 Pearl’s Primer book Chapter 4, page 115

Since Q varies over the population, we average this quantity according to the 

distribution of the qualification of female applicants, 


The result is 


Male applicants have similar chances, but averaging over  
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p(Q = q|X = 0)

<latexit sha1_base64="nEDp22yK8JO0CSVir7TTDFyBcTU="></latexit>X

q

E
⇥
YX=1,Q=q

⇤
p(Q = q|X = 0)
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p(Q = q|X = 1)



Mediation and Path-disabling Interventions

29 Pearl’s Primer book Chapter 4, page 115

Since Q varies over the population, we average this quantity according to the 

distribution of the qualification of female applicants, 


The result is 


Male applicants have similar chances, but averaging over  


Subtracting the two quantities yields the Natural Indirect Effect (NIE) of gender on 

hiring, mediated by the level of qualification Q:


Allow Q to vary naturally between applicants, as opposed to the CDE. Here we 
disable the capacity of Y to respond to X but leave its response to Q unaltered.
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p(Q = q|X = 0)
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q

E
⇥
YX=1,Q=q

⇤
p(Q = q|X = 0)
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p(Q = q|X = 1)

<latexit sha1_base64="1lqFc6J8Dy2ZN2xB46ffFY5s8v4="></latexit>
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Mediation and Path-disabling Interventions

30 Pearl’s Primer book Chapter 4, page 115

It remains to identify the Natural Indirect Effect (NIE) of gender on hiring, mediated 

by the level of qualification Q, in order to allow estimation:


The following result is known as Pearl’s Mediation formula


<latexit sha1_base64="1lqFc6J8Dy2ZN2xB46ffFY5s8v4="></latexit>
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Mediation and Path-disabling Interventions

31 Pearl’s Primer book Chapter 4, page 115

It remains to identify the Natural Indirect Effect (NIE) of gender on hiring, mediated 

by the level of qualification Q, in order to allow estimation:


The following result is known as Pearl’s Mediation formula


Theorem (Pearl, 2001)


In the absence of confounding, the NIE can be identified as follows


In words: It measures the extent to which the effect of X on Y is explained by its 

effect on the mediator Q. In the NIE we “freeze” the direct effect of X on Y, yet 

allow the mediator Q of each unit to react to X in a natural “unfrozen” way.

<latexit sha1_base64="1lqFc6J8Dy2ZN2xB46ffFY5s8v4="></latexit>
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⇤�
p(Q = q|X = 0)� p(Q = q|X = 1)
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Mathematical toolkit: Mediation

32 Pearl’s Primer book Section 4.5.2

Four types of effects when we go from T=0 to T=1:


1. Total effect (TE): Measures the increase in Y as treatment 

changes from T=0 to T=1 while mediator M changes 

freely as per the structural function 

 

 

 

YT

M
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fM
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TE = E[Y1 � Y0]

= E[Y |do(T = 1)]� E[Y |do(T = 0)]



Mathematical toolkit: Mediation

33 Pearl’s Primer book Section 4.5.2

YT

M
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fM
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TE = E[Y1 � Y0]

= E[Y |do(T = 1)]� E[Y |do(T = 0)]

Four types of effects when we go from T=0 to T=1:


1. Total effect (TE): Measures the increase in Y as treatment 

changes from T=0 to T=1 while mediator M changes 

freely as per the structural function 

 

 

2. Controlled direct effect (CDE(m)): Measures the expected increase in Y as 

treatment changes from T=0 to T=1 while mediator is set to M = m uniformly  
<latexit sha1_base64="aTC7k0xynfwpFiM+yDAnBmSCJgc="></latexit>

CDE = E[Y1,m � Y0,m]

= E[Y |do(T = 1,M = m)]� E[Y |do(T = 0,M = m)]



Mathematical toolkit: Mediation
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YT

MFour types of effects when we go from T=0 to T=1:


3. Natural direct effect (NDE): Measures expected 

increase in Y as treatment changes from T=0 to T=1 

while mediator is set to whatever value it would have 

attained (for each individual) prior to change, that is, under T = 0. 

  <latexit sha1_base64="UDjv/5XDyor0zWytCTSrLmDxkXY="></latexit>

NDE = E
⇥
Y1,M0 � Y0,M0

⇤
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YT

MFour types of effects when we go from T=0 to T=1:


3. Natural direct effect (NDE): Measures expected 

increase in Y as treatment changes from T=0 to T=1 

while mediator is set to whatever value it would have 

attained (for each individual) prior to change, that is, under T = 0. 

 

4. Natural indirect effect (NIE): Measures the expected increase in Y when the 

treatment is held constant at T=0 and the mediator M changes to whatever 

value it would have attained (for each individual) under T=1 

 

 

It captures the portion of the effect that can be explained by mediation alone, 

while disabling (or “freezing”) the capacity of Y to respond to T

<latexit sha1_base64="UDjv/5XDyor0zWytCTSrLmDxkXY="></latexit>

NDE = E
⇥
Y1,M0 � Y0,M0

⇤

<latexit sha1_base64="gWh8pUPU2dNk7uYuAJGkDwLBj/I="></latexit>

NIE = E
⇥
Y0,M1 � Y0,M0

⇤
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YT

MSome remarks on these four types of effects


1. TE and CDE(m) are do-expressions so can be 

estimated from experimental data or observational 

studies using the backdoor and front-door criteria 

2. NDE and NIE are not do-expressions, so their causal identifiability will require 

a new set of results and, possibly, further assumptions
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YT

M

Under certain conditions A, B, C, D, and E, described in the lecture:


and, similarly, 


 

These two expressions are known as the mediation formulas


Note that NDE is a weighted average of CDE(m), whereas NIE is not

<latexit sha1_base64="NnlBzcSO/jnj/Ucy10xk9oRKtiI="></latexit>

NDE =
X

m

⇥
E[Y |T = 1,M = m]� E[Y |T = 0,M = m]

⇤
p(M = m|T = 0)

<latexit sha1_base64="5l6UPis0tnf2vr7forWmJ4XZTqk="></latexit>

NIE =
X

m

E[Y |T = 0,M = m]
⇥
p(M = m|T = 1)� p(M = m|T = 0)

⇤



Causal discovery

D-separation

PC algorithm: 

- Markov condition
- Causal sufficiency 
- Faithfulness

Notion of Markov Equivalence Classes and Markov Blanket
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