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Potential Outcomes: Assumptions

• SUTVA: Stable Unit Treatment Value Assumption 
• Consistency: Well-defined treatment (no different versions) 

potential outcome is independent of how  

the treatment is assigned 
• No interference: Different individuals (units) within a population 

do not influence each other (e.g. does not work in social 

behavioural studies, care must be taken for time series data when 

defining the units)
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Potential Outcomes: Assumptions

• SUTVA: Stable Unit Treatment Value Assumption 
• Consistency: Well-defined treatment (no different versions) 

potential outcome is independent of how  

the treatment is assigned 
• No interference: Different individuals (units) within a population 

do not influence each other (e.g. does not work in social 

behavioural studies, care must be taken for time series data when 

defining the units) 

• Positivity: Every individual has a non-zero chance of receiving the 

treatment/control: 

• Unconfoundedness (ignorability/exchangeability): Treatment assignment 

is random, given confounding features X

p(t = 1|x) 2 (0, 1) if P (x) > 0
<latexit sha1_base64="fG9hr1wwb+mxWBc3sl+X7Dh9wJ0="></latexit>
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Observational data: What goes wrong?

p(x|t = 1) 6= p(x|t = 0)
<latexit sha1_base64="WBS66W4REKXQyW0MTnj/H3EUrYU=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2AR2k3J1GrHhVB047KCfUBbSiZN29BMZkwyYmm78FfcuFDErb/hzr8x01ZQ0QMXTs65l9x7vJAzpRH6sBILi0vLK8nV1Nr6xuaWvb1TVUEkCa2QgAey7mFFORO0opnmtB5Kin2P05o3uIj92i2VigXiWg9D2vJxT7AuI1gbqW3vhZm7sT5zsrAp6A2cvVC2badRDqFC8QRBQ05d1y0akj9GBYSgY6wYaTBHuW2/NzsBiXwqNOFYqYaDQt0aYakZ4XSSakaKhpgMcI82DBXYp6o1mu4/gYdG6cBuIE0JDafq94kR9pUa+p7p9LHuq99eLP7lNSLddVsjJsJIU0FmH3UjDnUA4zBgh0lKNB8agolkZldI+lhiok1kKRPC16Xwf1LN55yjXP6qkC6dz+NIgn1wADLAAUVQApegDCqAgDF4AE/g2bq3Hq0X63XWmrDmM7vgB6y3TxImlNw=</latexit>

treatment Control

Age

✓Z
y1(x)p(x|t = 1)dx �

Z
y0(x)p(x|t = 0)dx

◆
6=

Z �
y1(x)� y0(x)

�
p(x)dx

<latexit sha1_base64="THysm4IscHt9No/tkD9LNMzeowE=">AAACTXicdVFNTxsxEPWmtND0K7THXiyiSpsDkTekTXqohODCESQCSNko8npnEwuvd2vPokQpf7CXSr31X3DhAEIILxtQW7UjWXp67814/BzlSlpk7JdXe7Ly9Nnq2vP6i5evXr9prL89sllhBAxEpjJzEnELSmoYoEQFJ7kBnkYK jqPT3VI/PgNjZaYPcZ7DKOUTLRMpODpq3IhDBQn6odRI5+PAn7Vyf/YNvwSteEZDukmXCntUmFNCIydTbNFQw9fKEUZy4lcDNit3yZQtzj5uNFmbsW7vE6MOfO73+z0HOh9ZlzEaOKmsJlnW/rjxM4wzUaSgUShu7TBgOY4W3KAUCs7rYWEh5+KUT2DooOYp2NHiPo1z+sExMU0y447b7J79vWPBU2vnaeScKcep/VsryX9pwwKT/mghdV4gaFFdlBSKYkbLaGksDQhUcwe4MNLtSsWUGy7QfUDdhfDwUvp/cNRpB1vtzkG3ub2zjGONvCcbxCcB6ZFtskf2yYAI8p1ckCty7f3wLr0b77ay1rxlzzvyR9VW7wCVIbCm</latexit>



Adjustment formula (will be revisited later)

T Y

X

<latexit sha1_base64="J66kkDDZY1QM4Pjs1HfcwKdmhT8="></latexit>

E[Y1 � Y0|X] =E[Y1|X]� E[Y0|X]

=E[Y1|T = 1, X]� E[Y0|T = 0, X]

=E[Y |T = 1, X]� E[Y |T = 0, X]

By Unconfoundedness:
<latexit sha1_base64="IEchlmcDtTK44A5dRlVdRBzaLns="></latexit>

Y1, Y0 ?? T | X
<latexit sha1_base64="sb1pXwbO4xTwEb0eMRv4sf02RPU=">AAAB+HicdVDLSgMxFM3UV62PVl26CRahIpZMqe24EIpuXFbok3YYMmmmDc08SDJCLf0SNy4UceunuPNvzLQVVPTAhcM593LvPW7EmVQIfRipldW19Y30ZmZre2c3m9vbb8kwFoQ2SchD0XGxpJwFtKmY4rQTCYp9l9O2O75O/PYdFZKFQUNNImr7eBgwjxGstOTkst3LRtcxTwvmWeOk6yAnl0dFhMrVCoKaXFiWVdWkdI7KCEFTWwnyYIm6k3vvD0IS+zRQhGMpeyaKlD3FQjHC6SzTjyWNMBnjIe1pGmCfSns6P3wGj7UygF4odAUKztXvE1PsSznxXd3pYzWSv71E/Mvrxcqz7CkLoljRgCwWeTGHKoRJCnDABCWKTzTBRDB9KyQjLDBROquMDuHrU/g/aZWKZqVYvi3na1fLONLgEByBAjBBFdTADaiDJiAgBg/gCTwb98aj8WK8LlpTxnLmAPyA8fYJHOGRdw==</latexit>

Y = TY1 + (1� T )Y0
By construction:

Also need positivity 



Adjustment formula (will be revisited later)

T Y

X

<latexit sha1_base64="J66kkDDZY1QM4Pjs1HfcwKdmhT8="></latexit>

E[Y1 � Y0|X] =E[Y1|X]� E[Y0|X]

=E[Y1|T = 1, X]� E[Y0|T = 0, X]

=E[Y |T = 1, X]� E[Y |T = 0, X]

By Unconfoundedness:
<latexit sha1_base64="IEchlmcDtTK44A5dRlVdRBzaLns="></latexit>

Y1, Y0 ?? T | X
<latexit sha1_base64="sb1pXwbO4xTwEb0eMRv4sf02RPU=">AAAB+HicdVDLSgMxFM3UV62PVl26CRahIpZMqe24EIpuXFbok3YYMmmmDc08SDJCLf0SNy4UceunuPNvzLQVVPTAhcM593LvPW7EmVQIfRipldW19Y30ZmZre2c3m9vbb8kwFoQ2SchD0XGxpJwFtKmY4rQTCYp9l9O2O75O/PYdFZKFQUNNImr7eBgwjxGstOTkst3LRtcxTwvmWeOk6yAnl0dFhMrVCoKaXFiWVdWkdI7KCEFTWwnyYIm6k3vvD0IS+zRQhGMpeyaKlD3FQjHC6SzTjyWNMBnjIe1pGmCfSns6P3wGj7UygF4odAUKztXvE1PsSznxXd3pYzWSv71E/Mvrxcqz7CkLoljRgCwWeTGHKoRJCnDABCWKTzTBRDB9KyQjLDBROquMDuHrU/g/aZWKZqVYvi3na1fLONLgEByBAjBBFdTADaiDJiAgBg/gCTwb98aj8WK8LlpTxnLmAPyA8fYJHOGRdw==</latexit>

Y = TY1 + (1� T )Y0
By construction:

Also need positivity 
<latexit sha1_base64="ZQLyUs3MY+bwA8pUsceRqSNq9FE="></latexit>

E[Y1 � Y0] =EX

h
E[Y1 � Y0|X]

i

=EX

h
E[Y |T = 1, X]� E[Y |T = 0, X]

i
ATE The adjustment formula



Adjustment formula (will be revisited later)

T Y

X
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=E[Y1|T = 1, X]� E[Y0|T = 0, X]

=E[Y |T = 1, X]� E[Y |T = 0, X]

By Unconfoundedness:
<latexit sha1_base64="IEchlmcDtTK44A5dRlVdRBzaLns="></latexit>

Y1, Y0 ?? T | X
<latexit sha1_base64="sb1pXwbO4xTwEb0eMRv4sf02RPU=">AAAB+HicdVDLSgMxFM3UV62PVl26CRahIpZMqe24EIpuXFbok3YYMmmmDc08SDJCLf0SNy4UceunuPNvzLQVVPTAhcM593LvPW7EmVQIfRipldW19Y30ZmZre2c3m9vbb8kwFoQ2SchD0XGxpJwFtKmY4rQTCYp9l9O2O75O/PYdFZKFQUNNImr7eBgwjxGstOTkst3LRtcxTwvmWeOk6yAnl0dFhMrVCoKaXFiWVdWkdI7KCEFTWwnyYIm6k3vvD0IS+zRQhGMpeyaKlD3FQjHC6SzTjyWNMBnjIe1pGmCfSns6P3wGj7UygF4odAUKztXvE1PsSznxXd3pYzWSv71E/Mvrxcqz7CkLoljRgCwWeTGHKoRJCnDABCWKTzTBRDB9KyQjLDBROquMDuHrU/g/aZWKZqVYvi3na1fLONLgEByBAjBBFdTADaiDJiAgBg/gCTwb98aj8WK8LlpTxnLmAPyA8fYJHOGRdw==</latexit>

Y = TY1 + (1� T )Y0
By construction:

Also need positivity 

i.e., can be estimated from observational data 

Real world
Hypothetical 

world

<latexit sha1_base64="AZRfgbC8AlGv7hKT/V8NGtHo3H4="> bA==</latexit>

E[Y1 � Y0] =EX

h
E[Y1 � Y0|X]

i

=EX

h
E[Y |T = 1, X]� E[Y |T = 0, X]

i

| {z }

Causal identifiability

The adjustment formula



Regression Adjustment: Another perspective

Fit a model for  

(last time we substituted T=1 and T=0 into individual treatment effect 

 =                                                   , then took average over all individuals i, via 

linear regression). Under the linearity assumption:  

8

<latexit sha1_base64="kg4KqXAU6OMU13tHpUJMOh+sjiA=">AAACBHicdVDLTgIxFO3gC/GFumTTSEyGREmHjIA7ohuXkMgjASSdUqCh80jbMZIJCzf+ihsXGuPWj3Dn39gBNGr0JDc5Pefe9N7jBJxJhdC7kVhaXlldS66nNja3tnfSu3sN6YeC0DrxuS9aDpaUM4/WFVOctgJBsetw2nTG57HfvKZCMt+7VJOAdl089NiAEay01EtnaqZ1dHMVmSw3zcFjWDPR17OXzqI8QnapiKAmp+VyuaRJ4QTZCEFLWzGyYIFqL/3W6fskdKmnCMdSti0UqG6EhWKE02mqE0oaYDLGQ9rW1MMuld1odsQUHmqlDwe+0OUpOFO/T0TYlXLiOrrTxWokf3ux+JfXDtWg3I2YF4SKemT+0SDkUPkwTgT2maBE8YkmmAimd4VkhAUmSueW0iF8Xgr/J41C3irm7ZqdrZwt4kiCDDgAJrBACVTABaiCOiDgFtyDR/Bk3BkPxrPxMm9NGIuZffADxusHhlWVgA==</latexit>

Q(1, x(i))�Q(0, x(i))

<latexit sha1_base64="zLdvXOsjxG1FRV4dMTcJieqTzx0="></latexit>

E[Y |T,X] = ↵0 + �xX + �tT + ✏ , E[✏] = 0

<latexit sha1_base64="jvC4gJGZngmiL5nEvnluQBqfv2I=">AAACBHicdVBNS0JBFJ1nX2ZfVks3QxIYhIxi+loEUgQtFfyK50PmjaMOzvtgZl4gLxdt+ittWhTRth/Rrn/TPDWoqAMXDufcy733OAFnUiH0YSSWlldW15LrqY3Nre2d9O5eS/qhILRJfO6LjoMl5cyjTcUUp51AUOw6nLad8UXst2+okMz3GmoSUNvFQ48NGMFKS710pp5rHHeO4BnsuliNHCe6nFrXt1qzYS+dRXmESpUygpqcmqZZ0aR4gkoIwYK2YmTBArVe+r3b90noUk8RjqW0CihQdoSFYoTTaaobShpgMsZDamnqYZdKO5o9MYWHWunDgS90eQrO1O8TEXalnLiO7owvlb+9WPzLs0I1MO2IeUGoqEfmiwYhh8qHcSKwzwQlik80wUQwfSskIywwUTq3lA7h61P4P2kV84VyvlQvZavniziSIAMOQA4UQAVUwRWogSYg4A48gCfwbNwbj8aL8TpvTRiLmX3wA8bbJyCClok=</latexit>

Q(T,X) = E[Y |T,X]



Regression Adjustment: Another perspective

Fit a model for  

(last time we substituted T=1 and T=0 into individual treatment effect 

 =                                                   , then took average over all individuals i, via 

linear regression). Under the linearity assumption:  

9

<latexit sha1_base64="kg4KqXAU6OMU13tHpUJMOh+sjiA=">AAACBHicdVDLTgIxFO3gC/GFumTTSEyGREmHjIA7ohuXkMgjASSdUqCh80jbMZIJCzf+ihsXGuPWj3Dn39gBNGr0JDc5Pefe9N7jBJxJhdC7kVhaXlldS66nNja3tnfSu3sN6YeC0DrxuS9aDpaUM4/WFVOctgJBsetw2nTG57HfvKZCMt+7VJOAdl089NiAEay01EtnaqZ1dHMVmSw3zcFjWDPR17OXzqI8QnapiKAmp+VyuaRJ4QTZCEFLWzGyYIFqL/3W6fskdKmnCMdSti0UqG6EhWKE02mqE0oaYDLGQ9rW1MMuld1odsQUHmqlDwe+0OUpOFO/T0TYlXLiOrrTxWokf3ux+JfXDtWg3I2YF4SKemT+0SDkUPkwTgT2maBE8YkmmAimd4VkhAUmSueW0iF8Xgr/J41C3irm7ZqdrZwt4kiCDDgAJrBACVTABaiCOiDgFtyDR/Bk3BkPxrPxMm9NGIuZffADxusHhlWVgA==</latexit>

Q(1, x(i))�Q(0, x(i))

<latexit sha1_base64="zLdvXOsjxG1FRV4dMTcJieqTzx0="></latexit>

E[Y |T,X] = ↵0 + �xX + �tT + ✏ , E[✏] = 0

<latexit sha1_base64="jvC4gJGZngmiL5nEvnluQBqfv2I=">AAACBHicdVBNS0JBFJ1nX2ZfVks3QxIYhIxi+loEUgQtFfyK50PmjaMOzvtgZl4gLxdt+ittWhTRth/Rrn/TPDWoqAMXDufcy733OAFnUiH0YSSWlldW15LrqY3Nre2d9O5eS/qhILRJfO6LjoMl5cyjTcUUp51AUOw6nLad8UXst2+okMz3GmoSUNvFQ48NGMFKS710pp5rHHeO4BnsuliNHCe6nFrXt1qzYS+dRXmESpUygpqcmqZZ0aR4gkoIwYK2YmTBArVe+r3b90noUk8RjqW0CihQdoSFYoTTaaobShpgMsZDamnqYZdKO5o9MYWHWunDgS90eQrO1O8TEXalnLiO7owvlb+9WPzLs0I1MO2IeUGoqEfmiwYhh8qHcSKwzwQlik80wUQwfSskIywwUTq3lA7h61P4P2kV84VyvlQvZavniziSIAMOQA4UQAVUwRWogSYg4A48gCfwbNwbj8aL8TpvTRiLmX3wA8bbJyCClok=</latexit>

Q(T,X) = E[Y |T,X]

<latexit sha1_base64="O9OGIBGm7fLc+QoquzfEW5uBbgc="></latexit>

ATE = EX

h
E[Y |T = 1, X]� E[Y |T = 0, X]

i

=
⇣
↵0 + �xE[X] + �t

⌘
�

⇣
↵0 + �xE[X]

⌘

= �t



Important remarks about the previous form:

1) Depends on the structure of the causal graph of interest 

2) Data need not be linear  

model-misspecification -> statistical bias

10
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Important remarks about the previous form:

2) Data need not be linear, example: 

Say we fitted  

And obtained      for the causal effect,  

BUT, in reality the true data generating distribution is e.g. 

Or e.g. non-linear: 

11

<latexit sha1_base64="zLdvXOsjxG1FRV4dMTcJieqTzx0="></latexit>

E[Y |T,X] = ↵0 + �xX + �tT + ✏ , E[✏] = 0
<latexit sha1_base64="WslrmxIs1NxFaXWNGqIp2BkpgL4=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgKcyGNVlvQS8eI5gHJEuYncwmQ2YfzPQKYclHePGgiFe/x5t/42wSQUULGoqqbrq7/EQKDYR8WIW19Y3NreJ2aWd3b/+gfHjU0XGqGG+zWMaq51PNpYh4GwRI3ksUp6EvedefXud+954rLeLoDmYJ90I6jkQgGAUjdQc+BzqEYblCqoQ4jTrBhly6rtswpHZBHEKwbawcFbRCa1h+H4xiloY8Aiap1n2bJOBlVIFgks9Lg1TzhLIpHfO+oRENufayxblzfGaUEQ5iZSoCvFC/T2Q01HoW+qYzpDDRv71c/MvrpxC4XiaiJAUeseWiIJUYYpz/jkdCcQZyZghlSphbMZtQRRmYhEomhK9P8f+kU6va9apz61SaV6s4iugEnaJzZKMGaqIb1EJtxNAUPaAn9Gwl1qP1Yr0uWwvWauYY/YD19gm3Z4/Y</latexit>

�t

<latexit sha1_base64="bxsPKjNTYlI6stM6WvW+vUzGVAo="></latexit>

E[Y |T,X] = e↵0+�xX+�tT+�X.T

<latexit sha1_base64="QyYGH0+fs1aObUOxeo1NdTPin2k="></latexit>

E[Y |T,X] = ↵0 + �xX + �tT + �X.T + ✏ , E[✏] = 0

!



Important remarks about the previous form:

2) Data need not be linear, example: 

Say we fitted  

And obtained      for the causal effect,  

BUT, in reality the true data generating distribution is e.g. 

Or e.g. non-linear:  

Then 

is not simply     !! !

<latexit sha1_base64="zLdvXOsjxG1FRV4dMTcJieqTzx0="></latexit>

E[Y |T,X] = ↵0 + �xX + �tT + ✏ , E[✏] = 0
<latexit sha1_base64="WslrmxIs1NxFaXWNGqIp2BkpgL4=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgKcyGNVlvQS8eI5gHJEuYncwmQ2YfzPQKYclHePGgiFe/x5t/42wSQUULGoqqbrq7/EQKDYR8WIW19Y3NreJ2aWd3b/+gfHjU0XGqGG+zWMaq51PNpYh4GwRI3ksUp6EvedefXud+954rLeLoDmYJ90I6jkQgGAUjdQc+BzqEYblCqoQ4jTrBhly6rtswpHZBHEKwbawcFbRCa1h+H4xiloY8Aiap1n2bJOBlVIFgks9Lg1TzhLIpHfO+oRENufayxblzfGaUEQ5iZSoCvFC/T2Q01HoW+qYzpDDRv71c/MvrpxC4XiaiJAUeseWiIJUYYpz/jkdCcQZyZghlSphbMZtQRRmYhEomhK9P8f+kU6va9apz61SaV6s4iugEnaJzZKMGaqIb1EJtxNAUPaAn9Gwl1qP1Yr0uWwvWauYY/YD19gm3Z4/Y</latexit>

�t

<latexit sha1_base64="QyYGH0+fs1aObUOxeo1NdTPin2k="></latexit>

E[Y |T,X] = ↵0 + �xX + �tT + �X.T + ✏ , E[✏] = 0

<latexit sha1_base64="bxsPKjNTYlI6stM6WvW+vUzGVAo="></latexit>

E[Y |T,X] = e↵0+�xX+�tT+�X.T

<latexit sha1_base64="D5ml2lWfUrtviSZBDBU2mkO6wMA="></latexit>

ATE = EX

h
E[Y |T = 1, X]� E[Y |T = 0, X]

i

<latexit sha1_base64="WslrmxIs1NxFaXWNGqIp2BkpgL4=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgKcyGNVlvQS8eI5gHJEuYncwmQ2YfzPQKYclHePGgiFe/x5t/42wSQUULGoqqbrq7/EQKDYR8WIW19Y3NreJ2aWd3b/+gfHjU0XGqGG+zWMaq51PNpYh4GwRI3ksUp6EvedefXud+954rLeLoDmYJ90I6jkQgGAUjdQc+BzqEYblCqoQ4jTrBhly6rtswpHZBHEKwbawcFbRCa1h+H4xiloY8Aiap1n2bJOBlVIFgks9Lg1TzhLIpHfO+oRENufayxblzfGaUEQ5iZSoCvFC/T2Q01HoW+qYzpDDRv71c/MvrpxC4XiaiJAUeseWiIJUYYpz/jkdCcQZyZghlSphbMZtQRRmYhEomhK9P8f+kU6va9apz61SaV6s4iugEnaJzZKMGaqIb1EJtxNAUPaAn9Gwl1qP1Yr0uWwvWauYY/YD19gm3Z4/Y</latexit>

�t
Valid causal inference requires correctly-specified 
models and mathematical guarantees!



Overview of the course

• Lecture 1: Introduction & Motivation, why do we care about causality? 

Why deriving causality from observational data is non-trivial. 

• Lecture 2: Recap of probability theory, variables, events, conditional 

probabilities, independence, law of total probability, Bayes’ rule 

• Lecture 3: Recap of regression, multiple regression, graphs, SCM  

• Lecture 4-20: Causality

Causal Effect Estimation Casual Discovery

Obsv confounders Unobsv confounders

Regression 
Adjustment

Propensity 
score 

Rubin

IV
Front-door 

criterion

Rubin, Pearl

Constraint-
based

Score-
based

FCMs



Matching

Idea: Create a ‘clone/twin’ for each individual (in terms of X) 

i.e. if individual 1 has t = 1, then their ‘clone/twin’ has t = 0.  

Blind ourselves to the outcomes, try to get as similar to a randomised 

experiment as possible (‘correct for confounding’) 

Example: 

14

Real world



Balancing Score

• In a perfect randomised trial: p(t=1|x)=p(t=1) 

• In an observational study, p(t=1|x) can be estimated, since it involves 

observational data at a t and x (hence identifiable). 

• A balancing score is any function b(x) such that: 

• i.e., distribution of confounders is independent of treatment given b(x):

x ?? t|b(x)
<latexit sha1_base64="xN7E0ZzSLwCorE6Q/PM7JUEgOXE=">AAACBXicdVDLTgIxFO3gC/E16lIXVWKCGzIzEJAd0Y1LTOSRMBPSKR1o6DzSdgxkZOPGX3HjQmPc+g/u/Bs7gIkaPU2T03Puze09bsSokIbxoWWWlldW17LruY3Nre0dfXevJcKYY9LEIQt5x0WCMBqQpqSSkU7ECfJdRtru6CL12zeECxoG13ISEcdHg4B6FCOppJ5+OLYjwiNoH6UHzh8S3kK3MD7t6XmjaBg1o1KFitRKVrmkiGVWzKoJTWWlyIMFGj393e6HOPZJIDFDQnRNI5JOgrikmJFpzo4FiRAeoQHpKhognwgnmW0xhSdK6UMv5OoGEs7U7x0J8oWY+K6q9JEcit9eKv7ldWPpnTkJDaJYkgDPB3kxgzKEaSSwTznBkk0UQZhT9VeIh4gjLFVwORXC16bwf9KyimapaF2V8/XzRRxZcACOQQGYoArq4BI0QBNgcAcewBN41u61R+1Fe52XZrRFzz74Ae3tE8NoltQ=</latexit>

p(X = x|b(x), t = 1) = p(X = x|b(x), t = 0)
<latexit sha1_base64="A983CR49ngqnA3yvJqbq4Dwpp/8=">AAACCHicdVBNSwJBGJ61L7OvrY4dGpJAIWR3Fc2DIHXpaJAfoIvMjrM6OPvBzGwo5rFLf6VLhyK69hO69W+aVYOMeuCFZ57nfZn3fZyQUSEN41NLrKyurW8kN1Nb2zu7e/r+QUMEEcekjgMW8JaDBGHUJ3VJJSOtkBPkOYw0neFl7DdvCRc08G/kOCS2h/o+dSlGUkld/TjMtCqjOyczyp7JipmtLL2NbFdPGznDKBvFElSknLcKeUUss2iWTGgqK0YaLFDr6h+dXoAjj/gSMyRE2zRCaU8QlxQzMk11IkFChIeoT9qK+sgjwp7MDpnCU6X0oBtwVb6EM/XnxAR5Qow9R3V6SA7Eby8W//LakXTP7Qn1w0gSH88/ciMGZQDjVGCPcoIlGyuCMKdqV4gHiCMsVXYpFcL3pfB/0rByZj5nXRfS1YtFHElwBE5ABpigBKrgCtRAHWBwDx7BM3jRHrQn7VV7m7cmtMXMIViC9v4F84KXZA==</latexit>

Rosenbaum, Rubin 1983



Balancing Score: Proof 1 [non-examinable]

Unconfoundednesss given a balancing score.  Suppose we have 

unconfoudedness, i.e.,                                             . Then for a balancing score b(x) we 

have: 

Rosenbaum, Rubin 1983

<latexit sha1_base64="ZPiys6GPpan4y9WzzFudwGm65tA="></latexit>

Y (i)
1 , Y (i)

0 ?? T (i) | X(i)

<latexit sha1_base64="DmxsGgV8gmG7XBVQfktpkdwjvwQ="></latexit>

Y (i)
1 , Y (i)

0 ?? T (i) | b(X(i))



Balancing Score: Proof 1 [non-examinable]

Unconfoundednesss given a balancing score.  Suppose we have 

unconfoudedness, i.e.,                                             . Then for a balancing score b(x) we 

have:  

Proof: Need to show 

Rosenbaum, Rubin 1983
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<latexit sha1_base64="W3D2vgz59EUtC68XPN7KwkYKN8M="></latexit>

pT
⇣
T = 1|Y1, Y0, b(X)

⌘
= pT

⇣
T = 1|b(X)

⌘



Balancing Score: Proof 1 [non-examinable]

Unconfoundednesss given a balancing score.  Suppose we have 

unconfoudedness, i.e.,                                             . Then for a balancing score b(x) we 

have:  

Proof: Need to show 

Maths aside: Iterated expectations 

Rosenbaum, Rubin 1983

<latexit sha1_base64="ZPiys6GPpan4y9WzzFudwGm65tA="></latexit>

Y (i)
1 , Y (i)

0 ?? T (i) | X(i)

<latexit sha1_base64="DmxsGgV8gmG7XBVQfktpkdwjvwQ="></latexit>

Y (i)
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0 ?? T (i) | b(X(i))

<latexit sha1_base64="W3D2vgz59EUtC68XPN7KwkYKN8M="></latexit>

pT
⇣
T = 1|Y1, Y0, b(X)

⌘
= pT

⇣
T = 1|b(X)

⌘

<latexit sha1_base64="T2HDj0iivj1iWYrd7CU6sUgre/Q="></latexit>

EZ [Z] = EW [EZ|W [Z|W ]]



Balancing Score: Proof 1 [non-examinable]

Unconfoundednesss given a balancing score.  Suppose we have 

unconfoudedness, i.e.,                                             . Then for a balancing score b(x) we 

have:  

Proof: Need to show 

Maths aside: Iterated expectations 

Rosenbaum, Rubin 1983

<latexit sha1_base64="ZPiys6GPpan4y9WzzFudwGm65tA="></latexit>
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⌘

<latexit sha1_base64="T2HDj0iivj1iWYrd7CU6sUgre/Q="></latexit>

EZ [Z] = EW [EZ|W [Z|W ]]

<latexit sha1_base64="GQjD6XHzw0wkbPci6GoG15bExLs="></latexit>

EW [EZ|W [Z|W ]] =
X

w

X

z

p(Z = z|W = w) z p(W = w)

=
X

w,z

p(z, w)

p(w)
z p(w) =

X

z

p(z) z = EZ [Z]



Balancing Score: Proof 1 [non-examinable]

Unconfoundednesss given a balancing score.  Suppose we have 

unconfoudedness, i.e.,                                             . Then for a balancing score b(x) we 

have:  

Proof: Need to show 

<latexit sha1_base64="ZPiys6GPpan4y9WzzFudwGm65tA="></latexit>
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<latexit sha1_base64="CbhtPXiPplTRBqx398L6rYRbAJI="></latexit>
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��W ]

<latexit sha1_base64="xFoEoVFDWh6TDnHNT41wbmaa0jg="></latexit>
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⌘

Casual Inference by Imbens and Rubin



Balancing Score: Proof 1 [non-examinable]

Unconfoundednesss given a balancing score.  Suppose we have 

unconfoudedness, i.e.,                                             . Then for a balancing score b(x) we 

have:  

Proof: Need to show 
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Casual Inference by Imbens and Rubin

By Unconfoundedness:
<latexit sha1_base64="IEchlmcDtTK44A5dRlVdRBzaLns="></latexit>

Y1, Y0 ?? T | X



Balancing Score: Proof 1 [non-examinable]

Unconfoundednesss given a balancing score.  Suppose we have 

unconfoudedness, i.e.,                                             . Then for a balancing score b(x) we 

have:  

Proof: Need to show 

<latexit sha1_base64="ZPiys6GPpan4y9WzzFudwGm65tA="></latexit>
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Casual Inference by Imbens and Rubin

By Unconfoundedness:
<latexit sha1_base64="IEchlmcDtTK44A5dRlVdRBzaLns="></latexit>

Y1, Y0 ?? T | X

By definition of balancing score: 
<latexit sha1_base64="3GRTrZkjrk/U5crythLr6XsCDYc=">AAACBXicdVC7TsMwFHV4lvIKMMJgqJDKUiVt1dKtgoWxSH1EaqLKcd3WquNEtoNUhS4s/AoLAwix8g9s/A1OWyRAcCxLx+fcq+t7/IhRqSzrw1haXlldW89sZDe3tnd2zb39tgxjgUkLhywUjo8kYZSTlqKKEScSBAU+Ix1/fJn6nRsiJA15U00i4gVoyOmAYqS01DOPHDciIoLucXrg/NGEt9DPO2c9M2cVLKtmVapQk1qpWC5pUrQrdtWGtrZS5MACjZ757vZDHAeEK8yQlF3bipSXIKEoZmSadWNJIoTHaEi6mnIUEOklsy2m8FQrfTgIhb5cwZn6vSNBgZSTwNeVAVIj+dtLxb+8bqwG515CeRQrwvF80CBmUIUwjQT2qSBYsYkmCAuq/wrxCAmElQ4uq0P42hT+T9rFgl0plK/LufrFIo4MOAQnIA9sUAV1cAUaoAUwuAMP4Ak8G/fGo/FivM5Ll4xFzwH4AePtEy8olnk=</latexit>

X ?? T |b(X)



Balancing Score: Proof 1 [non-examinable]

Unconfoundednesss given a balancing score.  Suppose we have 

unconfoudedness, i.e.,                                             . Then for a balancing score b(x) we 

have:  

Proof: Need to show 
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Casual Inference by Imbens and Rubin

By Unconfoundedness:
<latexit sha1_base64="IEchlmcDtTK44A5dRlVdRBzaLns="></latexit>

Y1, Y0 ?? T | X

By definition of balancing score: 
<latexit sha1_base64="3GRTrZkjrk/U5crythLr6XsCDYc=">AAACBXicdVC7TsMwFHV4lvIKMMJgqJDKUiVt1dKtgoWxSH1EaqLKcd3WquNEtoNUhS4s/AoLAwix8g9s/A1OWyRAcCxLx+fcq+t7/IhRqSzrw1haXlldW89sZDe3tnd2zb39tgxjgUkLhywUjo8kYZSTlqKKEScSBAU+Ix1/fJn6nRsiJA15U00i4gVoyOmAYqS01DOPHDciIoLucXrg/NGEt9DPO2c9M2cVLKtmVapQk1qpWC5pUrQrdtWGtrZS5MACjZ757vZDHAeEK8yQlF3bipSXIKEoZmSadWNJIoTHaEi6mnIUEOklsy2m8FQrfTgIhb5cwZn6vSNBgZSTwNeVAVIj+dtLxb+8bqwG515CeRQrwvF80CBmUIUwjQT2qSBYsYkmCAuq/wrxCAmElQ4uq0P42hT+T9rFgl0plK/LufrFIo4MOAQnIA9sUAV1cAUaoAUwuAMP4Ak8G/fGo/FivM5Ll4xFzwH4AePtEy8olnk=</latexit>

X ?? T |b(X)



Propensity Score

• Candidate b(x) = x, trivially satisfies:  

• b(x) = x is the finest such function: OK for e.g. binary confounders, but only 

gives point estimates for (almost) continuous confounders! 

• Propensity score is the coarsest such function (i.e. more data points, 

leading to better estimates):

p(X = x|x, t = 1) = p(X = x|x, t = 0) = 1
<latexit sha1_base64="ttvEnhEB0qxNC8CTwrOjLmJNXhs=">AAACBHicdVDLSgMxFM3UV62vqstugkVoQcpkWlq7KBTduKxgH9AOJZOmbWjmQZKRlrELN/6KGxeKuPUj3Pk3pg/xgR64cHLOveTe4wScSWWa70ZsZXVtfSO+mdja3tndS+4fNKQfCkLrxOe+aDlYUs48WldMcdoKBMWuw2nTGZ3P/OY1FZL53pWaBNR28cBjfUaw0lI3mQoyrcr4ZnyiKihb+XqY2QrqJtNmzjTLZrEENSnnrUJeEwsVUQlBpK0Z0mCJWjf51un5JHSppwjHUraRGSg7wkIxwuk00QklDTAZ4QFta+phl0o7mh8xhcda6cG+L3R5Cs7V7xMRdqWcuI7udLEayt/eTPzLa4eqf2pHzAtCRT2y+Kgfcqh8OEsE9pigRPGJJpgIpneFZIgFJkrnltAhfF4K/ycNK4fyOeuykK6eLeOIgxQ4AhmAQAlUwQWogTog4Bbcg0fwZNwZD8az8bJojRnLmUPwA8brB8ealkQ=</latexit>

Gender

Treatment

F x=M
t=0

t=1

e(x) = p(t = 1|x)
<latexit sha1_base64="WIlUbaYz3qTQq4z/eipX0bOCUBE=">AAAB/nicdVBNS0JBFJ1nX2ZfVrRqMySBbuS9p2guBKlNS4PUQB8yb7zq4LwPZuaF8hL6K21aFNG239Guf9P4EVTUgQuHc+7l3nvckDOpTPPDSKysrq1vJDdTW9s7u3vp/YOmDCJBoUEDHogbl0jgzIeGYorDTSiAeC6Hlju6mPmtWxCSBf61moTgeGTgsz6jRGmpmz7quMEYejFkx7lqmFVV626cm3bTGTNvmhWzVMaaVAp2saCJbZWssoUtbc2QQUvUu+n3Ti+gkQe+opxI2bbMUDkxEYpRDtNUJ5IQEjoiA2hr6hMPpBPPz5/iU630cD8QunyF5+r3iZh4Uk48V3d6RA3lb28m/uW1I9U/c2Lmh5ECny4W9SOOVYBnWeAeE0AVn2hCqGD6VkyHRBCqdGIpHcLXp/h/0rTzViFvXxUztfNlHEl0jE5QFlmojGroEtVRA1EUowf0hJ6Ne+PReDFeF60JYzlziH7AePsEbRKVJg==</latexit>

b(x)

Treatment

t=0

t=1

x=Age

Treatment

t=0

t=1

x=Age

<latexit sha1_base64="wQRKEyZONbxUVKLD059lJta9DSw=">AAAB+HicdZDLSgMxFIYzXmu9dNSlm2AR6qbMtB2tu6IblxXsBdqhZNIzbWjmYpIRa+mTuHGhiFsfxZ1vY6atoKIHAh//fw7n5PdizqSyrA9jaXlldW09s5Hd3NreyZm7e00ZJYJCg0Y8Em2PSOAshIZiikM7FkACj0PLG12kfusWhGRReK3GMbgBGYTMZ5QoLfXMnNXlcIOhcHecgt0z81bRspzySRVrOCtVq46Gku1Uyg62tZVWHi2q3jPfu/2IJgGEinIiZce2YuVOiFCMcphmu4mEmNARGUBHY0gCkO5kdvgUH2mlj/1I6BcqPFO/T0xIIOU48HRnQNRQ/vZS8S+vkyi/6k5YGCcKQjpf5CccqwinKeA+E0AVH2sgVDB9K6ZDIghVOqusDuHrp/h/aJaKtlO0rir52vkijgw6QIeogGx0imroEtVRA1GUoAf0hJ6Ne+PReDFe561LxmJmH/0o4+0TsFCSeg==</latexit>

0  e(x)  1

1-dimensional



Propensity is balancing: Proof 2 [non-examinable]

The propensity score is a balancing score:  

Proof: Need to show 

LHS:  

<latexit sha1_base64="sGbI0T33xGCbM4V1/Nl6dXxFy8c=">AAACBXicdVDLTgIxFO34RHyNutRFlZjghswAAdkR3bjEhFfCENIpF2joPNJ2TMjIxo2/4saFxrj1H9z5N3YAEzV6mian59yb23vckDOpLOvDWFpeWV1bT22kN7e2d3bNvf2mDCJBoUEDHoi2SyRw5kNDMcWhHQognsuh5Y4vE791A0KywK+rSQhdjwx9NmCUKC31zKO2E4IIsXOcHDx/1PEthmz7rGdmrJxlVaxSGWtSKeSLBU3ydsku29jWVoIMWqDWM9+dfkAjD3xFOZGyY1uh6sZEKEY5TNNOJCEkdEyG0NHUJx7IbjzbYopPtdLHg0Do6ys8U793xMSTcuK5utIjaiR/e4n4l9eJ1OC8GzM/jBT4dD5oEHGsApxEgvtMAFV8ogmhgum/YjoiglClg0vrEL42xf+TZj5nl3LF62KmerGII4UO0QnKIhuVURVdoRpqIIru0AN6Qs/GvfFovBiv89IlY9FzgH7AePsEM72WfA==</latexit>

X ?? T |e(X)

<latexit sha1_base64="0IlQ4G1lrTzQ30WN3mVVeP2HVf4="></latexit>

pT
⇣
T = 1|X, e(X)

⌘
= pT

⇣
T = 1|e(X)

⌘

<latexit sha1_base64="Fjjuoen43QBQ78xxtJcrNJ4GqQk="></latexit>

pT
⇣
T = 1|X, e(X)

⌘
= pT

⇣
T = 1|X

⌘
= e(X)

Propensity score  
is a function of X

Propensity score  
definition 

Casual Inference by Imbens and Rubin



Propensity is balancing: Proof 2 [non-examinable]

The propensity score is a balancing score:  

Proof: Need to show 

LHS: 

RHS: 

<latexit sha1_base64="sGbI0T33xGCbM4V1/Nl6dXxFy8c=">AAACBXicdVDLTgIxFO34RHyNutRFlZjghswAAdkR3bjEhFfCENIpF2joPNJ2TMjIxo2/4saFxrj1H9z5N3YAEzV6mian59yb23vckDOpLOvDWFpeWV1bT22kN7e2d3bNvf2mDCJBoUEDHoi2SyRw5kNDMcWhHQognsuh5Y4vE791A0KywK+rSQhdjwx9NmCUKC31zKO2E4IIsXOcHDx/1PEthmz7rGdmrJxlVaxSGWtSKeSLBU3ydsku29jWVoIMWqDWM9+dfkAjD3xFOZGyY1uh6sZEKEY5TNNOJCEkdEyG0NHUJx7IbjzbYopPtdLHg0Do6ys8U793xMSTcuK5utIjaiR/e4n4l9eJ1OC8GzM/jBT4dD5oEHGsApxEgvtMAFV8ogmhgum/YjoiglClg0vrEL42xf+TZj5nl3LF62KmerGII4UO0QnKIhuVURVdoRpqIIru0AN6Qs/GvfFovBiv89IlY9FzgH7AePsEM72WfA==</latexit>

X ?? T |e(X)

<latexit sha1_base64="0IlQ4G1lrTzQ30WN3mVVeP2HVf4="></latexit>
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⇣
T = 1|e(X)

⌘

<latexit sha1_base64="Fjjuoen43QBQ78xxtJcrNJ4GqQk="></latexit>

pT
⇣
T = 1|X, e(X)

⌘
= pT

⇣
T = 1|X

⌘
= e(X)

Casual Inference by Imbens and Rubin

<latexit sha1_base64="CbhtPXiPplTRBqx398L6rYRbAJI="></latexit>

E[Z|W ] = EV |W [E[Z|W,V ]
��W ]

<latexit sha1_base64="dYrS7tVnY548fiW7G6Oo4UGx6LY="></latexit>

pT
⇣
T = 1|e(X)

⌘
= E[T |e(X)] = EX|e(X)

⇥
E[T |e(X), X]| {z }

e(X)

��e(X)
⇤

= E[e(X)|e(X)] = e(X)



Propensity is balancing: Proof 3 [non-examinable]

The propensity score is the coarsest balancing score, i.e., it is a function of 

every balancing score            :
<latexit sha1_base64="At6ho5ZLiKSDhe+nzAiYtRyjxgI=">AAAB9XicdZDLSgMxFIYz9VbrrerSTbAI7abMtKW1C6HoxmUFe4F2LJn0TBuauZBk1DL0Pdy4UMSt7+LOtzHTVlDRA4GP/z+Hc/I7IWdSmeaHkVpZXVvfSG9mtrZ3dvey+wdtGUSCQosGPBBdh0jgzIeWYopDNxRAPIdDx5lcJH7nFoRkgX+tpiHYHhn5zGWUKC3dQP6+gM+wm3c0FAbZnFk0zbpZrWEN9XKpUtZQsqpWzcKWtpLKoWU1B9n3/jCgkQe+opxI2bPMUNkxEYpRDrNMP5IQEjohI+hp9IkH0o7nV8/wiVaG2A2Efr7Cc/X7REw8Kaeeozs9osbyt5eIf3m9SLmndsz8MFLg08UiN+JYBTiJAA+ZAKr4VAOhgulbMR0TQajSQWV0CF8/xf9Du1S0qsXKVSXXOF/GkUZH6BjlkYVqqIEuURO1EEUCPaAn9GzcGY/Gi/G6aE0Zy5lD9KOMt0/l15DZ</latexit>

e(x) = f(b(x))
<latexit sha1_base64="RkpcPueHqFF0VluZQSDrmTXcmpg=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBahXkrSltbeil48VrAf0Iay2W7apbtJ2N2IJfQvePGgiFf/kDf/jZu2goo+GHi8N8PMPC/iTGnb/rAya+sbm1vZ7dzO7t7+Qf7wqKPCWBLaJiEPZc/DinIW0LZmmtNeJCkWHqddb3qV+t07KhULg1s9i6gr8DhgPiNYp5JXvD8f5gt2ybYbdq2ODGlUytWKIWWn5tQd5BgrRQFWaA3z74NRSGJBA004Vqrv2JF2Eyw1I5zOc4NY0QiTKR7TvqEBFlS5yeLWOTozygj5oTQVaLRQv08kWCg1E57pFFhP1G8vFf/y+rH2L9yEBVGsaUCWi/yYIx2i9HE0YpISzWeGYCKZuRWRCZaYaBNPzoTw9Sn6n3TKJadWqt5UC83LVRxZOIFTKIIDdWjCNbSgDQQm8ABP8GwJ69F6sV6XrRlrNXMMP2C9fQLBhI4T</latexit>

b(x)



Propensity is balancing: Proof 3 [non-examinable]

The propensity score is the coarsest balancing score, i.e., it is a function of 

every balancing score            : 

Proof: Let           be a balancing score. Suppose we cannot write the propensity 

score            as                                   . Therefore, there must be a case where : 

                                            while                                 . Then, 

<latexit sha1_base64="At6ho5ZLiKSDhe+nzAiYtRyjxgI=">AAAB9XicdZDLSgMxFIYz9VbrrerSTbAI7abMtKW1C6HoxmUFe4F2LJn0TBuauZBk1DL0Pdy4UMSt7+LOtzHTVlDRA4GP/z+Hc/I7IWdSmeaHkVpZXVvfSG9mtrZ3dvey+wdtGUSCQosGPBBdh0jgzIeWYopDNxRAPIdDx5lcJH7nFoRkgX+tpiHYHhn5zGWUKC3dQP6+gM+wm3c0FAbZnFk0zbpZrWEN9XKpUtZQsqpWzcKWtpLKoWU1B9n3/jCgkQe+opxI2bPMUNkxEYpRDrNMP5IQEjohI+hp9IkH0o7nV8/wiVaG2A2Efr7Cc/X7REw8Kaeeozs9osbyt5eIf3m9SLmndsz8MFLg08UiN+JYBTiJAA+ZAKr4VAOhgulbMR0TQajSQWV0CF8/xf9Du1S0qsXKVSXXOF/GkUZH6BjlkYVqqIEuURO1EEUCPaAn9GzcGY/Gi/G6aE0Zy5lD9KOMt0/l15DZ</latexit>

e(x) = f(b(x))
<latexit sha1_base64="RkpcPueHqFF0VluZQSDrmTXcmpg=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBahXkrSltbeil48VrAf0Iay2W7apbtJ2N2IJfQvePGgiFf/kDf/jZu2goo+GHi8N8PMPC/iTGnb/rAya+sbm1vZ7dzO7t7+Qf7wqKPCWBLaJiEPZc/DinIW0LZmmtNeJCkWHqddb3qV+t07KhULg1s9i6gr8DhgPiNYp5JXvD8f5gt2ybYbdq2ODGlUytWKIWWn5tQd5BgrRQFWaA3z74NRSGJBA004Vqrv2JF2Eyw1I5zOc4NY0QiTKR7TvqEBFlS5yeLWOTozygj5oTQVaLRQv08kWCg1E57pFFhP1G8vFf/y+rH2L9yEBVGsaUCWi/yYIx2i9HE0YpISzWeGYCKZuRWRCZaYaBNPzoTw9Sn6n3TKJadWqt5UC83LVRxZOIFTKIIDdWjCNbSgDQQm8ABP8GwJ69F6sV6XrRlrNXMMP2C9fQLBhI4T</latexit>

b(x)

<latexit sha1_base64="RkpcPueHqFF0VluZQSDrmTXcmpg=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBahXkrSltbeil48VrAf0Iay2W7apbtJ2N2IJfQvePGgiFf/kDf/jZu2goo+GHi8N8PMPC/iTGnb/rAya+sbm1vZ7dzO7t7+Qf7wqKPCWBLaJiEPZc/DinIW0LZmmtNeJCkWHqddb3qV+t07KhULg1s9i6gr8DhgPiNYp5JXvD8f5gt2ybYbdq2ODGlUytWKIWWn5tQd5BgrRQFWaA3z74NRSGJBA004Vqrv2JF2Eyw1I5zOc4NY0QiTKR7TvqEBFlS5yeLWOTozygj5oTQVaLRQv08kWCg1E57pFFhP1G8vFf/y+rH2L9yEBVGsaUCWi/yYIx2i9HE0YpISzWeGYCKZuRWRCZaYaBNPzoTw9Sn6n3TKJadWqt5UC83LVRxZOIFTKIIDdWjCNbSgDQQm8ABP8GwJ69F6sV6XrRlrNXMMP2C9fQLBhI4T</latexit>

b(x)

<latexit sha1_base64="otuETYxDxxagZDCrqBSkEX4QTPE=">AAAB+HicdZDLTgIxFIY7eEO8gLp000iMsCGFjIA7ohuXmMglAUI65QANnc7YdoxIeBI3LjTGrY/izrexXEzU6EmafPn/c3JOfy8UXBtCPpzYyura+kZ8M7G1vbObTO3t13UQKQY1FohANT2qQXAJNcONgGaogPqegIY3upj5jVtQmgfy2oxD6Ph0IHmfM2qs1E0lIXOXxW0JN9jSSbabSpMcIW6pSLCFs3K5XLJQOCUuIThvrVml0bKq3dR7uxewyAdpmKBat/IkNJ0JVYYzAdNEO9IQUjaiA2hZlNQH3ZnMD5/iY6v0cD9Q9kmD5+r3iQn1tR77nu30qRnq395M/MtrRaZf7ky4DCMDki0W9SOBTYBnKeAeV8CMGFugTHF7K2ZDqigzNquEDeHrp/h/qBdy+WLOvXLTlfNlHHF0iI5QBuVRCVXQJaqiGmIoQg/oCT07986j8+K8LlpjznLmAP0o5+0T2VaR8Q==</latexit>

e(x) 6= e(x0)

<latexit sha1_base64="YHjUxUOfY+ZvZgfBrYDrIX1BDdg=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBahXkrSltbeil48VrAf0Iay2U7apbtJ2N2IJfQvePGgiFf/kDf/jZu2goo+GHi8N8PMPC/iTGnb/rAya+sbm1vZ7dzO7t7+Qf7wqKPCWFJo05CHsucRBZwF0NZMc+hFEojwOHS96VXqd+9AKhYGt3oWgSvIOGA+o0SnEhTvz4f5gl2y7YZdq2NDGpVytWJI2ak5dQc7xkpRQCu0hvn3wSiksYBAU06U6jt2pN2ESM0oh3luECuICJ2SMfQNDYgA5SaLW+f4zCgj7IfSVKDxQv0+kRCh1Ex4plMQPVG/vVT8y+vH2r9wExZEsYaALhf5Mcc6xOnjeMQkUM1nhhAqmbkV0wmRhGoTT86E8PUp/p90yiWnVqreVAvNy1UcWXSCTlEROaiOmugatVAbUTRBD+gJPVvCerRerNdla8ZazRyjH7DePgHGGY4W</latexit>

e(x)
<latexit sha1_base64="At6ho5ZLiKSDhe+nzAiYtRyjxgI=">AAAB9XicdZDLSgMxFIYz9VbrrerSTbAI7abMtKW1C6HoxmUFe4F2LJn0TBuauZBk1DL0Pdy4UMSt7+LOtzHTVlDRA4GP/z+Hc/I7IWdSmeaHkVpZXVvfSG9mtrZ3dvey+wdtGUSCQosGPBBdh0jgzIeWYopDNxRAPIdDx5lcJH7nFoRkgX+tpiHYHhn5zGWUKC3dQP6+gM+wm3c0FAbZnFk0zbpZrWEN9XKpUtZQsqpWzcKWtpLKoWU1B9n3/jCgkQe+opxI2bPMUNkxEYpRDrNMP5IQEjohI+hp9IkH0o7nV8/wiVaG2A2Efr7Cc/X7REw8Kaeeozs9osbyt5eIf3m9SLmndsz8MFLg08UiN+JYBTiJAA+ZAKr4VAOhgulbMR0TQajSQWV0CF8/xf9Du1S0qsXKVSXXOF/GkUZH6BjlkYVqqIEuURO1EEUCPaAn9GzcGY/Gi/G6aE0Zy5lD9KOMt0/l15DZ</latexit>

e(x) = f(b(x))
<latexit sha1_base64="uyHcdfsyehBXR71zzzmGDlZWhmo=">AAAB9XicdVDLTgIxFO3gC/GFunTTSIzognTICOPChOjGJSaCJDCQTulAQ+eRtqOSCf/hxoXGuPVf3Pk3dgATNXqS3pycc2/u7XEjzqRC6MPILCwuLa9kV3Nr6xubW/ntnaYMY0Fog4Q8FC0XS8pZQBuKKU5bkaDYdzm9cUcXqX9zS4VkYXCtxhF1fDwImMcIVlrqusX7ozNdDnXtHvfyBVRCyKpWENTk1LbtqiblE2QhBE1tpSiAOeq9/HunH5LYp4EiHEvZNlGknAQLxQink1wnljTCZIQHtK1pgH0qnWR69QQeaKUPvVDoFyg4Vb9PJNiXcuy7utPHaih/e6n4l9eOlWc7CQuiWNGAzBZ5MYcqhGkEsM8EJYqPNcFEMH0rJEMsMFE6qJwO4eun8H/SLJfMSsm6sgq183kcWbAH9kERmKAKauAS1EEDECDAA3gCz8ad8Wi8GK+z1owxn9kFP2C8fQJxfJE0</latexit>

b(x) = b(x0) = b⇤

<latexit sha1_base64="4AEGNI5CM6mEnJxBJ+Jn8xRybeY="></latexit>

p(t = 1|x, b(x)) = p(t = 1|x) = e(x) 6= e(x0) = p(t = 1|x0) = p(t = 1|x0, b(x0))



Propensity is balancing: Proof 3 [non-examinable]

The propensity score is the coarsest balancing score, i.e., it is a function of 

every balancing score            : 

Proof: Let           be a balancing score. Suppose we cannot write the propensity 

score            as                                   . Therefore, there must be a case where : 

                                            while                                 . Then, 

<latexit sha1_base64="At6ho5ZLiKSDhe+nzAiYtRyjxgI=">AAAB9XicdZDLSgMxFIYz9VbrrerSTbAI7abMtKW1C6HoxmUFe4F2LJn0TBuauZBk1DL0Pdy4UMSt7+LOtzHTVlDRA4GP/z+Hc/I7IWdSmeaHkVpZXVvfSG9mtrZ3dvey+wdtGUSCQosGPBBdh0jgzIeWYopDNxRAPIdDx5lcJH7nFoRkgX+tpiHYHhn5zGWUKC3dQP6+gM+wm3c0FAbZnFk0zbpZrWEN9XKpUtZQsqpWzcKWtpLKoWU1B9n3/jCgkQe+opxI2bPMUNkxEYpRDrNMP5IQEjohI+hp9IkH0o7nV8/wiVaG2A2Efr7Cc/X7REw8Kaeeozs9osbyt5eIf3m9SLmndsz8MFLg08UiN+JYBTiJAA+ZAKr4VAOhgulbMR0TQajSQWV0CF8/xf9Du1S0qsXKVSXXOF/GkUZH6BjlkYVqqIEuURO1EEUCPaAn9GzcGY/Gi/G6aE0Zy5lD9KOMt0/l15DZ</latexit>

e(x) = f(b(x))
<latexit sha1_base64="RkpcPueHqFF0VluZQSDrmTXcmpg=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBahXkrSltbeil48VrAf0Iay2W7apbtJ2N2IJfQvePGgiFf/kDf/jZu2goo+GHi8N8PMPC/iTGnb/rAya+sbm1vZ7dzO7t7+Qf7wqKPCWBLaJiEPZc/DinIW0LZmmtNeJCkWHqddb3qV+t07KhULg1s9i6gr8DhgPiNYp5JXvD8f5gt2ybYbdq2ODGlUytWKIWWn5tQd5BgrRQFWaA3z74NRSGJBA004Vqrv2JF2Eyw1I5zOc4NY0QiTKR7TvqEBFlS5yeLWOTozygj5oTQVaLRQv08kWCg1E57pFFhP1G8vFf/y+rH2L9yEBVGsaUCWi/yYIx2i9HE0YpISzWeGYCKZuRWRCZaYaBNPzoTw9Sn6n3TKJadWqt5UC83LVRxZOIFTKIIDdWjCNbSgDQQm8ABP8GwJ69F6sV6XrRlrNXMMP2C9fQLBhI4T</latexit>

b(x)

<latexit sha1_base64="RkpcPueHqFF0VluZQSDrmTXcmpg=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBahXkrSltbeil48VrAf0Iay2W7apbtJ2N2IJfQvePGgiFf/kDf/jZu2goo+GHi8N8PMPC/iTGnb/rAya+sbm1vZ7dzO7t7+Qf7wqKPCWBLaJiEPZc/DinIW0LZmmtNeJCkWHqddb3qV+t07KhULg1s9i6gr8DhgPiNYp5JXvD8f5gt2ybYbdq2ODGlUytWKIWWn5tQd5BgrRQFWaA3z74NRSGJBA004Vqrv2JF2Eyw1I5zOc4NY0QiTKR7TvqEBFlS5yeLWOTozygj5oTQVaLRQv08kWCg1E57pFFhP1G8vFf/y+rH2L9yEBVGsaUCWi/yYIx2i9HE0YpISzWeGYCKZuRWRCZaYaBNPzoTw9Sn6n3TKJadWqt5UC83LVRxZOIFTKIIDdWjCNbSgDQQm8ABP8GwJ69F6sV6XrRlrNXMMP2C9fQLBhI4T</latexit>

b(x)

<latexit sha1_base64="otuETYxDxxagZDCrqBSkEX4QTPE=">AAAB+HicdZDLTgIxFIY7eEO8gLp000iMsCGFjIA7ohuXmMglAUI65QANnc7YdoxIeBI3LjTGrY/izrexXEzU6EmafPn/c3JOfy8UXBtCPpzYyura+kZ8M7G1vbObTO3t13UQKQY1FohANT2qQXAJNcONgGaogPqegIY3upj5jVtQmgfy2oxD6Ph0IHmfM2qs1E0lIXOXxW0JN9jSSbabSpMcIW6pSLCFs3K5XLJQOCUuIThvrVml0bKq3dR7uxewyAdpmKBat/IkNJ0JVYYzAdNEO9IQUjaiA2hZlNQH3ZnMD5/iY6v0cD9Q9kmD5+r3iQn1tR77nu30qRnq395M/MtrRaZf7ky4DCMDki0W9SOBTYBnKeAeV8CMGFugTHF7K2ZDqigzNquEDeHrp/h/qBdy+WLOvXLTlfNlHHF0iI5QBuVRCVXQJaqiGmIoQg/oCT07986j8+K8LlpjznLmAP0o5+0T2VaR8Q==</latexit>

e(x) 6= e(x0)

<latexit sha1_base64="At6ho5ZLiKSDhe+nzAiYtRyjxgI=">AAAB9XicdZDLSgMxFIYz9VbrrerSTbAI7abMtKW1C6HoxmUFe4F2LJn0TBuauZBk1DL0Pdy4UMSt7+LOtzHTVlDRA4GP/z+Hc/I7IWdSmeaHkVpZXVvfSG9mtrZ3dvey+wdtGUSCQosGPBBdh0jgzIeWYopDNxRAPIdDx5lcJH7nFoRkgX+tpiHYHhn5zGWUKC3dQP6+gM+wm3c0FAbZnFk0zbpZrWEN9XKpUtZQsqpWzcKWtpLKoWU1B9n3/jCgkQe+opxI2bPMUNkxEYpRDrNMP5IQEjohI+hp9IkH0o7nV8/wiVaG2A2Efr7Cc/X7REw8Kaeeozs9osbyt5eIf3m9SLmndsz8MFLg08UiN+JYBTiJAA+ZAKr4VAOhgulbMR0TQajSQWV0CF8/xf9Du1S0qsXKVSXXOF/GkUZH6BjlkYVqqIEuURO1EEUCPaAn9GzcGY/Gi/G6aE0Zy5lD9KOMt0/l15DZ</latexit>

e(x) = f(b(x))
<latexit sha1_base64="uyHcdfsyehBXR71zzzmGDlZWhmo=">AAAB9XicdVDLTgIxFO3gC/GFunTTSIzognTICOPChOjGJSaCJDCQTulAQ+eRtqOSCf/hxoXGuPVf3Pk3dgATNXqS3pycc2/u7XEjzqRC6MPILCwuLa9kV3Nr6xubW/ntnaYMY0Fog4Q8FC0XS8pZQBuKKU5bkaDYdzm9cUcXqX9zS4VkYXCtxhF1fDwImMcIVlrqusX7ozNdDnXtHvfyBVRCyKpWENTk1LbtqiblE2QhBE1tpSiAOeq9/HunH5LYp4EiHEvZNlGknAQLxQink1wnljTCZIQHtK1pgH0qnWR69QQeaKUPvVDoFyg4Vb9PJNiXcuy7utPHaih/e6n4l9eOlWc7CQuiWNGAzBZ5MYcqhGkEsM8EJYqPNcFEMH0rJEMsMFE6qJwO4eun8H/SLJfMSsm6sgq183kcWbAH9kERmKAKauAS1EEDECDAA3gCz8ad8Wi8GK+z1owxn9kFP2C8fQJxfJE0</latexit>

b(x) = b(x0) = b⇤

<latexit sha1_base64="wiqGmeyLvs3A7Ms7Mp1SEScVlJI="></latexit>

p(t = 1|x, b(x)) 6= p(t = 1|x0, b(x0))

x ?? t|b(x)
<latexit sha1_base64="xN7E0ZzSLwCorE6Q/PM7JUEgOXE=">AAACBXicdVDLTgIxFO3gC/E16lIXVWKCGzIzEJAd0Y1LTOSRMBPSKR1o6DzSdgxkZOPGX3HjQmPc+g/u/Bs7gIkaPU2T03Puze09bsSokIbxoWWWlldW17LruY3Nre0dfXevJcKYY9LEIQt5x0WCMBqQpqSSkU7ECfJdRtru6CL12zeECxoG13ISEcdHg4B6FCOppJ5+OLYjwiNoH6UHzh8S3kK3MD7t6XmjaBg1o1KFitRKVrmkiGVWzKoJTWWlyIMFGj393e6HOPZJIDFDQnRNI5JOgrikmJFpzo4FiRAeoQHpKhognwgnmW0xhSdK6UMv5OoGEs7U7x0J8oWY+K6q9JEcit9eKv7ldWPpnTkJDaJYkgDPB3kxgzKEaSSwTznBkk0UQZhT9VeIh4gjLFVwORXC16bwf9KyimapaF2V8/XzRRxZcACOQQGYoArq4BI0QBNgcAcewBN41u61R+1Fe52XZrRFzz74Ae3tE8NoltQ=</latexit>

Recall definition of balancing score:

<latexit sha1_base64="imt7uK8ES6h9JTGMu6pdzEfrcMQ=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBDEQ5iENVlvQS8eI5oHJGuYncwmQ2YfzMwKYcknePGgiFe/yJt/42wSQUULGoqqbrq7vFhwpTH+sJaWV1bX1nMb+c2t7Z3dwt5+S0WJpKxJIxHJjkcUEzxkTc21YJ1YMhJ4grW98WXmt++ZVDwKb/UkZm5AhiH3OSXaSDfe3Wm/UMQljO1aFSNDzh3HqRlSOcM2xqhsrAxFWKDRL7z3BhFNAhZqKohS3TKOtZsSqTkVbJrvJYrFhI7JkHUNDUnAlJvOTp2iY6MMkB9JU6FGM/X7REoCpSaBZzoDokfqt5eJf3ndRPuOm/IwTjQL6XyRnwikI5T9jQZcMqrFxBBCJTe3IjoiklBt0smbEL4+Rf+TVqVUrpbsa7tYv1jEkYNDOIITKEMN6nAFDWgChSE8wBM8W8J6tF6s13nrkrWYOYAfsN4+AUOJjc8=</latexit>

b⇤
<latexit sha1_base64="imt7uK8ES6h9JTGMu6pdzEfrcMQ=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBDEQ5iENVlvQS8eI5oHJGuYncwmQ2YfzMwKYcknePGgiFe/yJt/42wSQUULGoqqbrq7vFhwpTH+sJaWV1bX1nMb+c2t7Z3dwt5+S0WJpKxJIxHJjkcUEzxkTc21YJ1YMhJ4grW98WXmt++ZVDwKb/UkZm5AhiH3OSXaSDfe3Wm/UMQljO1aFSNDzh3HqRlSOcM2xqhsrAxFWKDRL7z3BhFNAhZqKohS3TKOtZsSqTkVbJrvJYrFhI7JkHUNDUnAlJvOTp2iY6MMkB9JU6FGM/X7REoCpSaBZzoDokfqt5eJf3ndRPuOm/IwTjQL6XyRnwikI5T9jQZcMqrFxBBCJTe3IjoiklBt0smbEL4+Rf+TVqVUrpbsa7tYv1jEkYNDOIITKEMN6nAFDWgChSE8wBM8W8J6tF6s13nrkrWYOYAfsN4+AUOJjc8=</latexit>

b⇤

<latexit sha1_base64="YHjUxUOfY+ZvZgfBrYDrIX1BDdg=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBahXkrSltbeil48VrAf0Iay2U7apbtJ2N2IJfQvePGgiFf/kDf/jZu2goo+GHi8N8PMPC/iTGnb/rAya+sbm1vZ7dzO7t7+Qf7wqKPCWFJo05CHsucRBZwF0NZMc+hFEojwOHS96VXqd+9AKhYGt3oWgSvIOGA+o0SnEhTvz4f5gl2y7YZdq2NDGpVytWJI2ak5dQc7xkpRQCu0hvn3wSiksYBAU06U6jt2pN2ESM0oh3luECuICJ2SMfQNDYgA5SaLW+f4zCgj7IfSVKDxQv0+kRCh1Ex4plMQPVG/vVT8y+vH2r9wExZEsYaALhf5Mcc6xOnjeMQkUM1nhhAqmbkV0wmRhGoTT86E8PUp/p90yiWnVqreVAvNy1UcWXSCTlEROaiOmugatVAbUTRBD+gJPVvCerRerNdla8ZazRyjH7DePgHGGY4W</latexit>

e(x)



Propensity is balancing: Proof 3 [non-examinable]

The propensity score is the coarsest balancing score, i.e., it is a function of 

every balancing score            : 

Proof: Let           be a balancing score. Suppose we cannot write the propensity 

score            as                                   . Therefore, there must be a case where : 

                                            while                                 . Then, 

i.e., probability of treatment changes depending on value of x despite b*: 

This violates the definition of a balancing score.  

Proof by contradiction.

<latexit sha1_base64="At6ho5ZLiKSDhe+nzAiYtRyjxgI=">AAAB9XicdZDLSgMxFIYz9VbrrerSTbAI7abMtKW1C6HoxmUFe4F2LJn0TBuauZBk1DL0Pdy4UMSt7+LOtzHTVlDRA4GP/z+Hc/I7IWdSmeaHkVpZXVvfSG9mtrZ3dvey+wdtGUSCQosGPBBdh0jgzIeWYopDNxRAPIdDx5lcJH7nFoRkgX+tpiHYHhn5zGWUKC3dQP6+gM+wm3c0FAbZnFk0zbpZrWEN9XKpUtZQsqpWzcKWtpLKoWU1B9n3/jCgkQe+opxI2bPMUNkxEYpRDrNMP5IQEjohI+hp9IkH0o7nV8/wiVaG2A2Efr7Cc/X7REw8Kaeeozs9osbyt5eIf3m9SLmndsz8MFLg08UiN+JYBTiJAA+ZAKr4VAOhgulbMR0TQajSQWV0CF8/xf9Du1S0qsXKVSXXOF/GkUZH6BjlkYVqqIEuURO1EEUCPaAn9GzcGY/Gi/G6aE0Zy5lD9KOMt0/l15DZ</latexit>

e(x) = f(b(x))
<latexit sha1_base64="RkpcPueHqFF0VluZQSDrmTXcmpg=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBahXkrSltbeil48VrAf0Iay2W7apbtJ2N2IJfQvePGgiFf/kDf/jZu2goo+GHi8N8PMPC/iTGnb/rAya+sbm1vZ7dzO7t7+Qf7wqKPCWBLaJiEPZc/DinIW0LZmmtNeJCkWHqddb3qV+t07KhULg1s9i6gr8DhgPiNYp5JXvD8f5gt2ybYbdq2ODGlUytWKIWWn5tQd5BgrRQFWaA3z74NRSGJBA004Vqrv2JF2Eyw1I5zOc4NY0QiTKR7TvqEBFlS5yeLWOTozygj5oTQVaLRQv08kWCg1E57pFFhP1G8vFf/y+rH2L9yEBVGsaUCWi/yYIx2i9HE0YpISzWeGYCKZuRWRCZaYaBNPzoTw9Sn6n3TKJadWqt5UC83LVRxZOIFTKIIDdWjCNbSgDQQm8ABP8GwJ69F6sV6XrRlrNXMMP2C9fQLBhI4T</latexit>

b(x)

<latexit sha1_base64="RkpcPueHqFF0VluZQSDrmTXcmpg=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBahXkrSltbeil48VrAf0Iay2W7apbtJ2N2IJfQvePGgiFf/kDf/jZu2goo+GHi8N8PMPC/iTGnb/rAya+sbm1vZ7dzO7t7+Qf7wqKPCWBLaJiEPZc/DinIW0LZmmtNeJCkWHqddb3qV+t07KhULg1s9i6gr8DhgPiNYp5JXvD8f5gt2ybYbdq2ODGlUytWKIWWn5tQd5BgrRQFWaA3z74NRSGJBA004Vqrv2JF2Eyw1I5zOc4NY0QiTKR7TvqEBFlS5yeLWOTozygj5oTQVaLRQv08kWCg1E57pFFhP1G8vFf/y+rH2L9yEBVGsaUCWi/yYIx2i9HE0YpISzWeGYCKZuRWRCZaYaBNPzoTw9Sn6n3TKJadWqt5UC83LVRxZOIFTKIIDdWjCNbSgDQQm8ABP8GwJ69F6sV6XrRlrNXMMP2C9fQLBhI4T</latexit>

b(x)

<latexit sha1_base64="otuETYxDxxagZDCrqBSkEX4QTPE=">AAAB+HicdZDLTgIxFIY7eEO8gLp000iMsCGFjIA7ohuXmMglAUI65QANnc7YdoxIeBI3LjTGrY/izrexXEzU6EmafPn/c3JOfy8UXBtCPpzYyura+kZ8M7G1vbObTO3t13UQKQY1FohANT2qQXAJNcONgGaogPqegIY3upj5jVtQmgfy2oxD6Ph0IHmfM2qs1E0lIXOXxW0JN9jSSbabSpMcIW6pSLCFs3K5XLJQOCUuIThvrVml0bKq3dR7uxewyAdpmKBat/IkNJ0JVYYzAdNEO9IQUjaiA2hZlNQH3ZnMD5/iY6v0cD9Q9kmD5+r3iQn1tR77nu30qRnq395M/MtrRaZf7ky4DCMDki0W9SOBTYBnKeAeV8CMGFugTHF7K2ZDqigzNquEDeHrp/h/qBdy+WLOvXLTlfNlHHF0iI5QBuVRCVXQJaqiGmIoQg/oCT07986j8+K8LlpjznLmAP0o5+0T2VaR8Q==</latexit>

e(x) 6= e(x0)

<latexit sha1_base64="At6ho5ZLiKSDhe+nzAiYtRyjxgI=">AAAB9XicdZDLSgMxFIYz9VbrrerSTbAI7abMtKW1C6HoxmUFe4F2LJn0TBuauZBk1DL0Pdy4UMSt7+LOtzHTVlDRA4GP/z+Hc/I7IWdSmeaHkVpZXVvfSG9mtrZ3dvey+wdtGUSCQosGPBBdh0jgzIeWYopDNxRAPIdDx5lcJH7nFoRkgX+tpiHYHhn5zGWUKC3dQP6+gM+wm3c0FAbZnFk0zbpZrWEN9XKpUtZQsqpWzcKWtpLKoWU1B9n3/jCgkQe+opxI2bPMUNkxEYpRDrNMP5IQEjohI+hp9IkH0o7nV8/wiVaG2A2Efr7Cc/X7REw8Kaeeozs9osbyt5eIf3m9SLmndsz8MFLg08UiN+JYBTiJAA+ZAKr4VAOhgulbMR0TQajSQWV0CF8/xf9Du1S0qsXKVSXXOF/GkUZH6BjlkYVqqIEuURO1EEUCPaAn9GzcGY/Gi/G6aE0Zy5lD9KOMt0/l15DZ</latexit>

e(x) = f(b(x))
<latexit sha1_base64="uyHcdfsyehBXR71zzzmGDlZWhmo=">AAAB9XicdVDLTgIxFO3gC/GFunTTSIzognTICOPChOjGJSaCJDCQTulAQ+eRtqOSCf/hxoXGuPVf3Pk3dgATNXqS3pycc2/u7XEjzqRC6MPILCwuLa9kV3Nr6xubW/ntnaYMY0Fog4Q8FC0XS8pZQBuKKU5bkaDYdzm9cUcXqX9zS4VkYXCtxhF1fDwImMcIVlrqusX7ozNdDnXtHvfyBVRCyKpWENTk1LbtqiblE2QhBE1tpSiAOeq9/HunH5LYp4EiHEvZNlGknAQLxQink1wnljTCZIQHtK1pgH0qnWR69QQeaKUPvVDoFyg4Vb9PJNiXcuy7utPHaih/e6n4l9eOlWc7CQuiWNGAzBZ5MYcqhGkEsM8EJYqPNcFEMH0rJEMsMFE6qJwO4eun8H/SLJfMSsm6sgq183kcWbAH9kERmKAKauAS1EEDECDAA3gCz8ad8Wi8GK+z1owxn9kFP2C8fQJxfJE0</latexit>

b(x) = b(x0) = b⇤

<latexit sha1_base64="wiqGmeyLvs3A7Ms7Mp1SEScVlJI="></latexit>

p(t = 1|x, b(x)) 6= p(t = 1|x0, b(x0))

<latexit sha1_base64="sWb5mHfWvlxteQ6dG2YTjqhjPY4=">AAACCXicdVDLTgIxFO34RHyhLt1UiQluyAwQkB3RjUtM5JEwhHRKgYZOZ9LeMRBk68ZfceNCY9z6B+78GzuAiRo9TZPTc+7N7T1eKLgG2/6wlpZXVtfWExvJza3tnd3U3n5dB5GirEYDEaimRzQTXLIacBCsGSpGfE+whje8iP3GDVOaB/IaxiFr+6QveY9TAkbqpPDIlQG4IVMhdo/ig+cPwLfYy4xOO6m0nbXtsl0sYUPK+Vwhb0jOKTolBzvGipFGC1Q7qXe3G9DIZxKoIFq3HDuE9oQo4FSwadKNNAsJHZI+axkqic90ezLbZIpPjNLFvUCZKwHP1O8dE+JrPfY9U+kTGOjfXiz+5bUi6J21J1yGETBJ54N6kcAQ4DgW3OWKURBjQwhV3PwV0wFRhIIJL2lC+NoU/0/quaxTzBauCunK+SKOBDpExyiDHFRCFXSJqqiGKLpDD+gJPVv31qP1Yr3OS5esRc8B+gHr7RMV5piu</latexit>

x 6?? t|b(x)

<latexit sha1_base64="YHjUxUOfY+ZvZgfBrYDrIX1BDdg=">AAAB63icdVBNS8NAEN3Ur1q/qh69LBahXkrSltbeil48VrAf0Iay2U7apbtJ2N2IJfQvePGgiFf/kDf/jZu2goo+GHi8N8PMPC/iTGnb/rAya+sbm1vZ7dzO7t7+Qf7wqKPCWFJo05CHsucRBZwF0NZMc+hFEojwOHS96VXqd+9AKhYGt3oWgSvIOGA+o0SnEhTvz4f5gl2y7YZdq2NDGpVytWJI2ak5dQc7xkpRQCu0hvn3wSiksYBAU06U6jt2pN2ESM0oh3luECuICJ2SMfQNDYgA5SaLW+f4zCgj7IfSVKDxQv0+kRCh1Ex4plMQPVG/vVT8y+vH2r9wExZEsYaALhf5Mcc6xOnjeMQkUM1nhhAqmbkV0wmRhGoTT86E8PUp/p90yiWnVqreVAvNy1UcWXSCTlEROaiOmugatVAbUTRBD+gJPVvCerRerNdla8ZazRyjH7DePgHGGY4W</latexit>

e(x)



Propensity Score Matching Algorithms

• Match control and treatment individuals based on their propensity score 

• Greedy matching: 
• Randomly order list of control and treated.  
• Start with the first individual from e.g. treated and match to control 

with the smallest distance (i.e. obtains the local minimum) 
• Remove individuals from control and matched treated  
• Move to the next treated subject

Treatment 
40 
65

Control 
50 
25



Propensity Score Matching Algorithms

• Match control and treatment individuals based on their propensity score 

• Greedy matching: 
• Randomly order list of control and treated.  
• Start with the first individual from e.g. treated and match to control 

with the smallest distance (i.e. obtains the local minimum) 
• Remove individuals from control and matched treated  
• Move to the next treated subject

Treatment 
40 
65

Control 
50 
25



Propensity Score Matching Algorithms

• Match control and treatment individuals based on their propensity score 

• Greedy matching: 
• Randomly order list of control and treated.  
• Start with the first individual from e.g. treated and match to control 

with the smallest distance (i.e. obtains the local minimum) 
• Remove individuals from control and matched treated  
• Move to the next treated subject

Treatment 
40 
65

Control 
50 
25

Treatment 
40 
65

Control 
50 
25

Total diff: 50 Total diff: 30



Propensity Score Matching Algorithms

• Match control and treatment individuals based on their propensity score 

• Greedy matching: 
• Randomly order list of control and treated.  
• Start with the first individual from e.g. treated and match to control 

with the smallest distance (i.e. obtains the local minimum) 
• Remove individuals from control and matched treated  
• Move to the next treated subject 

• Optimal matching: Minimises the global distance, computationally 

demanding 

• ATE: ⌧ = Ê[⌧ (i)] = Ê[y(i)1 � y(i)0 ] =
1

N

NX

i=0

⇣
y(i)1 � y(i)0

⌘

<latexit sha1_base64="WbTWK3I0Vx5XeT+HXSWxJjiZj3c="></latexit>



Inverse Probability of Treatment Weighting (IPTW)

• Inflate the weight for under represented-subjects due to missing data  

• Based on propensity score 

• Weight: inverse probability of receiving observed treatment, for individual 

i with covariate x:  

• Example: Suppose individual (i) has a large e(x), i.e., their probability of 

receiving treatment is high. 

- If                 then                  (typical behaviour: most with          are treated) 

- If           then            (underrepresented: boost weight for rare event)

e(x) = p(t = 1|x)
<latexit sha1_base64="WIlUbaYz3qTQq4z/eipX0bOCUBE=">AAAB/nicdVBNS0JBFJ1nX2ZfVrRqMySBbuS9p2guBKlNS4PUQB8yb7zq4LwPZuaF8hL6K21aFNG239Guf9P4EVTUgQuHc+7l3nvckDOpTPPDSKysrq1vJDdTW9s7u3vp/YOmDCJBoUEDHogbl0jgzIeGYorDTSiAeC6Hlju6mPmtWxCSBf61moTgeGTgsz6jRGmpmz7quMEYejFkx7lqmFVV626cm3bTGTNvmhWzVMaaVAp2saCJbZWssoUtbc2QQUvUu+n3Ti+gkQe+opxI2bbMUDkxEYpRDtNUJ5IQEjoiA2hr6hMPpBPPz5/iU630cD8QunyF5+r3iZh4Uk48V3d6RA3lb28m/uW1I9U/c2Lmh5ECny4W9SOOVYBnWeAeE0AVn2hCqGD6VkyHRBCqdGIpHcLXp/h/0rTzViFvXxUztfNlHEl0jE5QFlmojGroEtVRA1EUowf0hJ6Ne+PReDFeF60JYzlziH7AePsEbRKVJg==</latexit>

<latexit sha1_base64="YHRIfK+Pzbb8NlVopV/G/OUEqZE="></latexit>

wi =

(
1

e(xi)
if ti = 1

1
1�e(xi)

if ti = 0

<latexit sha1_base64="+jQcKULbtcqqi84Vz3/VzBQZo5g=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BIvgqSRtbe1BKHrxWMGthXYp2TTbhmazS5IVytLf4MWDIl79Qd78N2bbCir6YODx3gwz8/xYcG0Q+nByK6tr6xv5zcLW9s7uXnH/oKOjRFHm0khEqusTzQSXzDXcCNaNFSOhL9idP7nK/Lt7pjSP5K2ZxswLyUjygFNirOSaAb/Ag2IJlRFqonoDWtKsVmpVSyq4jhsYYmtlKIEl2oPie38Y0SRk0lBBtO5hFBsvJcpwKtis0E80iwmdkBHrWSpJyLSXzo+dwROrDGEQKVvSwLn6fSIlodbT0LedITFj/dvLxL+8XmKCcy/lMk4Mk3SxKEgENBHMPodDrhg1YmoJoYrbWyEdE0WosfkUbAhfn8L/SadSxmdldFMrtS6XceTBETgGpwCDBmiBa9AGLqCAgwfwBJ4d6Tw6L87rojXnLGcOwQ84b5+na46X</latexit>

ti = 1
<latexit sha1_base64="GvOcYz5KVAp86HHbNJAsSqDdkOI=">AAAB9HicdVDLTgIxFO3gC/GFunTTSExckSkgyI7oxiUm8khgQjqlQEOnHdsOSiZ8hxsXGuPWj3Hn39gBTNToSW5ycs69ufceP+RMG9f9cFIrq2vrG+nNzNb2zu5edv+gqWWkCG0QyaVq+1hTzgRtGGY4bYeK4sDntOWPLxO/NaFKMyluzDSkXoCHgg0YwcZK3l2PwS4OQyXvIeplc27edatuuQItqRYLpaIlBVRGFQSRtRLkwBL1Xva925ckCqgwhGOtO8gNjRdjZRjhdJbpRpqGmIzxkHYsFTig2ovnR8/giVX6cCCVLWHgXP0+EeNA62ng284Am5H+7SXiX14nMoNzL2YijAwVZLFoEHFoJEwSgH2mKDF8agkmitlbIRlhhYmxOWVsCF+fwv9Js5BHZ3n3upSrXSzjSIMjcAxOAQIVUANXoA4agIBb8ACewLMzcR6dF+d10ZpyljOH4Aect09usJHj</latexit>

wi ⇡ 1
<latexit sha1_base64="IbZsoW3LUe4fUItAlwZdfXFs3AE=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0na2tpb0YvHivYD2lA22027dLMJuxuxhP4ELx4U8eov8ua/cdNWUNEHA4/3ZpiZ50WcKW3bH1ZmZXVtfSO7mdva3tndy+8ftFUYS0JbJOSh7HpYUc4EbWmmOe1GkuLA47TjTS5Tv3NHpWKhuNXTiLoBHgnmM4K1kW7uB2yQL9hF267b1RoypF4uVcqGlJyqU3OQY6wUBViiOci/94chiQMqNOFYqZ5jR9pNsNSMcDrL9WNFI0wmeER7hgocUOUm81Nn6MQoQ+SH0pTQaK5+n0hwoNQ08ExngPVY/fZS8S+vF2v/3E2YiGJNBVks8mOOdIjSv9GQSUo0nxqCiWTmVkTGWGKiTTo5E8LXp+h/0i4VnbOifV0pNC6WcWThCI7hFByoQQOuoAktIDCCB3iCZ4tbj9aL9bpozVjLmUP4AevtE7o1jhk=</latexit>xi

<latexit sha1_base64="idzmmofVVRyDLO5wKwkGIeTtaWY=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU8m2tbUHoejFYwW3FtqlZNNsG5rNLklWKKW/wYsHRbz6g7z5b0w/BBV9MPB4b4aZeUEiuDYYfziZldW19Y3sZm5re2d3L79/0NJxqijzaCxi1Q6IZoJL5hluBGsnipEoEOwuGF3N/Lt7pjSP5a0ZJ8yPyEDykFNirOSZHr/AvXwBFzGu42oNWVIvlyplS0pu1a25yLXWDAVYotnLv3f7MU0jJg0VROuOixPjT4gynAo2zXVTzRJCR2TAOpZKEjHtT+bHTtGJVfoojJUtadBc/T4xIZHW4yiwnRExQ/3bm4l/eZ3UhOf+hMskNUzSxaIwFcjEaPY56nPFqBFjSwhV3N6K6JAoQo3NJ2dD+PoU/U9apaJ7VsQ3lULjchlHFo7gGE7BhRo04Bqa4AEFDg/wBM+OdB6dF+d10ZpxljOH8APO2yel546W</latexit>

ti = 0
<latexit sha1_base64="YFrVRfWCLe2KcvAUrf7GcjsTn/Y=">AAAB8HicdVDLTgIxFO3gC/GFunTTSExckSkgyI7oxiUm8jAwIZ3SGRrazqTtaAjhK9y40Bi3fo47/8YOYKJGT3KTk3Puzb33+DFn2rjuh5NZWV1b38hu5ra2d3b38vsHbR0litAWiXikuj7WlDNJW4YZTruxolj4nHb88WXqd+6o0iySN2YSU0/gULKAEWysdHs/YLAfhhAN8gW36Lp1t1qDltTLpUrZkhKqohqCyFopCmCJ5iD/3h9GJBFUGsKx1j3kxsabYmUY4XSW6yeaxpiMcUh7lkosqPam84Nn8MQqQxhEypY0cK5+n5hiofVE+LZTYDPSv71U/MvrJSY496ZMxomhkiwWBQmHJoLp93DIFCWGTyzBRDF7KyQjrDAxNqOcDeHrU/g/aZeK6KzoXlcKjYtlHFlwBI7BKUCgBhrgCjRBCxAgwAN4As+Och6dF+d10ZpxljOH4Aect08REo/v</latexit>

wi � 1

Rosenbaum 1987



Inverse Probability of Treatment Weighting (IPTW)

• Inflate the weight for under represented-subjects due to missing data  

• Based on propensity score 

• Weight: inverse probability of receiving observed treatment, for individual 

i with covariate x:  

e(x) = p(t = 1|x)
<latexit sha1_base64="WIlUbaYz3qTQq4z/eipX0bOCUBE=">AAAB/nicdVBNS0JBFJ1nX2ZfVrRqMySBbuS9p2guBKlNS4PUQB8yb7zq4LwPZuaF8hL6K21aFNG239Guf9P4EVTUgQuHc+7l3nvckDOpTPPDSKysrq1vJDdTW9s7u3vp/YOmDCJBoUEDHogbl0jgzIeGYorDTSiAeC6Hlju6mPmtWxCSBf61moTgeGTgsz6jRGmpmz7quMEYejFkx7lqmFVV626cm3bTGTNvmhWzVMaaVAp2saCJbZWssoUtbc2QQUvUu+n3Ti+gkQe+opxI2bbMUDkxEYpRDtNUJ5IQEjoiA2hr6hMPpBPPz5/iU630cD8QunyF5+r3iZh4Uk48V3d6RA3lb28m/uW1I9U/c2Lmh5ECny4W9SOOVYBnWeAeE0AVn2hCqGD6VkyHRBCqdGIpHcLXp/h/0rTzViFvXxUztfNlHEl0jE5QFlmojGroEtVRA1EUowf0hJ6Ne+PReDFeF60JYzlziH7AePsEbRKVJg==</latexit>

<latexit sha1_base64="YHRIfK+Pzbb8NlVopV/G/OUEqZE="></latexit>

wi =

(
1

e(xi)
if ti = 1

1
1�e(xi)

if ti = 0

Rosenbaum 1987

Treated 
O 

OOOO

Not treated 
OOOOOOOOO 

O
X=0
X=1

O O
<latexit sha1_base64="C39esRshPfcb3nuUmvPDNRymXvU=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgqmb67qJQdOOygn1AW0omzbShmQdJRhmG+ituXCji1g9x59+YaSuo6IELh3Pu5d577IAzqRD6MFJr6xubW+ntzM7u3v6BeXjUkX4oCG0Tn/uiZ2NJOfNoWzHFaS8QFLs2p117dpn43VsqJPO9GxUFdOjiicccRrDS0sjM3jUGjsAktuYxytfmjfJ5aWTmUB6hOqpUoSb1YqFU1KRgVayqBS1tJciBFVoj830w9knoUk8RjqXsWyhQwxgLxQin88wglDTAZIYntK+ph10qh/Hi+Dk81coYOr7Q5Sm4UL9PxNiVMnJt3eliNZW/vUT8y+uHyqkNY+YFoaIeWS5yQg6VD5Mk4JgJShSPNMFEMH0rJFOss1A6r4wO4etT+D/pFPJWOY+uS7nmxSqONDgGJ+AMWKAKmuAKtEAbEBCBB/AEno1749F4MV6XrSljNZMFP2C8fQJHLpPi</latexit>

w =
1

0.8
= 5/4

<latexit sha1_base64="NFeIZrSH9pNP/Mh86q0gVj/yumg=">AAAB9XicdVDLSgMxFM3UV62vqks3wSLUzZiZTpl2USi6cVnBPqAdSyZN29DMgySjltL/cONCEbf+izv/xvQhqOiBC4dz7uXee/yYM6kQ+jBSK6tr6xvpzczW9s7uXnb/oCGjRBBaJxGPRMvHknIW0rpiitNWLCgOfE6b/uhi5jdvqZAsCq/VOKZegAch6zOClZZuaP7+FFagc1asILPUzeaQWXSssm1BZCIXuW5Bk4Lt2k4ZWiaaIweWqHWz751eRJKAhopwLGXbQrHyJlgoRjidZjqJpDEmIzygbU1DHFDpTeZXT+GJVnqwHwldoYJz9fvEBAdSjgNfdwZYDeVvbyb+5bUT1S95ExbGiaIhWSzqJxyqCM4igD0mKFF8rAkmgulbIRligYnSQWV0CF+fwv9JwzatoomunFz1fBlHGhyBY5AHFnBBFVyCGqgDAgR4AE/g2bgzHo0X43XRmjKWM4fgB4y3Tz7rkGk=</latexit>

e(x) = 4/5 = 0.8

<latexit sha1_base64="17zf44NQkeezXe3HRzcjU3kv2z4=">AAAB+HicdVDLTgIxFO3gC/EB6tJNIzHBzdgiCCxIiG5cYiKPBAjplA40dB5pO0ac8CVuXGiMWz/FnX9jeZio0ZPc5OSce3PvPU4ouNIIfViJldW19Y3kZmpre2c3ndnbb6ogkpQ1aCAC2XaIYoL7rKG5FqwdSkY8R7CWM76c+a1bJhUP/Bs9CVnPI0Ofu5wSbaR+Js1ydyewCvEpRlVk434mi2xUxMVKCSL7rFTJo7IhCJ2XCghiQ2bIgiXq/cx7dxDQyGO+poIo1cEo1L2YSM2pYNNUN1IsJHRMhqxjqE88pnrx/PApPDbKALqBNOVrOFe/T8TEU2riOabTI3qkfnsz8S+vE2m33Iu5H0aa+XSxyI0E1AGcpQAHXDKqxcQQQiU3t0I6IpJQbbJKmRC+PoX/k2bexkUbXReytYtlHElwCI5ADmBQAjVwBeqgASiIwAN4As/WvfVovVivi9aEtZw5AD9gvX0CEomQxg==</latexit>

e(x) = 1/10 = 0.1

<latexit sha1_base64="oRWbq/t3ak69iE28Rt7NS0xA8uA=">AAACCnicdVDLSgMxFM3UV62vqks30SK4cUj6diGIblwq2Ae0pWTSTBuaeZBklDLM2o2/4saFIm79Anf+jelDfKAHLpyccy+59zih4Eoj9G6l5uYXFpfSy5mV1bX1jezmVl0FkaSsRgMRyKZDFBPcZzXNtWDNUDLiOYI1nOHZ2G9cM6l44F/pUcg6Hun73OWUaCN1s7s3x21XEhrjJMaHyK4mX29k55PjUjebQzZCR6hcgYYcFfLFgiF5XMYVDLGxxsiBGS662bd2L6CRx3xNBVGqhVGoOzGRmlPBkkw7UiwkdEj6rGWoTzymOvHklATuG6UH3UCa8jWcqN8nYuIpNfIc0+kRPVC/vbH4l9eKtFvtxNwPI818Ov3IjQTUARznAntcMqrFyBBCJTe7QjogJglt0suYED4vhf+Tet7GJRtdFnMnp7M40mAH7IEDgEEFnIBzcAFqgIJbcA8ewZN1Zz1Yz9bLtDVlzWa2wQ9Yrx8v5JlP</latexit>

w =
1

1� 0.8
=

1

0.2
= 5



Inverse Probability of Treatment Weighting (IPTW)

Weights may be inaccurate/unstable for subjects with a very low probability 

of receiving the observed treatment (other estimators exist) 

In a randomised control trial (RCT) limit,  

above reduces to: <latexit sha1_base64="KRV4/yAgzURtyZYauzdBFTdZqns=">AAAB9HicdVDLSgMxFM3UV62vqks3wSIIQsmU1o4LoejGValgH9AOJZNm2tBMZkwyhTL0O9y4UMStH+POvzHTVlDRA/dyOOdecnO8iDOlEfqwMiura+sb2c3c1vbO7l5+/6ClwlgS2iQhD2XHw4pyJmhTM81pJ5IUBx6nbW98nfrtCZWKheJOTyPqBngomM8I1kZy6/AS1vs2PDMd9fMFVESoXD1H0JALx3GqhpQqqIwQtI2VogCWaPTz771BSOKACk04Vqpro0i7CZaaEU5nuV6saITJGA9p11CBA6rcZH70DJ4YZQD9UJoSGs7V7xsJDpSaBp6ZDLAeqd9eKv7ldWPtO27CRBRrKsjiIT/mUIcwTQAOmKRE86khmEhmboVkhCUm2uSUMyF8/RT+T1qlol0pottyoXa1jCMLjsAxOAU2qIIauAEN0AQE3IMH8ASerYn1aL1Yr4vRjLXcOQQ/YL19AtZtkDU=</latexit>

N = N1 +N0

e(x) = p(t = 1|x)
<latexit sha1_base64="WIlUbaYz3qTQq4z/eipX0bOCUBE=">AAAB/nicdVBNS0JBFJ1nX2ZfVrRqMySBbuS9p2guBKlNS4PUQB8yb7zq4LwPZuaF8hL6K21aFNG239Guf9P4EVTUgQuHc+7l3nvckDOpTPPDSKysrq1vJDdTW9s7u3vp/YOmDCJBoUEDHogbl0jgzIeGYorDTSiAeC6Hlju6mPmtWxCSBf61moTgeGTgsz6jRGmpmz7quMEYejFkx7lqmFVV626cm3bTGTNvmhWzVMaaVAp2saCJbZWssoUtbc2QQUvUu+n3Ti+gkQe+opxI2bbMUDkxEYpRDtNUJ5IQEjoiA2hr6hMPpBPPz5/iU630cD8QunyF5+r3iZh4Uk48V3d6RA3lb28m/uW1I9U/c2Lmh5ECny4W9SOOVYBnWeAeE0AVn2hCqGD6VkyHRBCqdGIpHcLXp/h/0rTzViFvXxUztfNlHEl0jE5QFlmojGroEtVRA1EUowf0hJ6Ne+PReDFeF60JYzlziH7AePsEbRKVJg==</latexit>

<latexit sha1_base64="5Vq/oq2sVTAzjoUj+ovTNlppywg=">AAAB/XicdZDLSgMxFIYz9Vbrbbzs3ASLUDcl05apXRSKblxWsBdoh5JJ0zY0cyHJiHUsvoobF4q49T3c+TZm2goqeiDw8f/ncE5+N+RMKoQ+jNTS8srqWno9s7G5tb1j7u41ZRAJQhsk4IFou1hSznzaUExx2g4FxZ7Lacsdnyd+65oKyQL/Sk1C6nh46LMBI1hpqWcehDlVte5uTmAVJogS7JlZlEeoguwy1FApFkpFDQXLtsoWtLSVVBYsqt4z37v9gEQe9RXhWMqOhULlxFgoRjidZrqRpCEmYzykHY0+9qh04tn1U3islT4cBEI/X8GZ+n0ixp6UE8/VnR5WI/nbS8S/vE6kBqdOzPwwUtQn80WDiEMVwCQK2GeCEsUnGjARTN8KyQgLTJQOLKND+Pop/B+ahbxl5+3LUrZ2togjDQ7BEcgBC5RBDVyAOmgAAm7BA3gCz8a98Wi8GK/z1pSxmNkHP8p4+wTCq5OF</latexit>

p(t = 1|x) = p(t = 0|x)

<latexit sha1_base64="Tf7Sb9wlbD/8bEbYCrGE/G8LwXw="></latexit>

1

N1

X

treated

y(i)1 � 1

N0

X

not treated

y(i)0

<latexit sha1_base64="/4rXYplw6uYtcnGxK0ObmUVDPVk="></latexit>

1

N

X

treated

y(i)1

1

e(xi)
� 1

N

X

not treated

y(i)0

1

1� e(xi)



Overview of the course

• Lecture 1: Introduction & Motivation, why do we care about causality? 

Why deriving causality from observational data is non-trivial. 

• Lecture 2: Recap of probability theory, variables, events, conditional 

probabilities, independence, law of total probability, Bayes’ rule 

• Lecture 3: Recap of regression, multiple regression, graphs, SCM  

• Lecture 4-20: Causality

Causal Effect Estimation Casual Discovery

Obsv confounders Unobsv confounders

Regression 
Adjustment

Propensity 
score 

Rubin

IV
Front-door 

criterion

Rubin, Pearl

Constraint-
based

Score-
based

FCMs
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