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Overview of the course

• Lecture 1: Introduction & Motivation, why do we care about causality? 

Why deriving causality from observational data is non-trivial.


• Lecture 2: Recap of probability theory, variables, events, conditional 

probabilities, independence, law of total probability, Bayes’ rule


• Lecture 3: Recap of regression, multiple regression, graphs, SCM 


• Lecture 4-20: Causality
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Randomised Controlled Trials (RCTs)

Randomised Control Trials (RCT): Subjects are assigned at random to various 

groups (treatment or control)


RCTs are sometimes referred to ‘gold standard’ of scientific research, used in 

biological, medical and behavioural sciences
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Randomised Controlled Trials (RCTs)

Randomised Control Trials (RCT): Subjects are assigned at random to various 

groups (treatment or control)


RCTs are sometimes referred to ‘gold standard’ of scientific research, used in 

biological, medical and behavioural sciences


But RCT’s can be impossible, imperfect or unethical:


- Can be very costly and difficult to organise (demanding resources)


- Perfect control is hard to achieve (imperfect compliance): Adverse 
reaction to an experimental drug means dose has to be reduce no avoid 
harm

- Unethical: Asking pregnant women to smoke to observe child birth weight 
Denying the control subjects a drug, e.g. treatment could have been 
potentially life saving for cancer patients

- Randomisation may influence participation and behaviour
8 Causality by Pearl



Randomising an instrument

Causal inference from studies in which subject have a final choice


Randomisation is confined to an indirect instrument that encourages or 

discourage participation in treatment or control programmes. 


(However, imperfect compliance poses a problem, e.g., subjects that declined 

taking the drug are precisely those who would have responded adversely. So 

experiment might conclude the drug is more effective than it actually is.


-> more complex methods, e.g. bounds)

9 Causality by Pearl: Chapter 8



Instrumental Variable

Unobserved confounders (U), violates unconfoundedness, i.e. conditioning 

on X alone, would not results in a randomised treatment assignment 


Unconfoundedness is fundamentally unverifiable

10 Rubin 1996
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Naive regression leads to bias
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Naive regression leads to bias

12

T Y

U

<latexit sha1_base64="xLsmQw3lYiIwGleJHiVubr5l58k=">AAAB63icdZDLSsNAFIYn9VbjrerSzWARXJWkbWpciEU3LivYC7ShTKaTduhkEmYmQgl9BTcuFHEnPot7N+LbOGkVVPSHgY//P4c55/gxo1JZ1ruRW1hcWl7Jr5pr6xubW4XtnZaMEoFJE0csEh0fScIoJ01FFSOdWBAU+oy0/fF5lreviZA04ldqEhMvRENOA4qRyqyeQkm/ULRKluVUai7UcFx2XUdD2XaqFQfaOspUPH0xT+KnN7PRL7z2BhFOQsIVZkjKrm3FykuRUBQzMjV7iSQxwmM0JF2NHIVEeuls1ik80M4ABpHQjys4c793pCiUchL6ujJEaiR/Z5n5V9ZNVOB6KeVxogjH84+ChEEVwWxxOKCCYMUmGhAWVM8K8QgJhJU+j6mP8LUp/B9a5ZJdK1UvrWL9DMyVB3tgHxwCGxyBOrgADdAEGIzADbgD90Zo3BoPxuO8NGd89uyCHzKePwDumZHY</latexit>⌧

<latexit sha1_base64="Tit3kSAt0vi85lra325mWr/eOZk=">AAAB73icdVDLSsNAFJ3UV62vquDGzWARXJWkbWrclbpx2YJpC20ok8mkHTp5ODMRSuhPuHGhiFsX/oVf4M6N3+KkVVDRAxcO59zLvfe4MaNC6vqblltaXlldy68XNja3tneKu3sdESUcExtHLOI9FwnCaEhsSSUjvZgTFLiMdN3JeeZ3rwkXNAov5TQmToBGIfUpRlJJvYFHmERDe1gs6WVdN6t1CypyVrEsU5GKYdaqJjSUlaHUOGi/0+fmS2tYfB14EU4CEkrMkBB9Q4+lkyIuKWZkVhgkgsQIT9CI9BUNUUCEk87vncFjpXjQj7iqUMK5+n0iRYEQ08BVnQGSY/Hby8S/vH4ifctJaRgnkoR4schPGJQRzJ6HHuUESzZVBGFO1a0QjxFHWKqICiqEr0/h/6RTKRv1cq2t0miCBfLgEByBE2CAU9AAF6AFbIABAzfgDtxrV9qt9qA9Llpz2ufMPvgB7ekDPhCT1A==</latexit>

�U

What happens if we naively perform a 

linear regression of Y on T: 
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Instrumental Variable example

• Example 1: 


- T: smoking during pregnancy 


- Y: birthweight


- X: parity, mother’s age, weight, …


- U: Other unmeasured confounders


• Randomise Z (intention-to-treat): either receive encouragement to stop 

smoking (Z=1), or receive usual care (Z=0)


• Intention-to-treat analysis gives causal effect estimator of encouragement 

z on outcome y: 


• What can we say about the causal effect of smoking itself?
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Instrumental Variable assumptions

• SUTVA: Potential outcomes for each individual i are unrelated to the 

treatment status of other individuals:


• Non-zero average/relevant: Treatment assignment Z associated with the 

treatment


• Treatment assignment Z is random (Z and Y do not share a cause).
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Y (i)(Z,T) = Y (i)(Z(i), T (i)) , |Z| = |T| = N individuals
<latexit sha1_base64="J+hTVWh0N2hqqoqtR58P7m0HUg4="></latexit>

E
h⇣

T (i)|z = 1
⌘
�
⇣
T (i)|z = 0

⌘i

<latexit sha1_base64="cZYqNzWQBEbUK5EGYCmfJw5rP/w="></latexit>

Rubin 1996

X

Y

U

TZ



Instrumental Variable assumptions

• SUTVA: Potential outcomes for each individual i are unrelated to the 

treatment status of other individuals:


• Non-zero average/relevant: Treatment assignment Z associated with the 

treatment


• Treatment assignment Z is random (Z and Y do not share a cause).


 

• Exclusion Restriction: Any effect of Z on Y is via an effect of Z on T, i.e.,  

Z should not affect Y when T is held constant 


• Monotonicity (increasing encouragement “dose”  

increases probability of treatment, no defiers):
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Instrumental Variable: Potential values of T

Rubin 1996

Population T|z=0 T|z=1 Description

Never-takers 0 0
Causal effect of Z on T is zero, since


 

Compliers 0 1
 causal effect inference:

Defiers 1 0
Rule out by monotonicity, since


Always-takers 1 1
Causal effect of Z on Y is zero, since


Notation: T=1 is not smoking

⇣
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Instrumental Variable: The estimand 
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Instrumental Variable: The estimand 

18 Rubin 1996

Derivation:
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Instrumental Variable: The estimand 
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<latexit sha1_base64="QTouoaKyzF0JzCeLbFG3FSDjiLI="></latexit>

⌧ =
E [(Y |z = 1)� (Y |z = 0)]

E [(T |z = 1)� (T |z = 0)]
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Derivation:
⇣
Y (i)|T (i)(z = 1)

⌘
�
⇣
Y (i)|T (i)(z = 0)

⌘

<latexit sha1_base64="pcsQm/oLCC1ikOSHrfGg/3gCmWM="></latexit>

=
⇣
Y (i)

⇣
t(i) = 1

⌘
� Y (i)

⇣
t(i) = 0

⌘⌘
·
⇣⇣

t(i)|z = 1
⌘
�
⇣
t(i)|z = 0

⌘⌘

<latexit sha1_base64="XCBpHfOAUa/4O3KNlVyIqEoM4Q0="></latexit>

Hence, the causal effect of Z on Y for individual i, is the product of 

the causal effect of Z on T, and, the casual effect of T on Y.

=
h
Y (i)

⇣
t(i) = 1

⌘
·
⇣
t(i)|z = 1

⌘
+ Y (i)

⇣
t(i) = 0

⌘
·
⇣
1�

⇣
t(i)|z = 1

⌘⌘i

�
h
Y (i)

⇣
t(i) = 1

⌘
·
⇣
t(i)|z = 0

⌘
+ Y (i)

⇣
t(i) = 0

⌘
·
⇣
1�

⇣
t(i)|z = 0

⌘⌘i

t is either t=0 or t=1, and exclusion restriction

Want ATE:
<latexit sha1_base64="40MiH9y/npqOs/qwiJVRYb7mseU="></latexit>

E
h⇣

Y (i)|t(i) = 1
⌘
�
⇣
Y (i)|t(i) = 0

⌘i

<latexit sha1_base64="QTouoaKyzF0JzCeLbFG3FSDjiLI="></latexit>

⌧ =
E [(Y |z = 1)� (Y |z = 0)]

E [(T |z = 1)� (T |z = 0)]
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To continue the derivation, we use the fact that:

and write, 

E
h⇣

Y (i)|T (i)(z = 1)
⌘
�
⇣
Y (i)|T (i)(z = 0)

⌘i

<latexit sha1_base64="TuMUUYqx5uHdS14A8GRansoVvX4="></latexit>

= E
h⇣

Y (i)
⇣
t(i) = 1

⌘
� Y (i)

⇣
t(i) = 0

⌘⌘
·
⇣⇣

t(i)|z = 1
⌘
�

⇣
t(i)|z = 0

⌘⌘i

<latexit sha1_base64="Xe0C8pseuDXESS+Behk4I7OHHXA="></latexit>

0, 1, -1

<latexit sha1_base64="jrx/muqtg2GSyIBsldhuAo9Pwl8="></latexit>

E [XY ] =

Z Z
xy p(x, y)dxdy =

Z
dy y p(y)

Z
dx x p(x|y) =

Z
dy y p(y)E[x|y]
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To continue the derivation, we use the fact that:

and write, 

E
h⇣

Y (i)|T (i)(z = 1)
⌘
�
⇣
Y (i)|T (i)(z = 0)

⌘i

<latexit sha1_base64="TuMUUYqx5uHdS14A8GRansoVvX4="></latexit>

= E
h⇣

Y (i)
⇣
t(i) = 1

⌘
� Y (i)

⇣
t(i) = 0

⌘⌘
·
⇣⇣

t(i)|z = 1
⌘
�

⇣
t(i)|z = 0

⌘⌘i

<latexit sha1_base64="Xe0C8pseuDXESS+Behk4I7OHHXA="></latexit>

0, 1, -1

<latexit sha1_base64="jrx/muqtg2GSyIBsldhuAo9Pwl8="></latexit>

E [XY ] =

Z Z
xy p(x, y)dxdy =

Z
dy y p(y)

Z
dx x p(x|y) =

Z
dy y p(y)E[x|y]

= E
h⇣

Y (i)
⇣
t(i) = 1

⌘
� Y (i)

⇣
t(i) = 0

⌘⌘
|
⇣⇣

t(i)|z = 1
⌘
�

⇣
t(i)|z = 0

⌘⌘
= 1

i
·

<latexit sha1_base64="Oq3aTYDNYqwjsUEclJucNo034AA="></latexit>

�E
h⇣

Y (i)
⇣
t(i) = 1

⌘
� Y (i)

⇣
t(i) = 0

⌘⌘
|
⇣⇣

t(i)|z = 1
⌘
�

⇣
t(i)|z = 0

⌘⌘
= �1

i
·

<latexit sha1_base64="vCijw4rPgd418QfFV0yg8WTO6sY="></latexit>

P
⇣⇣

t(i)|z = 1
⌘
�

⇣
t(i)|z = 0

⌘
= �1

⌘

<latexit sha1_base64="aDLa820ImEB/5YOuF25bH1bh2n4="></latexit>

P
⇣⇣

t(i)|z = 1
⌘
�

⇣
t(i)|z = 0

⌘
= 1

⌘

<latexit sha1_base64="v5xkg6tsfvqVA1JhHoNhhxMw9FQ="></latexit>

0, by monotonicity
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E
⇥�
Y (i)|T (i)(z = 1)

�
�
�
Y (i)|T (i)(z = 0)

�⇤

E
⇥�
t(i)|z = 1

�
�
�
t(i)|z = 0

�⇤
<latexit sha1_base64="jIJuMzYxAgnY9a7C+B+A/YrII4I="></latexit>

= E
h⇣

Y (i)
⇣
t(i) = 1

⌘
� Y (i)

⇣
t(i) = 0

⌘⌘ ���
⇣⇣

t(i)|z = 1
⌘
�
⇣
t(i)|z = 0

⌘⌘
= 1

i

<latexit sha1_base64="n40wpywM0jJfvp2Bxw5OzULGl3w="></latexit>

i.e. restricting to compliers, the average causal effect of Z on Y is 

proportional to the average causal effect of T on Y. 

•In this example, Z was randomly assigned as part of the study


•IV can also be randomised in nature (nature randomiser): 


- Mendelian randomisation 

<latexit sha1_base64="QTouoaKyzF0JzCeLbFG3FSDjiLI="></latexit>

⌧ =
E [(Y |z = 1)� (Y |z = 0)]

E [(T |z = 1)� (T |z = 0)]
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Population genetics: 


Z = a DNA variant associated with a particular exposure T


T = exposure, e.g. lipid levels in the blood


Y = heart disease


X = population stratification (might affect Z, need to adjust)


U = unobserved variables affecting both lipid levels and disease


X

Y

U

TZConditional instrument



Instrumental Variable: Economics
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How does price of a product casually affect demand?  

Z = Market supply


T = Price


Y = Demand


U = Factors confounding influencing price and demand  

      (e.g. tax imposed)


T Y

U

Z

Exclusion restriction requires that market supply 

does not affect demand  

(e.g. COVID-19 toilet paper fiasco! ) 

(e.g. Pokemon cards) 

Also, individuals may not be independent anymore



The Wald Estimator (for binary variables)
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<latexit sha1_base64="QTouoaKyzF0JzCeLbFG3FSDjiLI="></latexit>

⌧ =
E [(Y |z = 1)� (Y |z = 0)]

E [(T |z = 1)� (T |z = 0)]

<latexit sha1_base64="iZNVS0JUpw1saiZnTqVLcen6MhA="></latexit>

⌧̂ =
1

nz=1

P
i2z=1 Y

(i) � 1
nz=0

P
i2z=0 Y

(i)

1
nz=1

P
i2z=1 T

(i) � 1
nz=0

P
i2z=0 T

(i)
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Linear case: 

<latexit sha1_base64="/sJKepeCAZ+zbRVkGUhv+HwqjQ8="></latexit>

⌧ =
Cov(Y, Z)

Cov(T, Z)

<latexit sha1_base64="wRskzF7qV/57XGk/4/1e4XrHK7c="></latexit>

⌧̂ =
Ĉov(Y, Z)

Ĉov(T, Z)

Two-Stage Least-squares 

Estimator
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Linear case: 

<latexit sha1_base64="/sJKepeCAZ+zbRVkGUhv+HwqjQ8="></latexit>

⌧ =
Cov(Y, Z)

Cov(T, Z)

<latexit sha1_base64="wRskzF7qV/57XGk/4/1e4XrHK7c="></latexit>

⌧̂ =
Ĉov(Y, Z)

Ĉov(T, Z)

Two-Stage Least-squares 

Estimator
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<latexit sha1_base64="wRskzF7qV/57XGk/4/1e4XrHK7c="></latexit>

⌧̂ =
Ĉov(Y, Z)

Ĉov(T, Z)

<latexit sha1_base64="7Tm29o4t5oe4G9MdHepRc7knMA0=">AAADSXicdVJLb9NAEF47PEp4NIVjLyMiUCpIZKdJCYdKFRUSxyLFfSS2rPVm0666fsg7rois/L1eeuPGf+DCAYQ4sW4CcdN0pJW+/b75ZndGEyRSKLSsb4ZZuXf/wcO1R9XHT54+W69tPD9UcZYy7rBYxulxQBWXIuIOCpT8OEk5DQPJj4Lz/UI/uuCpEnHUx0nCvZCeRmIsGEVN+RuG7yL/gvl+fDFtnLwdbMFr2HVDimdBkH +cDk8GXrN89UqXgQeuC1VtgAXbcJFm0Ic34I64ROpn4GzdLLIi41bZWVWdWBL6WlmYSoKjheat7KWazZXOu/opai0G0y8G8/9pB0qSU0jl/y65/FrdallWd3unBxq8b/d6XQ3adrez3QVbS0XUyTwO/NpXdxSzLOQRMkmVGtpWgl5OUxRM8mnVzRRPKDunp3yoYURDrrz8ehOm8EozIxjHqT4RwjVbduQ0VGoSBjqz6FstawW5ShtmOO55uYiSDHnEZg+NMwkYQ7FWMBIpZygnGlCWCv1XYGc0pQz18lX1EP51CneDw3bL3ml1Pnfqex/m41gjm+QlaRCbvCN75BM5IA5hxqXx3fhp/DKvzB/mb/PPLNU05p4X5EZUKn8B1UIJGw==</latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E(⌧T + �uU)Z]� E[⌧T + �uU ]E[Z]

= ⌧E[TZ] + �uE[UZ]� ⌧E[T ]E[Z]� �uE[U ]E[Z]

= ⌧Cov(T, Z) + �UCov(U,Z)

= ⌧Cov(T, Z)

Y

U

TZ

<latexit sha1_base64="02DkioKUBkVy67RrHfZbD3ReFTY="></latexit>

Y = ⌧T + �UU
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<latexit sha1_base64="wRskzF7qV/57XGk/4/1e4XrHK7c="></latexit>

⌧̂ =
Ĉov(Y, Z)

Ĉov(T, Z)
Y

U

TZ

<latexit sha1_base64="02DkioKUBkVy67RrHfZbD3ReFTY="></latexit>

Y = ⌧T + �UU

<latexit sha1_base64="7Tm29o4t5oe4G9MdHepRc7knMA0=">AAADSXicdVJLb9NAEF47PEp4NIVjLyMiUCpIZKdJCYdKFRUSxyLFfSS2rPVm0666fsg7rois/L1eeuPGf+DCAYQ4sW4CcdN0pJW+/b75ZndGEyRSKLSsb4ZZuXf/wcO1R9XHT54+W69tPD9UcZYy7rBYxulxQBWXIuIOCpT8OEk5DQPJj4Lz/UI/uuCpEnHUx0nCvZCeRmIsGEVN+RuG7yL/gvl+fDFtnLwdbMFr2HVDimdBkH +cDk8GXrN89UqXgQeuC1VtgAXbcJFm0Ic34I64ROpn4GzdLLIi41bZWVWdWBL6WlmYSoKjheat7KWazZXOu/opai0G0y8G8/9pB0qSU0jl/y65/FrdallWd3unBxq8b/d6XQ3adrez3QVbS0XUyTwO/NpXdxSzLOQRMkmVGtpWgl5OUxRM8mnVzRRPKDunp3yoYURDrrz8ehOm8EozIxjHqT4RwjVbduQ0VGoSBjqz6FstawW5ShtmOO55uYiSDHnEZg+NMwkYQ7FWMBIpZygnGlCWCv1XYGc0pQz18lX1EP51CneDw3bL3ml1Pnfqex/m41gjm+QlaRCbvCN75BM5IA5hxqXx3fhp/DKvzB/mb/PPLNU05p4X5EZUKn8B1UIJGw==</latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E(⌧T + �uU)Z]� E[⌧T + �uU ]E[Z]

= ⌧E[TZ] + �uE[UZ]� ⌧E[T ]E[Z]� �uE[U ]E[Z]

= ⌧Cov(T, Z) + �UCov(U,Z)

= ⌧Cov(T, Z)

By linearity and  
exclusion restriction
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<latexit sha1_base64="wRskzF7qV/57XGk/4/1e4XrHK7c="></latexit>

⌧̂ =
Ĉov(Y, Z)

Ĉov(T, Z)
Y

U

TZ

<latexit sha1_base64="02DkioKUBkVy67RrHfZbD3ReFTY="></latexit>

Y = ⌧T + �UU

<latexit sha1_base64="7Tm29o4t5oe4G9MdHepRc7knMA0=">AAADSXicdVJLb9NAEF47PEp4NIVjLyMiUCpIZKdJCYdKFRUSxyLFfSS2rPVm0666fsg7rois/L1eeuPGf+DCAYQ4sW4CcdN0pJW+/b75ZndGEyRSKLSsb4ZZuXf/wcO1R9XHT54+W69tPD9UcZYy7rBYxulxQBWXIuIOCpT8OEk5DQPJj4Lz/UI/uuCpEnHUx0nCvZCeRmIsGEVN+RuG7yL/gvl+fDFtnLwdbMFr2HVDimdBkH +cDk8GXrN89UqXgQeuC1VtgAXbcJFm0Ic34I64ROpn4GzdLLIi41bZWVWdWBL6WlmYSoKjheat7KWazZXOu/opai0G0y8G8/9pB0qSU0jl/y65/FrdallWd3unBxq8b/d6XQ3adrez3QVbS0XUyTwO/NpXdxSzLOQRMkmVGtpWgl5OUxRM8mnVzRRPKDunp3yoYURDrrz8ehOm8EozIxjHqT4RwjVbduQ0VGoSBjqz6FstawW5ShtmOO55uYiSDHnEZg+NMwkYQ7FWMBIpZygnGlCWCv1XYGc0pQz18lX1EP51CneDw3bL3ml1Pnfqex/m41gjm+QlaRCbvCN75BM5IA5hxqXx3fhp/DKvzB/mb/PPLNU05p4X5EZUKn8B1UIJGw==</latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E(⌧T + �uU)Z]� E[⌧T + �uU ]E[Z]

= ⌧E[TZ] + �uE[UZ]� ⌧E[T ]E[Z]� �uE[U ]E[Z]

= ⌧Cov(T, Z) + �UCov(U,Z)

= ⌧Cov(T, Z)
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<latexit sha1_base64="wRskzF7qV/57XGk/4/1e4XrHK7c="></latexit>

⌧̂ =
Ĉov(Y, Z)

Ĉov(T, Z)
Y

U

TZ

<latexit sha1_base64="02DkioKUBkVy67RrHfZbD3ReFTY="></latexit>

Y = ⌧T + �UU

<latexit sha1_base64="7Tm29o4t5oe4G9MdHepRc7knMA0=">AAADSXicdVJLb9NAEF47PEp4NIVjLyMiUCpIZKdJCYdKFRUSxyLFfSS2rPVm0666fsg7rois/L1eeuPGf+DCAYQ4sW4CcdN0pJW+/b75ZndGEyRSKLSsb4ZZuXf/wcO1R9XHT54+W69tPD9UcZYy7rBYxulxQBWXIuIOCpT8OEk5DQPJj4Lz/UI/uuCpEnHUx0nCvZCeRmIsGEVN+RuG7yL/gvl+fDFtnLwdbMFr2HVDimdBkH +cDk8GXrN89UqXgQeuC1VtgAXbcJFm0Ic34I64ROpn4GzdLLIi41bZWVWdWBL6WlmYSoKjheat7KWazZXOu/opai0G0y8G8/9pB0qSU0jl/y65/FrdallWd3unBxq8b/d6XQ3adrez3QVbS0XUyTwO/NpXdxSzLOQRMkmVGtpWgl5OUxRM8mnVzRRPKDunp3yoYURDrrz8ehOm8EozIxjHqT4RwjVbduQ0VGoSBjqz6FstawW5ShtmOO55uYiSDHnEZg+NMwkYQ7FWMBIpZygnGlCWCv1XYGc0pQz18lX1EP51CneDw3bL3ml1Pnfqex/m41gjm+QlaRCbvCN75BM5IA5hxqXx3fhp/DKvzB/mb/PPLNU05p4X5EZUKn8B1UIJGw==</latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E(⌧T + �uU)Z]� E[⌧T + �uU ]E[Z]

= ⌧E[TZ] + �uE[UZ]� ⌧E[T ]E[Z]� �uE[U ]E[Z]

= ⌧Cov(T, Z) + �UCov(U,Z)

= ⌧Cov(T, Z)
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<latexit sha1_base64="wRskzF7qV/57XGk/4/1e4XrHK7c="></latexit>

⌧̂ =
Ĉov(Y, Z)

Ĉov(T, Z)
Y

U

TZ

<latexit sha1_base64="02DkioKUBkVy67RrHfZbD3ReFTY="></latexit>

Y = ⌧T + �UU

<latexit sha1_base64="7Tm29o4t5oe4G9MdHepRc7knMA0=">AAADSXicdVJLb9NAEF47PEp4NIVjLyMiUCpIZKdJCYdKFRUSxyLFfSS2rPVm0666fsg7rois/L1eeuPGf+DCAYQ4sW4CcdN0pJW+/b75ZndGEyRSKLSsb4ZZuXf/wcO1R9XHT54+W69tPD9UcZYy7rBYxulxQBWXIuIOCpT8OEk5DQPJj4Lz/UI/uuCpEnHUx0nCvZCeRmIsGEVN+RuG7yL/gvl+fDFtnLwdbMFr2HVDimdBkH +cDk8GXrN89UqXgQeuC1VtgAXbcJFm0Ic34I64ROpn4GzdLLIi41bZWVWdWBL6WlmYSoKjheat7KWazZXOu/opai0G0y8G8/9pB0qSU0jl/y65/FrdallWd3unBxq8b/d6XQ3adrez3QVbS0XUyTwO/NpXdxSzLOQRMkmVGtpWgl5OUxRM8mnVzRRPKDunp3yoYURDrrz8ehOm8EozIxjHqT4RwjVbduQ0VGoSBjqz6FstawW5ShtmOO55uYiSDHnEZg+NMwkYQ7FWMBIpZygnGlCWCv1XYGc0pQz18lX1EP51CneDw3bL3ml1Pnfqex/m41gjm+QlaRCbvCN75BM5IA5hxqXx3fhp/DKvzB/mb/PPLNU05p4X5EZUKn8B1UIJGw==</latexit>

Cov(Y, Z) = E[Y Z]� E[Y ]E[Z]

= E(⌧T + �uU)Z]� E[⌧T + �uU ]E[Z]

= ⌧E[TZ] + �uE[UZ]� ⌧E[T ]E[Z]� �uE[U ]E[Z]

= ⌧Cov(T, Z) + �UCov(U,Z)

= ⌧Cov(T, Z)
Instrument is not 
confounded by U
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Y

U

TZ

<latexit sha1_base64="02DkioKUBkVy67RrHfZbD3ReFTY="></latexit>

Y = ⌧T + �UU

Two-Stage Least Squares Estimator (linear regression):


1. Estimate                   , to obtain        in subspace  

2. Estimate                   , to obtain     , which is the fitted 

coefficient in front of        in this regression.

<latexit sha1_base64="kt0HuS9cDn+ol3vC9DFRsW3n9+0=">AAAB+HicdVDLSgMxFM34rPXRUZduQosgCGWm7dS6K4rgskJf2A4lk6ZtaCYzJBmhjv0Ld25cKOLWT3HXvzHTKqjogcDhnHu5J8cLGZXKsmbG0vLK6tp6aiO9ubW9kzF395oyiAQmDRywQLQ9JAmjnDQUVYy0Q0GQ7zHS8sbnid+6IULSgNfVJCSuj4acDihGSks9M9P1kRp5Xnwx7dTvrt2embPyluUUyxWoyWmhUnE0KdhOqehAW1sJctVs9/h+Vp3UeuZ7tx/gyCdcYYak7NhWqNwYCUUxI9N0N5IkRHiMhqSjKUc+kW48Dz6Fh1rpw0Eg9OMKztXvGzHypZz4np5MYsrfXiL+5XUiNai4MeVhpAjHi0ODiEEVwKQF2KeCYMUmmiAsqM4K8QgJhJXuKq1L+Pop/J80C3m7nC9d6TbOwAIpcACy4AjY4ARUwSWogQbAIAIP4Ak8G7fGo/FivC5Gl4zPnX3wA8bbB1Vzlog=</latexit>

E[T |Z]
<latexit sha1_base64="D1CFwsIAXBauP4ktp7UD8qrXJ0A=">AAAB7nicdZDLSsNAFIYn9VbjrerSzWARXJWkbWpciEU3Liv0IrShTKaTduhkEmYmQgl9CDcuFHHhxjdx70Z8Gyetgor+MPDx/+cw5xw/ZlQqy3o3cguLS8sr+VVzbX1jc6uwvdOWUSIwaeGIReLKR5IwyklLUcXIVSwICn1GOv74PMs710RIGvGmmsTEC9GQ04BipLTV6Y2QSpvTfqFolSzLqdRcqOG47LqOhrLtVCsOtHWUqXj6Yp7ET29mo1947Q0inISEK8yQlF3bipWXIqEoZmRq9hJJYoTHaEi6GjkKifTS2bhTeKCdAQwioR9XcOZ+70hRKOUk9HVliNRI/s4y86+sm6jA9VLK40QRjucfBQmDKoLZ7nBABcGKTTQgLKieFeIREggrfSFTH+FrU/g/tMslu1aqXlrF+hmYKw/2wD44BDY4AnVwARqgBTAYgxtwB+6N2Lg1HozHeWnO+OzZBT9kPH8ARwOTNQ==</latexit>

T̂

<latexit sha1_base64="hPcLQVBu9oNbTe/9u+NHv7x6bgk=">AAAB/nicdVDLSgMxFM34rPU1Kq7chBZBEMpM26njriiCywp9SWcomTRtQzMPkoxQxoIf4Q+4caGIW7/DXf/GTKugogcCh3Pu5Z4cL2JUSMOYaguLS8srq5m17PrG5ta2vrPbFGHMMWngkIW87SFBGA1IQ1LJSDviBPkeIy1vdJ76rRvCBQ2DuhxHxPXRIKB9ipFUUlffd3wkh56XXEw617fOEMmkPnG7et4oGIZVqthQkdOibVuKFE2rXLKgqawU+WrOOb6fVse1rv7u9EIc+ySQmCEhOqYRSTdBXFLMyCTrxIJECI/QgHQUDZBPhJvM4k/goVJ6sB9y9QIJZ+r3jQT5Qox9T02mYcVvLxX/8jqx7NtuQoMoliTA80P9mEEZwrQL2KOcYMnGiiDMqcoK8RBxhKVqLKtK+Pop/J80iwWzUihfqTbOwBwZcABy4AiY4ARUwSWogQbAIAEP4Ak8a3fao/aivc5HF7TPnT3wA9rbB0EUmVQ=</latexit>

E[Y |T̂ ]
<latexit sha1_base64="xzUrukoUaFMBvQhO3ussyh/GU48=">AAAB8XicdZDLSgMxFIYzXut4q7p0EyyCqzLTdmpdiEU3LivYC7alZNK0Dc1khuSMUIa+hRsXiujSB3HvRnwb01ZBRX8IfPz/OeSc40eCa3Ccd2tufmFxaTm1Yq+urW9spre2azqMFWVVGopQNXyimeCSVYGDYI1IMRL4gtX94dkkr18zpXkoL2EUsXZA+pL3OCVgrKvWgEDSAhKPO+mMk3UcL18sYQNHuVLJM5BzvULew66JJsqcvNjH0dObXemkX1vdkMYBk0AF0brpOhG0E6KAU8HGdivWLCJ0SPqsaVCSgOl2Mp14jPeN08W9UJknAU/d7x0JCbQeBb6pDAgM9O9sYv6VNWPoldoJl1EMTNLZR71YYAjxZH3c5YpRECMDhCpuZsV0QBShYI5kmyN8bYr/h1ou6xazhQsnUz5FM6XQLtpDB8hFh6iMzlEFVRFFEt2gO3RvaevWerAeZ6Vz1mfPDvoh6/kDwCqUpQ==</latexit>

⌧̂
<latexit sha1_base64="D1CFwsIAXBauP4ktp7UD8qrXJ0A=">AAAB7nicdZDLSsNAFIYn9VbjrerSzWARXJWkbWpciEU3Liv0IrShTKaTduhkEmYmQgl9CDcuFHHhxjdx70Z8Gyetgor+MPDx/+cw5xw/ZlQqy3o3cguLS8sr+VVzbX1jc6uwvdOWUSIwaeGIReLKR5IwyklLUcXIVSwICn1GOv74PMs710RIGvGmmsTEC9GQ04BipLTV6Y2QSpvTfqFolSzLqdRcqOG47LqOhrLtVCsOtHWUqXj6Yp7ET29mo1947Q0inISEK8yQlF3bipWXIqEoZmRq9hJJYoTHaEi6GjkKifTS2bhTeKCdAQwioR9XcOZ+70hRKOUk9HVliNRI/s4y86+sm6jA9VLK40QRjucfBQmDKoLZ7nBABcGKTTQgLKieFeIREggrfSFTH+FrU/g/tMslu1aqXlrF+hmYKw/2wD44BDY4AnVwARqgBTAYgxtwB+6N2Lg1HozHeWnO+OzZBT9kPH8ARwOTNQ==</latexit>

T̂



IV Estimator: continuous variables case
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Y

U

Z

<latexit sha1_base64="02DkioKUBkVy67RrHfZbD3ReFTY="></latexit>

Y = ⌧T + �UU

<latexit sha1_base64="D1CFwsIAXBauP4ktp7UD8qrXJ0A=">AAAB7nicdZDLSsNAFIYn9VbjrerSzWARXJWkbWpciEU3Liv0IrShTKaTduhkEmYmQgl9CDcuFHHhxjdx70Z8Gyetgor+MPDx/+cw5xw/ZlQqy3o3cguLS8sr+VVzbX1jc6uwvdOWUSIwaeGIReLKR5IwyklLUcXIVSwICn1GOv74PMs710RIGvGmmsTEC9GQ04BipLTV6Y2QSpvTfqFolSzLqdRcqOG47LqOhrLtVCsOtHWUqXj6Yp7ET29mo1947Q0inISEK8yQlF3bipWXIqEoZmRq9hJJYoTHaEi6GjkKifTS2bhTeKCdAQwioR9XcOZ+70hRKOUk9HVliNRI/s4y86+sm6jA9VLK40QRjucfBQmDKoLZ7nBABcGKTTQgLKieFeIREggrfSFTH+FrU/g/tMslu1aqXlrF+hmYKw/2wD44BDY4AnVwARqgBTAYgxtwB+6N2Lg1HozHeWnO+OzZBT9kPH8ARwOTNQ==</latexit>

T̂

Two-Stage Least Squares Estimator (linear regression):


1. Estimate                   , to obtain        in subspace  

2. Estimate                   , to obtain     , which is the fitted 

coefficient in front of        in this regression.

<latexit sha1_base64="kt0HuS9cDn+ol3vC9DFRsW3n9+0=">AAAB+HicdVDLSgMxFM34rPXRUZduQosgCGWm7dS6K4rgskJf2A4lk6ZtaCYzJBmhjv0Ld25cKOLWT3HXvzHTKqjogcDhnHu5J8cLGZXKsmbG0vLK6tp6aiO9ubW9kzF395oyiAQmDRywQLQ9JAmjnDQUVYy0Q0GQ7zHS8sbnid+6IULSgNfVJCSuj4acDihGSks9M9P1kRp5Xnwx7dTvrt2embPyluUUyxWoyWmhUnE0KdhOqehAW1sJctVs9/h+Vp3UeuZ7tx/gyCdcYYak7NhWqNwYCUUxI9N0N5IkRHiMhqSjKUc+kW48Dz6Fh1rpw0Eg9OMKztXvGzHypZz4np5MYsrfXiL+5XUiNai4MeVhpAjHi0ODiEEVwKQF2KeCYMUmmiAsqM4K8QgJhJXuKq1L+Pop/J80C3m7nC9d6TbOwAIpcACy4AjY4ARUwSWogQbAIAIP4Ak8G7fGo/FivC5Gl4zPnX3wA8bbB1Vzlog=</latexit>

E[T |Z]
<latexit sha1_base64="D1CFwsIAXBauP4ktp7UD8qrXJ0A=">AAAB7nicdZDLSsNAFIYn9VbjrerSzWARXJWkbWpciEU3Liv0IrShTKaTduhkEmYmQgl9CDcuFHHhxjdx70Z8Gyetgor+MPDx/+cw5xw/ZlQqy3o3cguLS8sr+VVzbX1jc6uwvdOWUSIwaeGIReLKR5IwyklLUcXIVSwICn1GOv74PMs710RIGvGmmsTEC9GQ04BipLTV6Y2QSpvTfqFolSzLqdRcqOG47LqOhrLtVCsOtHWUqXj6Yp7ET29mo1947Q0inISEK8yQlF3bipWXIqEoZmRq9hJJYoTHaEi6GjkKifTS2bhTeKCdAQwioR9XcOZ+70hRKOUk9HVliNRI/s4y86+sm6jA9VLK40QRjucfBQmDKoLZ7nBABcGKTTQgLKieFeIREggrfSFTH+FrU/g/tMslu1aqXlrF+hmYKw/2wD44BDY4AnVwARqgBTAYgxtwB+6N2Lg1HozHeWnO+OzZBT9kPH8ARwOTNQ==</latexit>

T̂

<latexit sha1_base64="hPcLQVBu9oNbTe/9u+NHv7x6bgk=">AAAB/nicdVDLSgMxFM34rPU1Kq7chBZBEMpM26njriiCywp9SWcomTRtQzMPkoxQxoIf4Q+4caGIW7/DXf/GTKugogcCh3Pu5Z4cL2JUSMOYaguLS8srq5m17PrG5ta2vrPbFGHMMWngkIW87SFBGA1IQ1LJSDviBPkeIy1vdJ76rRvCBQ2DuhxHxPXRIKB9ipFUUlffd3wkh56XXEw617fOEMmkPnG7et4oGIZVqthQkdOibVuKFE2rXLKgqawU+WrOOb6fVse1rv7u9EIc+ySQmCEhOqYRSTdBXFLMyCTrxIJECI/QgHQUDZBPhJvM4k/goVJ6sB9y9QIJZ+r3jQT5Qox9T02mYcVvLxX/8jqx7NtuQoMoliTA80P9mEEZwrQL2KOcYMnGiiDMqcoK8RBxhKVqLKtK+Pop/J80iwWzUihfqTbOwBwZcABy4AiY4ARUwSWogQbAIAEP4Ak8a3fao/aivc5HF7TPnT3wA9rbB0EUmVQ=</latexit>

E[Y |T̂ ]
<latexit sha1_base64="xzUrukoUaFMBvQhO3ussyh/GU48=">AAAB8XicdZDLSgMxFIYzXut4q7p0EyyCqzLTdmpdiEU3LivYC7alZNK0Dc1khuSMUIa+hRsXiujSB3HvRnwb01ZBRX8IfPz/OeSc40eCa3Ccd2tufmFxaTm1Yq+urW9spre2azqMFWVVGopQNXyimeCSVYGDYI1IMRL4gtX94dkkr18zpXkoL2EUsXZA+pL3OCVgrKvWgEDSAhKPO+mMk3UcL18sYQNHuVLJM5BzvULew66JJsqcvNjH0dObXemkX1vdkMYBk0AF0brpOhG0E6KAU8HGdivWLCJ0SPqsaVCSgOl2Mp14jPeN08W9UJknAU/d7x0JCbQeBb6pDAgM9O9sYv6VNWPoldoJl1EMTNLZR71YYAjxZH3c5YpRECMDhCpuZsV0QBShYI5kmyN8bYr/h1ou6xazhQsnUz5FM6XQLtpDB8hFh6iMzlEFVRFFEt2gO3RvaevWerAeZ6Vz1mfPDvoh6/kDwCqUpQ==</latexit>

⌧̂
<latexit sha1_base64="D1CFwsIAXBauP4ktp7UD8qrXJ0A=">AAAB7nicdZDLSsNAFIYn9VbjrerSzWARXJWkbWpciEU3Liv0IrShTKaTduhkEmYmQgl9CDcuFHHhxjdx70Z8Gyetgor+MPDx/+cw5xw/ZlQqy3o3cguLS8sr+VVzbX1jc6uwvdOWUSIwaeGIReLKR5IwyklLUcXIVSwICn1GOv74PMs710RIGvGmmsTEC9GQ04BipLTV6Y2QSpvTfqFolSzLqdRcqOG47LqOhrLtVCsOtHWUqXj6Yp7ET29mo1947Q0inISEK8yQlF3bipWXIqEoZmRq9hJJYoTHaEi6GjkKifTS2bhTeKCdAQwioR9XcOZ+70hRKOUk9HVliNRI/s4y86+sm6jA9VLK40QRjucfBQmDKoLZ7nBABcGKTTQgLKieFeIREggrfSFTH+FrU/g/tMslu1aqXlrF+hmYKw/2wD44BDY4AnVwARqgBTAYgxtwB+6N2Lg1HozHeWnO+OzZBT9kPH8ARwOTNQ==</latexit>

T̂



Other remarks
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Double-blind studies: 


To ensure exclusion restriction, investigators withhold knowledge of the 

assigned treatment Z from participants and doctors 


Example: Those randomly assigned z=1, receive aspirin, but those 

assigned z=0 receive placebo, do not. The pills look identical. Neither 

doctor nor patient knowns which is which, “double-blind placebo-

controlled” randomised experiment. 


Often not feasible, e.g. heart surgery, has no convincing placebo! 


What If, Hernan & Robins 2023



Overview of the course

• Lecture 1: Introduction & Motivation, why do we care about causality? 

Why deriving causality from observational data is non-trivial.


• Lecture 2: Recap of probability theory, variables, events, conditional 

probabilities, independence, law of total probability, Bayes’ rule


• Lecture 3: Recap of regression, multiple regression, graphs, SCM 


• Lecture 4-20: Causality

Causal Effect Estimation Casual Discovery

Obsv confounders Unobsv confounders

Regression

Adjustment

Propensity 
score 

Rubin

IV
Front-door 

criterion

Rubin, Pearl

Constraint-
based

Score-
based

FCMs
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