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Various casual quantities of interest

AverageTreatment Effect (ATE)                      is a (common) causal quantity of 

interest, but it’s not the only one …  

We have talked about Conditional Average Treatment Effect (CATE) 

                                             which is the average treatment effect for individuals with a 

certain feature X=x. 

Other causal quantities of interest: Causal interaction of two treatments on 

outcome.  

For example: Two drugs for cancer (chemotherapy and radiotherapy) 

Is this interaction positive, negative or neutral? 

<latexit sha1_base64="lumbMMR7yLGj7ypXPVdQvauxzMw=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEN5ZMGdu6K4rgsoJ9MR2GTJq2oZkHSUYoQ8FfceNCEbd+hzv/xkxbQUUPBA7n3Ms9OX7MmVQIfRi5peWV1bX8emFjc2t7x9zda8koEYQ2ScQj0fGxpJyFtKmY4rQTC4oDn9O2P77M/PYdFZJF4a2axNQN8DBkA0aw0pJnHvQCrEa+n15Nna5nnXY9BN2CZxZRCSG7WkFQk/NarVbVpHyGbISgpa0MRbBAwzPfe/2IJAENFeFYSsdCsXJTLBQjnE4LvUTSGJMxHlJH0xAHVLrpLP4UHmulDweR0C9UcKZ+30hxIOUk8PVkFlb+9jLxL89J1KDmpiyME0VDMj80SDhUEcy6gH0mKFF8ogkmgumskIywwETpxrISvn4K/yetcsmqlOwbu1i/WNSRB4fgCJwAC1RBHVyDBmgCAlLwAJ7As3FvPBovxut8NGcsdvbBDxhvn7czlLE=</latexit>

E[Y1 � Y0]

<latexit sha1_base64="/jYqOJtZirGPwzXK334jJeEdywU=">AAACAXicdVDLSgMxFM3UV62vqhvBTbAIbiyZMrZ1IRRFcFnBvmiHIZOmbWjmQZIRy1g3/oobF4q49S/c+Tdm2goqeuDC4Zx7ufceN+RMKoQ+jNTc/MLiUno5s7K6tr6R3dyqyyAShNZIwAPRdLGknPm0ppjitBkKij2X04Y7PEv8xjUVkgX+lRqF1PZw32c9RrDSkpPd6XhYDVw3Ph+3W4552HLQbfPkxs442RzKI2SVighqclwul0uaFI6QhRA0tZUgB2aoOtn3TjcgkUd9RTiWsm2iUNkxFooRTseZTiRpiMkQ92lbUx97VNrx5IMx3NdKF/YCoctXcKJ+n4ixJ+XIc3Vncq/87SXiX147Ur2yHTM/jBT1yXRRL+JQBTCJA3aZoETxkSaYCKZvhWSABSZKh5aE8PUp/J/UC3mzmLcurVzldBZHGuyCPXAATFACFXABqqAGCLgDD+AJPBv3xqPxYrxOW1PGbGYb/IDx9gliXpY4</latexit>

E[Y1 � Y0|X = x]



Causal effect of interactions on outcome

Beentjes & Khamseh, Physical Review E (2020)

<latexit sha1_base64="oKUu/9a3WKVQE58Sj2xS1i549hg="></latexit>

ATET (Y ) = EX [E(Y | T = 1, X)� E(Y | T = 0, X)]

Key: function that can be computed for any statistical model. (Function of 

the distribution without needing to specify its parametric form.) 

Average Treatment Effect (ATE):  

Interactions between genes i and j leading to outcome Y:  

T Y

X

T2 Y

X
T1

Treatment i given or not

Treatment j given

<latexit sha1_base64="y/iwVTPRR2WFxlGstWTkGZLbtLQ="></latexit>

Iai,j =
⇥
E(Y | (T1, T2) = (1, 1))� E(Y | (T1, T2) = (0, 1), X)

⇤

�
⇥
E(Y | (T1, T2) = (1, 0))� E(Y | (T1, T2) = (0, 0), X)

⇤
.



Causal effect of interactions on outcome

Beentjes & Khamseh, Physical Review E (2020)

<latexit sha1_base64="oKUu/9a3WKVQE58Sj2xS1i549hg="></latexit>

ATET (Y ) = EX [E(Y | T = 1, X)� E(Y | T = 0, X)]

<latexit sha1_base64="y/iwVTPRR2WFxlGstWTkGZLbtLQ="></latexit>

Iai,j =
⇥
E(Y | (T1, T2) = (1, 1))� E(Y | (T1, T2) = (0, 1), X)

⇤

�
⇥
E(Y | (T1, T2) = (1, 0))� E(Y | (T1, T2) = (0, 0), X)

⇤
.

Treatment j not given

Key: function that can be computed for any statistical model. (Function of 

the distribution without needing to specify its parametric form.) 

Average Treatment Effect (ATE):  

Interactions between genes i and j leading to outcome Y:  

Treatment i given or not

T Y

X

T2 Y

X
T1
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Example: Linear regression

Suppose a linear ground truth: 

Y = ↵0 + ↵1T1 + ↵2T2 + �T1T2

<latexit sha1_base64="V9qP5OIAGUy63T1gU8WJJ3x3rEg="></latexit>



Example: Linear regression

Suppose a linear ground truth: 

Y = ↵0 + ↵1T1 + ↵2T2 + �T1T2

<latexit sha1_base64="V9qP5OIAGUy63T1gU8WJJ3x3rEg="></latexit>

E(Y | T1 = 1, T2 = 1) = ↵0 + ↵1 + ↵2 + �

E(Y | T1 = 1, T2 = 0) = ↵0 + ↵1

E(Y | T1 = 0, T2 = 1) = ↵0 + ↵2

E(Y | T1 = 0, T2 = 0) = ↵0

<latexit sha1_base64="5T9RaJNXbGdX6FhAWqCodQZUgpc="></latexit>

ATET1(Y | T2 = 1) = ↵1 + �,

ATET1(Y | T2 = 0) = ↵1

<latexit sha1_base64="2LBnNvfmVv/UhGmZXR/CtagfzbQ="></latexit>

ATET2(Y | T1 = 1) = ↵2 + �,

ATET2(Y | T1 = 0) = ↵2

<latexit sha1_base64="rlCMldsUzxomCJc3YTeYueiwwyg="></latexit>

Ia1,2 = � = Ia2,1

<latexit sha1_base64="Syn7i8IhQwodNjRDciJuywoDt8o="></latexit>
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Beyond effect sizes [non-examinable] 

Importantly, it allows us to target very precise questions: 

1. Effect on health if all people were treated, i.e., 

<latexit sha1_base64="v/TQ5TdaojPcm7or85HG8Rr+VVI="></latexit>

E[Y1 � Y ]
!
= EX

⇥
E[Y |T = 1, X]

⇤
� E[Y ] > 0?
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Beyond effect sizes [non-examinable] 

Importantly, it allows us to target very precise questions: 

1. Effect on health if all people were treated, i.e., 

2. Effect on health if people were treated based on confounders,
<latexit sha1_base64="/W84ge6NcucY5Lc/j7X8CS4RQ3w="></latexit>

E[Yd(X) � Y ]
!
= EX

⇥
E[Y |T = d(X), X]

⇤
� E[Y ] > 0?

<latexit sha1_base64="v/TQ5TdaojPcm7or85HG8Rr+VVI="></latexit>

E[Y1 � Y ]
!
= EX

⇥
E[Y |T = 1, X]

⇤
� E[Y ] > 0?
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Beyond effect sizes [non-examinable] 

Importantly, it allows us to target very precise questions: 

1. Effect on health if all people were treated, i.e., 

2. Effect on health if people were treated based on confounders, 

3. Flip it around: What is the optimal treatment rule, i.e.

<latexit sha1_base64="v/TQ5TdaojPcm7or85HG8Rr+VVI="></latexit>

E[Y1 � Y ]
!
= EX

⇥
E[Y |T = 1, X]

⇤
� E[Y ] > 0?

<latexit sha1_base64="/W84ge6NcucY5Lc/j7X8CS4RQ3w="></latexit>

E[Yd(X) � Y ]
!
= EX

⇥
E[Y |T = d(X), X]

⇤
� E[Y ] > 0?

<latexit sha1_base64="FVN5M1Xuv3iq8nXA/WL1MXpkJ4A="></latexit>

dopt(X) = argmax
d(X)

n
EX

⇥
E[Y |T = d(X), X]

⇤
� E[Y ]

o
?

Slide from Sjoerd Beentjes
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Time to event causal estimates [non-examinable] 

What is the data structure? Example: 

Here we have 

Y = outcome (i.e. event occurs or not (1 or 0)) 

T = treatment 

X = confounders / covariates 

Tau = time of event (if it occurs) 

C = time of censoring (if patient drops out before event) 

Only one of tau or C is observed, namely  

    = censoring occurs or not (1 or 0), i.e., is   

Causal question: 

“Is survival time greater under treatment or not?”, i.e

Slide from Sjoerd Beentjes

<latexit sha1_base64="kQpOwsrkQdlKwerGkPhhQKqJU6M="></latexit>

O = (Y, T,X, ⌧̃ ,�) ⇠ P0

<latexit sha1_base64="cyBBj1qFOGgsDNFbh9mx7WojL0c="></latexit>

P(⌧1 > ⌧⇤)� P(⌧0 > ⌧⇤) > 0?

<latexit sha1_base64="HTg6s+ffBNI7rKdIy8hMibV78tY="></latexit>

⌧̃ = min(⌧, C)
<latexit sha1_base64="wfprgnI37axOkaK9UHB7t7kjpsI="></latexit>

⌧  C?
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Time to event causal estimates [non-examinable] 

• Model a causal inference problem with assumptions manifest in Causal 

Graphical Models [Pearl] 

• Identify an expression for the causal effect under these assumptions 

(“causal estimand”),  [Pearl] 

• Estimate the expression using statistical methods such as matching or 

instrumental variables, 

• Verify the validity of the estimate using a variety of robustness checks.



Overview of the course

• Lecture 1: Introduction & Motivation, why do we care about causality? 

Why deriving causality from observational data is non-trivial. 

• Lecture 2: Recap of probability theory, variables, events, conditional 

probabilities, independence, law of total probability, Bayes’ rule 

• Lecture 3: Recap of regression, multiple regression, graphs, SCM  

• Lecture 4-20: Causality

Causal Effect Estimation Casual Discovery

Obsv confounders Unobsv confounders

Regression 
Adjustment

Propensity 
score 

Rubin

IV
Front-door 

criterion

Rubin, Pearl

Constraint-
based

Score-
based

FCMs



13

Pearl’s Model of Causality

• Ladder of causation:  
• Association: What does a symptom tell me about a disease? 
• Intervention (perturbation): If I take aspirin will my headache be 

cured? 
• Counterfactual: Was it the aspirin that stopped the headache? 

(alternative versions of past events, strongest causal statements e.g. 

physical laws) 

• Aim: To model and identify the causal estimand  

• Causal graphical models + structural equations 
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Causal Graphical Models
• Diagrammatic representation of probability distributions + causal info 

• Graph: Consists of a set of vertices V (nodes), edges E 

• V are the variables and E contains information between the variables 

• Graphs can be directed, undirected and bidirectional (confounder?) 

• Directed graphs may include directed cycles, i.e., mutual causation/feedback 

process. 

• A graph with no directed cycles is an acyclic graph. 

Causality, Pearl (2009)

X Y

X Y X Y X Y



15

Directed Acyclic Graphs (DAGs)

Causality, Pearl (2009)

• DAG in which every node has at most one parent is a tree 

• A tree in which every node has at most one child is a chain 

• DAG: 
• Expresses model assumptions explicitly 
• Represents joint probability functions 
• Provides efficient inference of observations

Z X

Y

W

Z, X are parents of Y 
Z, X, W are ancestors of Y 
Y has no children  
X has no parents
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DAG contains more info than joint probability

• Probabilistic notations are not enough to describe causal aspects 

• Using repeated application of product/Bayes’ rule, one can write any joint 

probability distribution in terms of its marginals and conditionals 

• A graph is fully connected if there is a link between every pair of nodes  

• The interest lies in the absence of a link and link direction.

Bishop, Pattern Recognition and Machine Learning, Chapter 8

a

Symmetric 
in a, b, c

b

c

bc

a

p(a, b, c) = p(c|a, b)p(a, b) = p(c|a, b)p(b|a)p(a)

p(a, b, c) = p(a|b, c)p(b, c) = p(a|b, c)p(c|b)p(b)

NOT 
symmetric
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Basic DAG structures:

Causality, Pearl (2009)

• Conditional independence via graphs and D-separation  

• 3 main graph structures:  

• Next Lecture: Do-calculus and causal identification

a

cba

c

c ba

ChainFork Collider

b
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Fork

a

c

Fork

p(a, b, c) = p(a|c)p(b|c)p(c)

Case 1: No conditioning

p(a, b) =
X

c

p(a, b, c) =
X

c

p(a|c)p(b|c)p(c) 6= p(a)p(b) in general

Case 2: Conditioning on c

p(a, b|c) = p(a, b, c)

p(c)
=

p(a|c)p(b|c)p(c)
p(c)

= p(a|c)p(b|c)

) a ?? b|c c blocks (d-separates) the path from a to b

) a 6?? b|;

<latexit sha1_base64="OmpunhoMA+jgIy2oxvz0LM9rC+I=">AAAB/HicdVBdSwJBFJ21L7OvzR57GZJAIWRX3bI3qZceDTIFXWR2nNXB2dllZjaS1b/SSw8F0Ws/pLf+TbNqUFEH7uVwzr3MneNFjEplWR9GZmV1bX0ju5nb2t7Z3TP387cyjAUmLRyyUHQ8JAmjnLQUVYx0IkFQ4DHS9saXqd++I0LSkN+oSUTcAA059SlGSkt9Mx8V0dQ7waWo6E3Tjkt9s2CVLcupntahJueVet3RpGI7taoDbW2lKIAlmn3zvTcIcRwQrjBDUnZtK1JugoSimJFZrhdLEiE8RkPS1ZSjgEg3md8+g8daGUA/FLq4gnP1+0aCAikngacnA6RG8reXin953Vj5dTehPIoV4XjxkB8zqEKYBgEHVBCs2EQThAXVt0I8QgJhpePK6RC+fgr/J+1K2a6Vbfu6VmhcLPPIgkNwBIrABmegAa5AE7QABvfgATyBZ2NmPBovxutiNGMsdw7ADxhvn/0Ok5c=</latexit>

p(a|b, c)p(b|c)p(c)
In contrast to the full joint:

b
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Chain

c ba

Chain

p(a, b, c) = p(a)p(c|a)p(b|c)

p(a, b) =
X

c

p(a)p(c|a)p(b|c) = p(a)
X

c

p(b|c)p(c|a) = p(a)p(b|a) 6= p(a)p(b)

Case 1: No conditioning

) a 6?? b|;

Case 2: Conditioning on c

p(a, b|c) = p(a, b, c)

p(c)
=

p(a)p(c|a)p(b|c)
p(c)

=
p(a)p(b|c)

p(c)

p(a|c)p(c)
p(a)

= p(a|c)p(b|c)

) a ?? b|c c blocks (d-separates) the path from a to b

<latexit sha1_base64="lHHnUOYRV7q0mdQil+a8g2cgy68="></latexit>X

c

p(b|c)p(c|a) =
X

c

p(b|c, a)p(c|a) =
X

c

p(b, c|a) = p(b|a)
Using:
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Collider

Collider

p(a, b, c) = p(a)p(b)p(c|a, b)

Case 1: No conditioning

p(a, b) =
X

c

p(a)p(b)p(c|a, b) = p(a)p(b)
X

c

p(c|a, b) = p(a)p(b)

) a ?? b|; with no conditioning, a and b are independent

Case 2: Conditioning on c

) a 6?? b|c c unblocks the path from a to b

<latexit sha1_base64="OWYJuw6dyyWeKHwiLjkI7mkABIQ="></latexit>

p(a, b|c) = p(a, b, c)

p(c)
=

p(a)p(b)p(c|a, b)
p(c)

6= p(a|c)p(b|c) in general

a

c

b
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Summary

• Conditional independence via graphs and D-separation  

• 3 main graph structures:  

a

cba

c

c ba

ChainFork Collider

b

Pearl, Causality (2009)

<latexit sha1_base64="xzzYsvEoEpJbFUGad11eKefD0EE="></latexit>

a 6?? b|;
a?? b|c

<latexit sha1_base64="xzzYsvEoEpJbFUGad11eKefD0EE="></latexit>

a 6?? b|;
a?? b|c

<latexit sha1_base64="iVsISs2qj41zGmdpYd32zE9uxJQ="></latexit>

a?? b|;
a 6?? b|c
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Collider example

Bishop, Pattern Recognition and Machine Learning, Chapter 8

B: State of battery, B=1 charged, B=0 flat 
F: State of fuel tank, F=1 full, F=0 empty 
G: State of electric fuel gauge, G=1 full, G=0 empty

Given Info:

p(B = 1) = 0.9

p(F = 1) = 0.9

p(G = 1|B = 1, F = 1) = 0.8

p(G = 1|B = 1, F = 0) = 0.2

p(G = 0|B = 0, F = 1) = 0.2

p(G = 1|B = 0, F = 0) = 0.1

<latexit sha1_base64="ZQalENa/Y5h9+hrFgVpE4851rVI=">AAAB/HicdVDbSkJBFJ1jN7Ob5WMvQxIYxGHmZGoPghhUjwZ5ARWZM446OOfCzJxAzH6llx6K6LUP6a2/abwEFbVgw2Ktvdl7LzcUXGmEPqzY0vLK6lp8PbGxubW9k9zdq6kgkpRVaSAC2XCJYoL7rKq5FqwRSkY8V7C6Ozyf+vVbJhUP/Bs9ClnbI32f9zgl2kidZCrMXBbxXbmIji9gER8Vke10kmlkI4wLuRNoyJmDUNYQB+cxRhDbaIY0WKDSSb63ugGNPOZrKohSTYxC3R4TqTkVbJJoRYqFhA5JnzUN9YnHVHs8O34CD43Shb1AmvI1nKnfJ8bEU2rkuabTI3qgfntT8S+vGeleoT3mfhhp5tP5ol4koA7gNAnY5ZJRLUaGECq5uRXSAZGEapNXwoTw9Sn8n9QcG+fs0+tsulRexBEH++AAZAAGeVACV6ACqoCCEXgAT+DZurcerRfrdd4asxYzKfAD1tsnayKSDw==</latexit>

p(G = 1|B = 0, F = 1) = 0.2

B

G

F

Collider
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Collider example

Bishop, Pattern Recognition and Machine Learning, Chapter 8

B: State of battery, B=1 charged, B=0 flat 
F: State of fuel tank, F=1 full, F=0 empty 
G: State of electric fuel gauge, G=1 full, G=0 empty

B

G

F

1 Before any conditioning (before observing):

p(F = 0) = 0.1
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Collider example

Bishop, Pattern Recognition and Machine Learning, Chapter 8

B: State of battery, B=1 charged, B=0 flat 
F: State of fuel tank, F=1 full, F=0 empty 
G: State of electric fuel gauge, G=1 full, G=0 empty

B

G

F

1 Before any conditioning (before observing):

p(F = 0) = 0.1

2 Now suppose we observe G=0

p(F = 0|G = 0) =
p(G = 0|F = 0)p(F = 0)

p(G = 0)



Collider example

B: State of battery, B=1 charged, B=0 flat 
F: State of fuel tank, F=1 full, F=0 empty 
G: State of electric fuel gauge, G=1 full, G=0 empty

B

G

F

1 Before any conditioning (before observing):

p(F = 0) = 0.1

2 Now suppose we observe G=0

p(F = 0|G = 0) =
p(G = 0|F = 0)p(F = 0)

p(G = 0)

X

B2{0,1}

p(G = 0|F = 0, B)p(B) = 0.81

X

B,F2{0,1}

p(G = 0, B, F )

=
X

B,F2{0,1}

p(G = 0|B,F )p(B|F )p(F )

=
X

B,F2{0,1}

p(G = 0|B,F )p(B)p(F ) = 0.315
Since B and F are independent
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Collider example

B: State of battery, B=1 charged, B=0 flat 
F: State of fuel tank, F=1 full, F=0 empty 
G: State of electric fuel gauge, G=1 full, G=0 empty

B

G

F

1 Before any conditioning (before observing):

p(F = 0) = 0.1

2 p(F = 0|G = 0) = 0.257

Observing that gauge reads empty makes it more 
likely that the tank is indeed empty.

p(F = 0) < p(F = 0|G = 0)



Collider example

B: State of battery, B=1 charged, B=0 flat 
F: State of fuel tank, F=1 full, F=0 empty 
G: State of electric fuel gauge, G=1 full, G=0 empty

B

G

F

Now we also observe B=0

p(F = 0|G = 0) = 0.257

p(F = 0|G = 0, B = 0) =
p(F = 0, G = 0, B = 0)

p(G = 0, B = 0)

=
p(G = 0|B = 0, F = 0)p(F = 0)p(B = 0|F = 0)P

F2{0,1} p(G = 0|B = 0, F )p(F )p(B = 0|F )
= 0.111

3

2



Collider example

B: State of battery, B=1 charged, B=0 flat 
F: State of fuel tank, F=1 full, F=0 empty 
G: State of electric fuel gauge, G=1 full, G=0 empty

B

G

F

Now we also observe B=0

p(F = 0|G = 0) = 0.257

p(F = 0|G = 0, B = 0) =
p(F = 0, G = 0, B = 0)

p(G = 0, B = 0)

=
p(G = 0|B = 0, F = 0)p(F = 0)p(B = 0|F = 0)P

F2{0,1} p(G = 0|B = 0, F )p(F )p(B = 0|F )
= 0.111

3

2

p(F = 0|G = 0) > p(F = 0|G = 0, B = 0)

Probability that tank is empty F=0 has decreased with extra 
information on the state of the battery 



Collider example

B: State of battery, B=1 charged, B=0 flat 
F: State of fuel tank, F=1 full, F=0 empty 
G: State of electric fuel gauge, G=1 full, G=0 empty

B

G

F

2 p(F = 0|G = 0) = 0.257

1 p(F = 0) = 0.1

3

Conditioning on G, then finding out the battery is flat, ‘explains 
away’ the observation that the fuel gauge reads empty. The state of 
the fuel tank and the battery have become dependent:

p(F = 0|G = 0) 6= p(F = 0|G = 0, B = 0)

p(F = 0|G = 0, B = 0) = 0.111

(Even though:                                      )
<latexit sha1_base64="uWCyihs6Ly8leJyq7sIi1Wb94Xk=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK0m5Ipox0XQqkgLitYK7RDyaSZNjSTGZNModR+hxsXCuLWf3Hn35hpK6jogcs9nHMvuTl+zJnSCH1YmaXlldW17HpuY3Nreye/u3ejokQS2iQRj+StjxXlTNCmZprT21hSHPqctvzheeq3RlQqFolrPY6pF+K+YAEjWBvJi4sXJXgGTbuvl7r5Aioj5FRPEDTk1HXdqiGVY+QgBG1jpSiABRrd/HunF5EkpEITjpVq2yjW3gRLzQin01wnUTTGZIj7tG2owCFV3mR29BQeGaUHg0iaEhrO1O8bExwqNQ59MxliPVC/vVT8y2snOnC9CRNxoqkg84eChEMdwTQB2GOSEs3HhmAimbkVkgGWmGiTU86E8PVT+D9pVcq2U7btK6dQqy/yyIIDcAiKwAZVUAOXoAGagIA78ACewLM1sh6tF+t1PpqxFjv74Aest0/1yJDC</latexit>

p(F ) = p(F |B)
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D-separation

A path p is blocked by a set of nodes Z if and only if: 

1) p contains a chain of nodes A -> B -> C or a fork A <- B -> C such 

that the middle node B is in Z (i.e. B is conditioned on), or 

2) p contains a collider A -> B <- C such that the collision node B is 

not in Z, and no descendant of B is in Z. 

Causality, Pearl (2009)

A

B

C

D



Confounder vs not a confounder

T Y

X

T Y

X
Classical 

confounder 
case

No 
confounder 

case

<latexit sha1_base64="/DsZtwjBdXAqncBy2ertmXmjaCA="></latexit>

EX

⇥
EY [Y |X,T ]

⇤
=

Z
dx p(x)

Z
dy y p(y|x, t)

=

Z
dx p(x)

Z
dy y

p(y, x|t)
p(x|t)

=

Z
dx p(x)

Z
dy y

p(y, x|t)
p(x)

=

Z
dy y p(y|t) = EY [Y |T ] ,

Independence of X and W 
on the RHS graph
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Pearl’s framework 
Graphical models & Do-calculus
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Observation (conditioning) vs intervention

Distinguish between: a variable T takes a value t naturally and cases 

where we fix T=t by denoting the latter do(T=t)

p(Y = y|T = t)

<latexit sha1_base64="VTZLR28zxeG/sVZImj1iLCxMUgo=">AAAB8XicdVDLSgMxFM34rPVVdekmWIS6KZmh2HZRKLpxWaEvbYeSSTNtaCYzJBmhjP0LNy4UcevfuPNvzLQVVPTAhcM593LvPV7EmdIIfVgrq2vrG5uZrez2zu7efu7gsK3CWBLaIiEPZdfDinImaEszzWk3khQHHqcdb3KZ+p07KhULRVNPI+oGeCSYzwjWRrqNCje16X2zps8GuTwqInRuOw40pOqgStkQxy6jShXaxkqRB0 s0Brn3/jAkcUCFJhwr1bNRpN0ES80Ip7NsP1Y0wmSCR7RnqMABVW4yv3gGT40yhH4oTQkN5+r3iQQHSk0Dz3QGWI/Vby8V//J6sfYrbsJEFGsqyGKRH3OoQ5i+D4dMUqL51BBMJDO3QjLGEhNtQsqaEL4+hf+TtlO0S8XSdSlfv1jGkQHH4AQUgA3KoA6uQAO0AAECPIAn8Gwp69F6sV4XrSvWcuYI/ID19gnxMJB2</latexit>

Probability that Y=y conditional on finding T=t 

i.e., population distribution of Y among individuals 

whose T value is t (subset)

p(Y = y|do(T = t))

<latexit sha1_base64="VOPkDvOp5hzMwr6iTXO7XoBs4yI=">AAAB9XicdVDLSsNAFJ34rPVVdelmsAjtpiSh2HZRKLpxWaEvaWOZTCbt0EkmzEyUEvsfblwo4tZ/ceffOGkrqOiBC4dz7uXee9yIUalM88NYWV1b39jMbGW3d3b39nMHhx3JY4FJG3PGRc9FkjAakraiipFeJAgKXEa67uQi9bu3REjKw5aaRsQJ0CikPsVIaekmKlzXp/ceL7Tqqlgc5vJmyTTPLNuGmtRss1rRxLYqZrUGLW2lyIMlmsPc+8DjOA5IqDBDUvYtM1JOgoSimJFZdhBLEiE8QSPS1zREAZFOMr96Bk+14kGfC12hgnP1+0SCAimngas7A6TG8reXin95/Vj5VSehYRQrEuLFIj9mUHGYRgA9KghWbKoJwoLqWyEeI4Gw0kFldQhfn8L/SccuWeVS+aqcb5wv48iAY3ACCsACFdAAl6AJ2gADAR7AE3g27oxH48V4XbSuGMuZI/ADxtsnT6mRwg==</latexit>

Probability that Y=y when we intervene to make T=t 

i.e., population distribution of Y if everyone in the population had 

their T value fixed at t. Graph surgery 

Pearl, Causal Inference in Statistics (2016)

YT

X

YT

X
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Structural Causal Models (SCM)

An SCM consists of d structural assignments 

Jonas Peters et al, Elements of Causal Inference (2017) 

Xj := fj(PAj , Nj) , j = 1, · · · , d

<latexit sha1_base64="v4GUsHI4bH1BxI5nHFrVSjbpuvQ="></latexit>

Parents of Xj , i.e., direct causes of Xj Jointly independent noise variables
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