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Do-Calculus

Not all causal quantities are identifiable  

(this depends on the structure of the graph) 

Here, we generalise the rules of front/back-door criteria: do-calculus 

Let X, Y, Z be arbitrary disjoint sets of nodes in a DAG G. 

ZX Y

U

<latexit sha1_base64="VkwjT9mkdzUi7iNHS91WIYhgmqY=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgqey23breih70WMG2SruUbJptQ7PJkmTFsvRXePGgiFd/jjf/jdm2goo+GHi8N8PMvCBmVGnb/rByS8srq2v59cLG5tb2TnF3r61EIjFpYcGEvAmQIoxy0tJUM3ITS4KigJFOMD7P/M4dkYoKfq0nMfEjNOQ0pBhpI932AnFPBunFtF8s2WXbdqt1DxpyWvE815CK49aqLnSMlaEEFmj2i++9gcBJRLjGDCnVdexY+ymSmmJGpoVeokiM8BgNSddQjiKi/HR28BQeGWUAQyFNcQ1n6veJFEVKTaLAdEZIj9RvLxP/8rqJDj0/pTxONOF4vihMGNQCZt/DAZUEazYxBGFJza0Qj5BEWJuMCiaEr0/h/6RdKTv1cu2qVmqcLeLIgwNwCI6BA05AA1yCJmgBDCLwAJ7AsyWtR+vFep235qzFzD74AevtE2awkNQ=</latexit>
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Do-Calculus

Not all causal quantities are identifiable  

(this depends on the structure of the graph) 

Here, we generalise the rules of front/back-door criteria: do-calculus 

Let X, Y, Z be arbitrary disjoint sets of nodes in a DAG G. 

<latexit sha1_base64="sX6KLnJRtycpzphpUkCVhSYnlgk=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwNNptnfU29KDHCe4DtlLSLN3C0rQk6WCU/SdePCji1f/Em/+N6TZBRR8EHu+9X/LLCxJGpbKsD6Owtr6xuVXcLu3s7u0fmIdHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkGk+vc706JkDTm92qWEC9CI05DipHSkm+aN342iHUivyDrzee+WbYqluXUGi7U5LLquo4mVdup1xxoaytHGazQ8s33wTDGaUS4wgxJ2betRHkZEopiRualQSpJgvAEjUhfU44iIr1ssfkcnmllCMNY6MMVXKjfJzIUSTmLAp2MkBrL314u/uX1UxW6XkZ5kirC8fKhMGVQxTCvAQ6pIFixmSYIC6p3hXiMBMJKl1XSJXz9FP5POtWK3ajU7+rl5tWqjiI4AafgHNjgAjTBLWiBNsBgCh7AE3g2MuPReDFel9GCsZo5Bj9gvH0CkOWUTA==</latexit>

GX

ZX Y

U

<latexit sha1_base64="4a2gNxwnvnLoFPyFEixm0VwkJhw=">AAACAXicdVDNS8MwHE39nPOr6kXwEhyCp9Fu65y3oQc9TnAfsI2RpukWljYlScVR6sV/xYsHRbz6X3jzvzHdJqjog8DjvfdL8ntuxKhUlvVhLCwuLa+s5tby6xubW9vmzm5L8lhg0sSccdFxkSSMhqSpqGKkEwmCApeRtjs+z/z2DRGS8vBaTSLSD9AwpD7FSGlpYO73XH5LvORikPS4Dmb3JJ00TQdmwSpallOu1qAmp6VazdGkZDuVsgNtbWUogDkaA/O953EcByRUmCEpu7YVqX6ChKKYkTTfiyWJEB6jIelqGqKAyH4y3SCFR1rxoM+FPqGCU/X7RIICKSeBq5MBUiP528vEv7xurPxaP6FhFCsS4tlDfsyg4jCrA3pUEKzYRBOEBdV/hXiEBMJKl5bXJXxtCv8nrVLRrhYrV5VC/WxeRw4cgENwDGxwAurgEjRAE2BwBx7AE3g27o1H48V4nUUXjPnMHvgB4+0TIbGYAg==</latexit>

GX
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Notation 

           : The graph obtained by deleting all arrows pointing to nodes in X 



Do-Calculus

Not all causal quantities are identifiable  

(this depends on the structure of the graph) 

Here, we generalise the rules of front/back-door criteria: do-calculus 

Let X, Y, Z be arbitrary disjoint sets of nodes in a DAG G. 

Notation 

           : The graph obtained by deleting all arrows pointing to nodes in X 

           : The graph obtained by deleting all arrow emerging from nodes X

<latexit sha1_base64="sX6KLnJRtycpzphpUkCVhSYnlgk=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwNNptnfU29KDHCe4DtlLSLN3C0rQk6WCU/SdePCji1f/Em/+N6TZBRR8EHu+9X/LLCxJGpbKsD6Owtr6xuVXcLu3s7u0fmIdHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkGk+vc706JkDTm92qWEC9CI05DipHSkm+aN342iHUivyDrzee+WbYqluXUGi7U5LLquo4mVdup1xxoaytHGazQ8s33wTDGaUS4wgxJ2betRHkZEopiRualQSpJgvAEjUhfU44iIr1ssfkcnmllCMNY6MMVXKjfJzIUSTmLAp2MkBrL314u/uX1UxW6XkZ5kirC8fKhMGVQxTCvAQ6pIFixmSYIC6p3hXiMBMJKl1XSJXz9FP5POtWK3ajU7+rl5tWqjiI4AafgHNjgAjTBLWiBNsBgCh7AE3g2MuPReDFel9GCsZo5Bj9gvH0CkOWUTA==</latexit>

GX
<latexit sha1_base64="rJsvFoi2ryRY19a4LuifuDarWsI=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgqiRtU+Ou6EKXFewD2lAm02k7dDIJMxOlxHyKGxeKuPVL3Pk3TtoKKnrgwuGce2fuPX7EqFSW9WHkVlbX1jfym4Wt7Z3dPbO435ZhLDBp4ZCFousjSRjlpKWoYqQbCYICn5GOP73I/M4tEZKG/EbNIuIFaMzpiGKktDQwi5eDpB/zIRHZC0k3TQdmySpbllOtu1CTs4rrOppUbKdWdaCtrQwlsERzYL73hyGOA8IVZkjKnm1FykuQUBQzkhb6sSQRwlM0Jj1NOQqI9JL56ik81soQjkKhiys4V79PJCiQchb4ujNAaiJ/e5n4l9eL1cj1EsqjWBGOFx+NYgZVCLMc4JAKghWbaYKwoHpXiCdIIKx0WgUdwtel8H/SrpTterl2XSs1zpdx5MEhOAInwAanoAGuQBO0AAZ34AE8gWfj3ng0XozXRWvOWM4cgB8w3j4BUNeUuA==</latexit>

GX

Note for example: 
<latexit sha1_base64="rPB0BlKvkq9BKB6t/4J3vOaGC8U="></latexit>

GX = GZ

ZX Y

U

<latexit sha1_base64="88sBmIlC0VC6UohHErKQODrdUMo=">AAACAnicdVBNS8NAEN34WetX1ZN4WSyCp5LURutN9KDHClYLTSibzbRd3GzC7kYsIXjxr3jxoIhXf4U3/40braCiDwYe783szrwg4Uxp236zJianpmdmS3Pl+YXFpeXKyuq5ilNJoU1jHstOQBRwJqCtmebQSSSQKOBwEVweFf7FFUjFYnGmRwn4ERkI1meUaCP1KuteEF9DmB33Mi8VIcjioayT53mvUrVrtu3u7DaxIfv1ZtM1pO64jR0XO8YqUEVjtHqVVy+MaRqB0JQTpbqOnWg/I1IzyiEve6mChNBLMoCuoYJEoPzs44QcbxklxP1YmhIaf6jfJzISKTWKAtMZET1Uv71C/Mvrprrf9DMmklSDoJ8f9VOOdYyLPHDIJFDNR4YQKpnZFdMhkYRqk1rZhPB1Kf6fnNdrzm6tcdqoHhyO4yihDbSJtpGD9tABOkEt1EYU3aA79IAerVvr3nqynj9bJ6zxzBr6AevlHeTvmG4=</latexit>

GX
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Do-Calculus

Not all causal quantities are identifiable  

(this depends on the structure of the graph) 

Here, we generalise the rules of front/back-door criteria: do-calculus 

Let X, Y, Z be arbitrary disjoint sets of nodes in a DAG G. 

Notation 

           : The graph obtained by deleting all arrows pointing to nodes in X 

           : The graph obtained by deleting all arrow emerging from nodes X

<latexit sha1_base64="sX6KLnJRtycpzphpUkCVhSYnlgk=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwNNptnfU29KDHCe4DtlLSLN3C0rQk6WCU/SdePCji1f/Em/+N6TZBRR8EHu+9X/LLCxJGpbKsD6Owtr6xuVXcLu3s7u0fmIdHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkGk+vc706JkDTm92qWEC9CI05DipHSkm+aN342iHUivyDrzee+WbYqluXUGi7U5LLquo4mVdup1xxoaytHGazQ8s33wTDGaUS4wgxJ2betRHkZEopiRualQSpJgvAEjUhfU44iIr1ssfkcnmllCMNY6MMVXKjfJzIUSTmLAp2MkBrL314u/uX1UxW6XkZ5kirC8fKhMGVQxTCvAQ6pIFixmSYIC6p3hXiMBMJKl1XSJXz9FP5POtWK3ajU7+rl5tWqjiI4AafgHNjgAjTBLWiBNsBgCh7AE3g2MuPReDFel9GCsZo5Bj9gvH0CkOWUTA==</latexit>

GX
<latexit sha1_base64="rJsvFoi2ryRY19a4LuifuDarWsI=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgqiRtU+Ou6EKXFewD2lAm02k7dDIJMxOlxHyKGxeKuPVL3Pk3TtoKKnrgwuGce2fuPX7EqFSW9WHkVlbX1jfym4Wt7Z3dPbO435ZhLDBp4ZCFousjSRjlpKWoYqQbCYICn5GOP73I/M4tEZKG/EbNIuIFaMzpiGKktDQwi5eDpB/zIRHZC0k3TQdmySpbllOtu1CTs4rrOppUbKdWdaCtrQwlsERzYL73hyGOA8IVZkjKnm1FykuQUBQzkhb6sSQRwlM0Jj1NOQqI9JL56ik81soQjkKhiys4V79PJCiQchb4ujNAaiJ/e5n4l9eL1cj1EsqjWBGOFx+NYgZVCLMc4JAKghWbaYKwoHpXiCdIIKx0WgUdwtel8H/SrpTterl2XSs1zpdx5MEhOAInwAanoAGuQBO0AAZ34AE8gWfj3ng0XozXRWvOWM4cgB8w3j4BUNeUuA==</latexit>

GX

ZX Y

U
More examples:

<latexit sha1_base64="HfgKaylbFZOQIjePVDewaZpxAuw=">AAAB+nicdVA7T8MwGHR4lvJKYWSxqJCYqqRtStgqGGAsEn2INooc12mtOg/ZDqgK+SksDCDEyi9h49/gtEUCBCdZOt3dZ38+L2ZUSMP40JaWV1bX1gsbxc2t7Z1dvbTXEVHCMWnjiEW85yFBGA1JW1LJSC/mBAUeI11vcp773VvCBY3CazmNiROgUUh9ipFUkquXLtx0EKlEfkHau8kyVy8bFcOwag0bKnJatW1Lkapp1WsWNJWVowwWaLn6+2AY4SQgocQMCdE3jVg6KeKSYkay4iARJEZ4gkakr2iIAiKcdLZ6Bo+UMoR+xNUJJZyp3ydSFAgxDTyVDJAci99eLv7l9RPp205KwziRJMTzh/yEQRnBvAc4pJxgyaaKIMyp2hXiMeIIS9VWUZXw9VP4P+lUK2ajUr+ql5tnizoK4AAcgmNgghPQBJegBdoAgzvwAJ7As3avPWov2us8uqQtZvbBD2hvn0TllLA=</latexit>

GXZ
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Do-Calculus

Not all causal quantities are identifiable  

(this depends on the structure of the graph) 

Here, we generalise the rules of front/back-door criteria: do-calculus 

Let X, Y, Z be arbitrary disjoint sets of nodes in a DAG G. 

<latexit sha1_base64="sX6KLnJRtycpzphpUkCVhSYnlgk=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwNNptnfU29KDHCe4DtlLSLN3C0rQk6WCU/SdePCji1f/Em/+N6TZBRR8EHu+9X/LLCxJGpbKsD6Owtr6xuVXcLu3s7u0fmIdHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkGk+vc706JkDTm92qWEC9CI05DipHSkm+aN342iHUivyDrzee+WbYqluXUGi7U5LLquo4mVdup1xxoaytHGazQ8s33wTDGaUS4wgxJ2betRHkZEopiRualQSpJgvAEjUhfU44iIr1ssfkcnmllCMNY6MMVXKjfJzIUSTmLAp2MkBrL314u/uX1UxW6XkZ5kirC8fKhMGVQxTCvAQ6pIFixmSYIC6p3hXiMBMJKl1XSJXz9FP5POtWK3ajU7+rl5tWqjiI4AafgHNjgAjTBLWiBNsBgCh7AE3g2MuPReDFel9GCsZo5Bj9gvH0CkOWUTA==</latexit>

GX
<latexit sha1_base64="rJsvFoi2ryRY19a4LuifuDarWsI=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgqiRtU+Ou6EKXFewD2lAm02k7dDIJMxOlxHyKGxeKuPVL3Pk3TtoKKnrgwuGce2fuPX7EqFSW9WHkVlbX1jfym4Wt7Z3dPbO435ZhLDBp4ZCFousjSRjlpKWoYqQbCYICn5GOP73I/M4tEZKG/EbNIuIFaMzpiGKktDQwi5eDpB/zIRHZC0k3TQdmySpbllOtu1CTs4rrOppUbKdWdaCtrQwlsERzYL73hyGOA8IVZkjKnm1FykuQUBQzkhb6sSQRwlM0Jj1NOQqI9JL56ik81soQjkKhiys4V79PJCiQchb4ujNAaiJ/e5n4l9eL1cj1EsqjWBGOFx+NYgZVCLMc4JAKghWbaYKwoHpXiCdIIKx0WgUdwtel8H/SrpTterl2XSs1zpdx5MEhOAInwAanoAGuQBO0AAZ34AE8gWfj3ng0XozXRWvOWM4cgB8w3j4BUNeUuA==</latexit>

GX

ZX Y

U
More examples:

<latexit sha1_base64="NAGP9cupqXjckmudI4QmVhvo9eQ=">AAAB+nicdVDLSsNAFJ34rPXV6tLNYBFclaRtat0VXeiygn1gG8JkMmmHTiZhZqKU2E9x40IRt36JO//GSVtBRQ9cOJxz78y9x4sZlco0P4yl5ZXVtfXcRn5za3tnt1Dc68goEZi0ccQi0fOQJIxy0lZUMdKLBUGhx0jXG59nfveWCEkjfq0mMXFCNOQ0oBgpLbmF4oWbDhLuE5G9kN5Mp26hZJZN067WG1CT00qjYWtSsexa1YaWtjKUwAItt/A+8COchIQrzJCUfcuMlZMioShmZJofJJLECI/RkPQ15Sgk0klnq0/hkVZ8GERCF1dwpn6fSFEo5ST0dGeI1Ej+9jLxL6+fqKDhpJTHiSIczz8KEgZVBLMcoE8FwYpNNEFYUL0rxCMkEFY6rbwO4etS+D/pVMpWvVy7qpWaZ4s4cuAAHIJjYIET0ASXoAXaAIM78ACewLNxbzwaL8brvHXJWMzsgx8w3j4BU+OUug==</latexit>

GZ
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Notation 

           : The graph obtained by deleting all arrows pointing to nodes in X 

           : The graph obtained by deleting all arrow emerging from nodes X



Do-Calculus

Not all causal quantities are identifiable  

(this depends on the structure of the graph) 

Here, we generalise the rules of front/back-door criteria: do-calculus 

Let X, Y, Z be arbitrary disjoint sets of nodes in a DAG G. 

<latexit sha1_base64="sX6KLnJRtycpzphpUkCVhSYnlgk=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwNNptnfU29KDHCe4DtlLSLN3C0rQk6WCU/SdePCji1f/Em/+N6TZBRR8EHu+9X/LLCxJGpbKsD6Owtr6xuVXcLu3s7u0fmIdHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkGk+vc706JkDTm92qWEC9CI05DipHSkm+aN342iHUivyDrzee+WbYqluXUGi7U5LLquo4mVdup1xxoaytHGazQ8s33wTDGaUS4wgxJ2betRHkZEopiRualQSpJgvAEjUhfU44iIr1ssfkcnmllCMNY6MMVXKjfJzIUSTmLAp2MkBrL314u/uX1UxW6XkZ5kirC8fKhMGVQxTCvAQ6pIFixmSYIC6p3hXiMBMJKl1XSJXz9FP5POtWK3ajU7+rl5tWqjiI4AafgHNjgAjTBLWiBNsBgCh7AE3g2MuPReDFel9GCsZo5Bj9gvH0CkOWUTA==</latexit>

GX
<latexit sha1_base64="rJsvFoi2ryRY19a4LuifuDarWsI=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgqiRtU+Ou6EKXFewD2lAm02k7dDIJMxOlxHyKGxeKuPVL3Pk3TtoKKnrgwuGce2fuPX7EqFSW9WHkVlbX1jfym4Wt7Z3dPbO435ZhLDBp4ZCFousjSRjlpKWoYqQbCYICn5GOP73I/M4tEZKG/EbNIuIFaMzpiGKktDQwi5eDpB/zIRHZC0k3TQdmySpbllOtu1CTs4rrOppUbKdWdaCtrQwlsERzYL73hyGOA8IVZkjKnm1FykuQUBQzkhb6sSQRwlM0Jj1NOQqI9JL56ik81soQjkKhiys4V79PJCiQchb4ujNAaiJ/e5n4l9eL1cj1EsqjWBGOFx+NYgZVCLMc4JAKghWbaYKwoHpXiCdIIKx0WgUdwtel8H/SrpTterl2XSs1zpdx5MEhOAInwAanoAGuQBO0AAZ34AE8gWfj3ng0XozXRWvOWM4cgB8w3j4BUNeUuA==</latexit>

GX

ZX Y

U
More examples:

<latexit sha1_base64="QQtUhL6sn2qxudi2BX9iAvD9D1Q=">AAACBnicdVDLSgMxFM34rPU16lKEYBFclZm2U8dd0YUuK9gHtqVk0rQNzWSGJCOUYVZu/BU3LhRx6ze482/MtCOo6IHAyTn33uQeL2RUKsv6MBYWl5ZXVnNr+fWNza1tc2e3KYNIYNLAAQtE20OSMMpJQ1HFSDsUBPkeIy1vcp76rVsiJA34tZqGpOejEadDipHSUt88uOjH3UBXpAPidtKN+CC73CRJ3yxYRctyylUXanJacl1Hk5LtVMoOtLWVogAy1Pvme3cQ4MgnXGGGpOzYVqh6MRKKYkaSfDeSJER4gkakoylHPpG9eLZGAo+0MoDDQOjDFZyp3zti5Es59T1d6SM1lr+9VPzL60Rq6PZiysNIEY7nDw0jBlUA00zggAqCFZtqgrCg+q8Qj5FAWOnk8jqEr03h/6RZKtrVYuWqUqidZXHkwD44BMfABiegBi5BHTQABnfgATyBZ+PeeDRejNd56YKR9eyBHzDePgEuzZpC</latexit>

GXZ
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Notation 

           : The graph obtained by deleting all arrows pointing to nodes in X 

           : The graph obtained by deleting all arrow emerging from nodes X



Do-Calculus Rules

Let X, Y, Z, W be arbitrary disjoint sets of nodes in a DAG G 

Rule 1 (insertion/deletion of observations):  

i.e. if Y and Z are d-separated by X, W in a graph where incoming edges in X have 

been removed.  

<latexit sha1_base64="GjUpkL1vGSEaqK7+3aAYr6K1dNg="></latexit>

p(Y |do(X = x), Z,W ) = p(Y |do(X = x),W ) if (Y ?? Z)|X,W in GX

8



Do-Calculus Rules

Let X, Y, Z, W be arbitrary disjoint sets of nodes in a DAG G 

Rule 1 (insertion/deletion of observations):  

i.e. if Y and Z are d-separated by X, W in a graph where incoming edges in X have 

been removed.  

In the special case where                         the above states:  

Which is simply d-separation. So the above is the  

generalisation of d-separation in the presence of an intervention do(X=x)

<latexit sha1_base64="Lerzfd3y45txLLEk5ZEKMK75x00=">AAAB9HicdVDJSgNBEO1xjXGLevTSGARPYSbJxHgQgl48RjALJEPo6VSSJj2L3TWBEPIdXjwo4tWP8ebf2FkEFX1Q8Hiviqp6fiyFRtv+sFZW19Y3NlNb6e2d3b39zMFhXUeJ4lDjkYxU02capAihhgIlNGMFLPAlNPzh9cxvjEBpEYV3OI7BC1g/FD3BGRrJa9JL2oYgxrEG7GSyds623UKpTA25yJfLriF5xy0WXOoYa4YsWaLayby3uxFPAgiRS6Z1y7Fj9CZMoeASpul2oiFmfMj60DI0ZAFobzI/ekpPjdKlvUiZCpHO1e8TExZoPQ580xkwHOjf3kz8y2sl2Ct7ExHGCULIF4t6iaQY0VkCtCsUcJRjQxhXwtxK+YApxtHklDYhfH1K/yf1fM4p5Yq3xWzlahlHihyTE3JGHHJOKuSGVEmNcHJPHsgTebZG1qP1Yr0uWles5cwR+QHr7ROGkpH7</latexit>

X = ;
<latexit sha1_base64="9FQc3QqdNFufwE6KEvo36PQK+eo="></latexit>

p(Y |Z,W ) = p(Y |W ) if (Y ?? Z)|W

<latexit sha1_base64="GjUpkL1vGSEaqK7+3aAYr6K1dNg="></latexit>

p(Y |do(X = x), Z,W ) = p(Y |do(X = x),W ) if (Y ?? Z)|X,W in GX

9



Do-Calculus Rules

Let X, Y, Z, W be arbitrary disjoint sets of nodes in a DAG G 

Rule 1 (insertion/deletion of observations):  

Rule 2 (Action/observation exchange): 

i.e. if Y and Z are d-separated by X, W in a graph where incoming edges in X and 

outgoing edges from Z have been removed.  

This rules provides a condition for an external intervention do(Z=z) to have the 

same effect on Y as the passive observation Z=z.

<latexit sha1_base64="jvF/WQYj/YVkey4u6WLVtTIdGv0="></latexit>

p(Y |do(X = x), do(Z = z),W ) = p(Y |do(X = x), z,W ) if (Y ?? Z)|X,W in GXZ

<latexit sha1_base64="GjUpkL1vGSEaqK7+3aAYr6K1dNg="></latexit>

p(Y |do(X = x), Z,W ) = p(Y |do(X = x),W ) if (Y ?? Z)|X,W in GX

10



Do-Calculus Rules

Let X, Y, Z, W be arbitrary disjoint sets of nodes in a DAG G 

Rule 1 (insertion/deletion of observations):  

Rule 2 (Action/observation exchange): 

In the special case were                     the above states: 

Which is the generalisation of backdoor criterion (adjustment formula). 

<latexit sha1_base64="jvF/WQYj/YVkey4u6WLVtTIdGv0="></latexit>

p(Y |do(X = x), do(Z = z),W ) = p(Y |do(X = x), z,W ) if (Y ?? Z)|X,W in GXZ

<latexit sha1_base64="GjUpkL1vGSEaqK7+3aAYr6K1dNg="></latexit>

p(Y |do(X = x), Z,W ) = p(Y |do(X = x),W ) if (Y ?? Z)|X,W in GX

<latexit sha1_base64="Lerzfd3y45txLLEk5ZEKMK75x00=">AAAB9HicdVDJSgNBEO1xjXGLevTSGARPYSbJxHgQgl48RjALJEPo6VSSJj2L3TWBEPIdXjwo4tWP8ebf2FkEFX1Q8Hiviqp6fiyFRtv+sFZW19Y3NlNb6e2d3b39zMFhXUeJ4lDjkYxU02capAihhgIlNGMFLPAlNPzh9cxvjEBpEYV3OI7BC1g/FD3BGRrJa9JL2oYgxrEG7GSyds623UKpTA25yJfLriF5xy0WXOoYa4YsWaLayby3uxFPAgiRS6Z1y7Fj9CZMoeASpul2oiFmfMj60DI0ZAFobzI/ekpPjdKlvUiZCpHO1e8TExZoPQ580xkwHOjf3kz8y2sl2Ct7ExHGCULIF4t6iaQY0VkCtCsUcJRjQxhXwtxK+YApxtHklDYhfH1K/yf1fM4p5Yq3xWzlahlHihyTE3JGHHJOKuSGVEmNcHJPHsgTebZG1qP1Yr0uWles5cwR+QHr7ROGkpH7</latexit>

X = ;
<latexit sha1_base64="t/VZkab/Hlf5tUMjyic3DHkWrro="></latexit>

p(Y |do(Z = z),W ) = p(Y |z,W ) if (Y ?? Z)|W in GZ

11



Do-Calculus Rules

Let X, Y, Z, W be arbitrary disjoint sets of nodes in a DAG G 

Rule 1 (insertion/deletion of observations):  

Rule 2 (Action/observation exchange): 

Rule 3 (Insertion/deletion of actions): 

where Z(W) is the set of Z-nodes that are not ancestors of any W-node in 

<latexit sha1_base64="jvF/WQYj/YVkey4u6WLVtTIdGv0="></latexit>

p(Y |do(X = x), do(Z = z),W ) = p(Y |do(X = x), z,W ) if (Y ?? Z)|X,W in GXZ

<latexit sha1_base64="BAreGyajXkEsnsfpC+mNhNEo78U="></latexit>

p(Y |do(X = x), do(Z = z),W ) = p(Y |do(X = x),W ) if (Y ?? Z)|X,W in GXZ(W )

<latexit sha1_base64="sX6KLnJRtycpzphpUkCVhSYnlgk=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwNNptnfU29KDHCe4DtlLSLN3C0rQk6WCU/SdePCji1f/Em/+N6TZBRR8EHu+9X/LLCxJGpbKsD6Owtr6xuVXcLu3s7u0fmIdHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkGk+vc706JkDTm92qWEC9CI05DipHSkm+aN342iHUivyDrzee+WbYqluXUGi7U5LLquo4mVdup1xxoaytHGazQ8s33wTDGaUS4wgxJ2betRHkZEopiRualQSpJgvAEjUhfU44iIr1ssfkcnmllCMNY6MMVXKjfJzIUSTmLAp2MkBrL314u/uX1UxW6XkZ5kirC8fKhMGVQxTCvAQ6pIFixmSYIC6p3hXiMBMJKl1XSJXz9FP5POtWK3ajU7+rl5tWqjiI4AafgHNjgAjTBLWiBNsBgCh7AE3g2MuPReDFel9GCsZo5Bj9gvH0CkOWUTA==</latexit>

GX

<latexit sha1_base64="GjUpkL1vGSEaqK7+3aAYr6K1dNg="></latexit>

p(Y |do(X = x), Z,W ) = p(Y |do(X = x),W ) if (Y ?? Z)|X,W in GX

12



Do-Calculus Rules

Let X, Y, Z, W be arbitrary disjoint sets of nodes in a DAG G 

Rule 1 (insertion/deletion of observations):  

Rule 2 (Action/observation exchange): 

Rule 3 (Insertion/deletion of actions): 

Provides conditions for introducing/deleting an external intervention without 
affecting the conditional probability of Y.

<latexit sha1_base64="jvF/WQYj/YVkey4u6WLVtTIdGv0="></latexit>

p(Y |do(X = x), do(Z = z),W ) = p(Y |do(X = x), z,W ) if (Y ?? Z)|X,W in GXZ

<latexit sha1_base64="BAreGyajXkEsnsfpC+mNhNEo78U="></latexit>

p(Y |do(X = x), do(Z = z),W ) = p(Y |do(X = x),W ) if (Y ?? Z)|X,W in GXZ(W )

<latexit sha1_base64="GjUpkL1vGSEaqK7+3aAYr6K1dNg="></latexit>

p(Y |do(X = x), Z,W ) = p(Y |do(X = x),W ) if (Y ?? Z)|X,W in GX

Proof in Pearl 1995a13



Graph examples

Z Y

W

Z Y

W

<latexit sha1_base64="NRmdz1H23PfTOvadWeqsF2ZXPW0=">AAACAnicdVDLSsNAFJ34tr6qrsTNYBFclaQPjbuiC11WsFpsSplMbuvQySTMTMQSght/xY0LRdz6Fe78GydaQUUPXDicc+/MvcePOVPatt+sicmp6ZnZufnCwuLS8kpxde1MRYmk0KIRj2TbJwo4E9DSTHNoxxJI6HM494eHuX9+BVKxSJzqUQzdkAwE6zNKtJF6xQ3Pj64hSI96qZeIAGT+UHqRZVmvWLLLtl2v7rrYkP2K69YNqTj1WrWOHWPlKKExmr3iqxdENAlBaMqJUh3HjnU3JVIzyiEreImCmNAhGUDHUEFCUN3044QMbxslwP1ImhIaf6jfJ1ISKjUKfdMZEn2pfnu5+JfXSXTf7aZMxIkGQT8/6icc6wjneeCASaCajwwhVDKzK6aXRBKqTWoFE8LXpfh/clYpO7vl2kmt1DgYxzGHNtEW2kEO2kMNdIyaqIUoukF36AE9WrfWvfVkPX+2TljjmXX0A9bLO+f9mHA=</latexit>

GZ

<latexit sha1_base64="VkwjT9mkdzUi7iNHS91WIYhgmqY=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgqey23breih70WMG2SruUbJptQ7PJkmTFsvRXePGgiFd/jjf/jdm2goo+GHi8N8PMvCBmVGnb/rByS8srq2v59cLG5tb2TnF3r61EIjFpYcGEvAmQIoxy0tJUM3ITS4KigJFOMD7P/M4dkYoKfq0nMfEjNOQ0pBhpI932AnFPBunFtF8s2WXbdqt1DxpyWvE815CK49aqLnSMlaEEFmj2i++9gcBJRLjGDCnVdexY+ymSmmJGpoVeokiM8BgNSddQjiKi/HR28BQeGWUAQyFNcQ1n6veJFEVKTaLAdEZIj9RvLxP/8rqJDj0/pTxONOF4vihMGNQCZt/DAZUEazYxBGFJza0Qj5BEWJuMCiaEr0/h/6RdKTv1cu2qVmqcLeLIgwNwCI6BA05AA1yCJmgBDCLwAJ7AsyWtR+vFep235qzFzD74AevtE2awkNQ=</latexit>

G

Z Y

W

<latexit sha1_base64="KLinwES8TdJBnoDxLcI5s2fUG9k=">AAACAXicdVBLSwMxGMzWV62vqhfBS7AInspu2631VvSgxwr2gd2lZNO0Dc1uliQrlmW9+Fe8eFDEq//Cm//GbFtBRQcCw8x8Sb7xQkalMs0PI7OwuLS8kl3Nra1vbG7lt3dakkcCkybmjIuOhyRhNCBNRRUjnVAQ5HuMtL3xWeq3b4iQlAdXahIS10fDgA4oRkpLvfye4/Fb0o/Pe7HDdTC9J75OkqSXL5hF07TL1RrU5KRUq9malCy7Urahpa0UBTBHo5d/d/ocRz4JFGZIyq5lhsqNkVAUM5LknEiSEOExGpKupgHyiXTj6QYJPNRKHw640CdQcKp+n4iRL+XE93TSR2okf3up+JfXjdSg5sY0CCNFAjx7aBAxqDhM64B9KghWbKIJwoLqv0I8QgJhpUvL6RK+NoX/k1apaFWLlctKoX46ryML9sEBOAIWOAZ1cAEaoAkwuAMP4Ak8G/fGo/FivM6iGWM+swt+wHj7BCS/mAQ=</latexit>

GZ
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Graph examples

X Y

W

<latexit sha1_base64="VkwjT9mkdzUi7iNHS91WIYhgmqY=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgqey23breih70WMG2SruUbJptQ7PJkmTFsvRXePGgiFd/jjf/jdm2goo+GHi8N8PMvCBmVGnb/rByS8srq2v59cLG5tb2TnF3r61EIjFpYcGEvAmQIoxy0tJUM3ITS4KigJFOMD7P/M4dkYoKfq0nMfEjNOQ0pBhpI932AnFPBunFtF8s2WXbdqt1DxpyWvE815CK49aqLnSMlaEEFmj2i++9gcBJRLjGDCnVdexY+ymSmmJGpoVeokiM8BgNSddQjiKi/HR28BQeGWUAQyFNcQ1n6veJFEVKTaLAdEZIj9RvLxP/8rqJDj0/pTxONOF4vihMGNQCZt/DAZUEazYxBGFJza0Qj5BEWJuMCiaEr0/h/6RdKTv1cu2qVmqcLeLIgwNwCI6BA05AA1yCJmgBDCLwAJ7AsyWtR+vFep235qzFzD74AevtE2awkNQ=</latexit>

GZ

<latexit sha1_base64="mqhQaNXOy1h82pajRFXqS+wDz54="></latexit>

GXZ

X Y

WZ
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Graph examples

X Y

W

<latexit sha1_base64="VkwjT9mkdzUi7iNHS91WIYhgmqY=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgqey23breih70WMG2SruUbJptQ7PJkmTFsvRXePGgiFd/jjf/jdm2goo+GHi8N8PMvCBmVGnb/rByS8srq2v59cLG5tb2TnF3r61EIjFpYcGEvAmQIoxy0tJUM3ITS4KigJFOMD7P/M4dkYoKfq0nMfEjNOQ0pBhpI932AnFPBunFtF8s2WXbdqt1DxpyWvE815CK49aqLnSMlaEEFmj2i++9gcBJRLjGDCnVdexY+ymSmmJGpoVeokiM8BgNSddQjiKi/HR28BQeGWUAQyFNcQ1n6veJFEVKTaLAdEZIj9RvLxP/8rqJDj0/pTxONOF4vihMGNQCZt/DAZUEazYxBGFJza0Qj5BEWJuMCiaEr0/h/6RdKTv1cu2qVmqcLeLIgwNwCI6BA05AA1yCJmgBDCLwAJ7AsyWtR+vFep235qzFzD74AevtE2awkNQ=</latexit>

GZ

<latexit sha1_base64="97wmLTKGTNoavJ690li3wpf4T3o="></latexit>

GXZ(W )

X Y

WZ

16



Graph examples

X Y

W

<latexit sha1_base64="VkwjT9mkdzUi7iNHS91WIYhgmqY=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgqey23breih70WMG2SruUbJptQ7PJkmTFsvRXePGgiFd/jjf/jdm2goo+GHi8N8PMvCBmVGnb/rByS8srq2v59cLG5tb2TnF3r61EIjFpYcGEvAmQIoxy0tJUM3ITS4KigJFOMD7P/M4dkYoKfq0nMfEjNOQ0pBhpI932AnFPBunFtF8s2WXbdqt1DxpyWvE815CK49aqLnSMlaEEFmj2i++9gcBJRLjGDCnVdexY+ymSmmJGpoVeokiM8BgNSddQjiKi/HR28BQeGWUAQyFNcQ1n6veJFEVKTaLAdEZIj9RvLxP/8rqJDj0/pTxONOF4vihMGNQCZt/DAZUEazYxBGFJza0Qj5BEWJuMCiaEr0/h/6RdKTv1cu2qVmqcLeLIgwNwCI6BA05AA1yCJmgBDCLwAJ7AsyWtR+vFep235qzFzD74AevtE2awkNQ=</latexit>

GZ

<latexit sha1_base64="97wmLTKGTNoavJ690li3wpf4T3o="></latexit>

GXZ(W )

X Y

WZ

X Y

W

<latexit sha1_base64="VkwjT9mkdzUi7iNHS91WIYhgmqY=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgqey23breih70WMG2SruUbJptQ7PJkmTFsvRXePGgiFd/jjf/jdm2goo+GHi8N8PMvCBmVGnb/rByS8srq2v59cLG5tb2TnF3r61EIjFpYcGEvAmQIoxy0tJUM3ITS4KigJFOMD7P/M4dkYoKfq0nMfEjNOQ0pBhpI932AnFPBunFtF8s2WXbdqt1DxpyWvE815CK49aqLnSMlaEEFmj2i++9gcBJRLjGDCnVdexY+ymSmmJGpoVeokiM8BgNSddQjiKi/HR28BQeGWUAQyFNcQ1n6veJFEVKTaLAdEZIj9RvLxP/8rqJDj0/pTxONOF4vihMGNQCZt/DAZUEazYxBGFJza0Qj5BEWJuMCiaEr0/h/6RdKTv1cu2qVmqcLeLIgwNwCI6BA05AA1yCJmgBDCLwAJ7AsyWtR+vFep235qzFzD74AevtE2awkNQ=</latexit>

GZ

<latexit sha1_base64="97wmLTKGTNoavJ690li3wpf4T3o="></latexit>

GXZ(W )

X Y

WZ

where Z(W) is the set of Z-nodes that are not ancestors of any W-node in 
<latexit sha1_base64="sX6KLnJRtycpzphpUkCVhSYnlgk=">AAAB+XicdVDNS8MwHE3n15xfVY9egkPwNNptnfU29KDHCe4DtlLSLN3C0rQk6WCU/SdePCji1f/Em/+N6TZBRR8EHu+9X/LLCxJGpbKsD6Owtr6xuVXcLu3s7u0fmIdHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkGk+vc706JkDTm92qWEC9CI05DipHSkm+aN342iHUivyDrzee+WbYqluXUGi7U5LLquo4mVdup1xxoaytHGazQ8s33wTDGaUS4wgxJ2betRHkZEopiRualQSpJgvAEjUhfU44iIr1ssfkcnmllCMNY6MMVXKjfJzIUSTmLAp2MkBrL314u/uX1UxW6XkZ5kirC8fKhMGVQxTCvAQ6pIFixmSYIC6p3hXiMBMJKl1XSJXz9FP5POtWK3ajU7+rl5tWqjiI4AafgHNjgAjTBLWiBNsBgCh7AE3g2MuPReDFel9GCsZo5Bj9gvH0CkOWUTA==</latexit>

GX
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Derivation of front-door criterion using do-calculus

Task 1: Compute  

We need to write this in a format without the ‘do’. Rule 2 is useful here.  

We use Rule 2, special case:  

Pearl’s 2009 book, page 87

<latexit sha1_base64="XHGaRYY8/IrZlPmkDuLsDJMi7iY=">AAAB83icdVBNT8JAEN3iF+IX6tHLRmICF9ICxXowQbx4xESQBBqy3S6wYbttdrcmpPI3vHjQGK/+GW/+G7eAiRp9ySQv781kZp4XMSqVaX4YmZXVtfWN7GZua3tndy+/f9CRYSwwaeOQhaLrIUkY5aStqGKkGwmCAo+RW29ymfq3d0RIGvIbNY2IG6ARp0OKkdJSPyo27/2weHGOSqVBvmCWTdOu1h2oyVnFcWxNKpZdq9rQ0laKAliiNci/9/0QxwHhCjMkZc8yI+UmSCiKGZnl+rEkEcITNCI9TTkKiHST+c0zeKIVHw5DoYsrOFe/TyQokHIaeLozQGosf3up+JfXi9XQcRPKo1gRjheLhjGDKoRpANCngmDFppogLKi+FeIxEggrHVNOh/D1KfyfdCplq16uXdcKjeYyjiw4AsegCCxwChrgCrRAG2AQgQfwBJ6N2Hg0XozXRWvGWM4cgh8w3j4Bmz+Qxw==</latexit>

p(B|do(A = a))

BA C

U

<latexit sha1_base64="d9penHPywoNxknzxQmtTpeelETQ="></latexit>

p(B|do(A = a)) = p(B|a) if (B ?? A) in GA

<latexit sha1_base64="lW1NDzdRql8iIW/YRDRRpczsb5A=">AAACAnicdVDLSsNAFJ34tr6qrsTNYBFclaQPjbuqC11WsFZoSplMbuvQySTMTMQSght/xY0LRdz6Fe78GydaQUUPXDicc+/MvcePOVPatt+sicmp6ZnZufnCwuLS8kpxde1cRYmk0KIRj+SFTxRwJqClmeZwEUsgoc+h7Q+Pcr99BVKxSJzpUQzdkAwE6zNKtJF6xQ3Pj64hSI97qZeIAGT+UHqQZVmvWLLLtl2v7rrYkP2K69YNqTj1WrWOHWPlKKExmr3iqxdENAlBaMqJUh3HjnU3JVIzyiEreImCmNAhGUDHUEFCUN3044QMbxslwP1ImhIaf6jfJ1ISKjUKfdMZEn2pfnu5+JfXSXTf7aZMxIkGQT8/6icc6wjneeCASaCajwwhVDKzK6aXRBKqTWoFE8LXpfh/cl4pO7vl2mmt1DgcxzGHNtEW2kEO2kMNdIKaqIUoukF36AE9WrfWvfVkPX+2TljjmXX0A9bLO8HOmFc=</latexit>

GA

And the condition is satisfied because the path  

is blocked by C, so B and A are d-separated in this graph. 

<latexit sha1_base64="tjbhwm19zuXKl6vfvBo/n7+Ct+8=">AAACEnicdVDLTgIxFO3gC/E16tJNIzHRDZkBBscdwsYlJg6QACGd0oGGziNtR0MmfIMbf8WNC41x68qdf2MHMEGjJ7nJ6Tn3pvceN2JUSMP41DIrq2vrG9nN3Nb2zu6evn/QFGHMMXFwyELedpEgjAbEkVQy0o44Qb7LSMsd11O/dUu4oGFwIycR6floGFCPYiSV1NfPLmGXEU8izsM76MAup8PR4lVftmp9PW8UDMMqVWyoyEXRti1FiqZVLlnQVFaKPFig0dc/uoMQxz4JJGZIiI5pRLKXIC4pZmSa68aCRAiP0ZB0FA2QT0QvmZ00hSdKGUAv5KoCCWfq8kSCfCEmvqs6fSRH4reXin95nVh6di+hQRRLEuD5R17MoAxhmg8cUE6wZBNFEOZU7QrxCHGEpUoxp0L4vhT+T5rFglkplK/L+WptEUcWHIFjcApMcA6q4Ao0gAMwuAeP4Bm8aA/ak/aqvc1bM9pi5hD8gPb+BZ5enXw=</latexit>

A U ! C  B
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Derivation of front-door criterion using do-calculus

Pearl’s 2009 book, page 87

Task 2: Compute  

We cannot apply rule 2 to replace                             with     because  

contains a back-door path from B to C: 

<latexit sha1_base64="RxZi4TOdQrMKc6kSCJq0U9WTt/4=">AAAB83icdVBNT8JAEN3iF+IX6tHLRmICF9ICxXowIXDxiIkgCTRku11gw7bb7G5NSOVvePGgMV79M978N24BEzX6kkle3pvJzDwvYlQq0/wwMmvrG5tb2e3czu7e/kH+8KgreSww6WDOuOh5SBJGQ9JRVDHSiwRBgcfIrTdtpf7tHRGS8vBGzSLiBmgc0hHFSGlpEBVb9z4vNi+9UmmYL5hl07SrdQdqclFxHFuTimXXqja0tJWiAFZoD/PvA5/jOCChwgxJ2bfMSLkJEopiRua5QSxJhPAUjUlf0xAFRLrJ4uY5PNOKD0dc6AoVXKjfJxIUSDkLPN0ZIDWRv71U/Mvrx2rkuAkNo1iREC8XjWIGFYdpANCngmDFZpogLKi+FeIJEggrHVNOh/D1KfyfdCtlq16uXdcKjeYqjiw4AaegCCxwDhrgCrRBB2AQgQfwBJ6N2Hg0XozXZWvGWM0cgx8w3j4Bn9qQyg==</latexit>

p(C|do(B = b))

<latexit sha1_base64="Ig6R1oYVQ/jBDrinULv7LI/UZPI=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0Wom5K0TY0LodSNywr2AW0ok8mkHTqZhJmJUEI/wo0LRdz6Pe78GydtBRU9cOFwzr3ce48XMyqVaX4YubX1jc2t/HZhZ3dv/6B4eNSVUSIw6eCIRaLvIUkY5aSjqGKkHwuCQo+Rnje9zvzePRGSRvxOzWLihmjMaUAxUlrq+VG5deWdj4ols2Kadq3hQE0uq45ja1K17HrNhpa2MpTACu1R8X3oRzgJCVeYISkHlhkrN0VCUczIvDBMJIkRnqIxGWjKUUikmy7OncMzrfgwiIQuruBC/T6RolDKWejpzhCpifztZeJf3iBRgeOmlMeJIhwvFwUJgyqC2e/Qp4JgxWaaICyovhXiCRIIK51QQYfw9Sn8n3SrFatRqd/WS83WKo48OAGnoAwscAGa4Aa0QQdgMAUP4Ak8G7HxaLwYr8vWnLGaOQY/YLx9ApJJjxg=</latexit>

do(B = b)
<latexit sha1_base64="wI/FfxYP1sX+moiXgwMUAaDm+yg=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKewm2bjegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpDLNDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaannDYsksm6ZdrTtYk8uK49iaVCy7VrWxpa0MJbRCc1h8H4wimgQQKsqJlH3LjJWbEqEY5TAvDBIJMaFTMoa+piEJQLrp4tA5PtPKCPuR0BUqvFC/T6QkkHIWeLozIGoif3uZ+JfXT5TvuCkL40RBSJeL/IRjFeHsazxiAqjiM00IFUzfiumECEKVzqagQ/j6FP9POpWyVS/XWrVS42oVRx6doFN0jix0gRroBjVRG1EE6AE9oWfjzng0XozXZWvOWM0cox8w3j4BMtWNOQ==</latexit>

b
<latexit sha1_base64="7WyxBqIpMIImwQxAMPQAu69cKME=">AAAB+nicdVDLTsJAFJ3iC/FVdOlmIjFxRVqgWHcEF7rERMAEmmY6DDBhOm1mphpS+RQ3LjTGrV/izr9xCpio0ZPc5OSce2fuPUHMqFSW9WHkVlbX1jfym4Wt7Z3dPbO435FRIjBp44hF4iZAkjDKSVtRxchNLAgKA0a6weQ887u3REga8Ws1jYkXohGnQ4qR0pJvFi/8tJ/wARHZC2lzNvPNklW2LKdad6EmZxXXdTSp2E6t6kBbWxlKYImWb773BxFOQsIVZkjKnm3FykuRUBQzMiv0E0lihCdoRHqachQS6aXz1WfwWCsDOIyELq7gXP0+kaJQymkY6M4QqbH87WXiX14vUUPXSymPE0U4Xnw0TBhUEcxygAMqCFZsqgnCgupdIR4jgbDSaRV0CF+Xwv9Jp1K26+XaVa3UaC7jyINDcAROgA1OQQNcghZoAwzuwAN4As/GvfFovBivi9acsZw5AD9gvH0CL1OUog==</latexit>

GB

BA C

U

<latexit sha1_base64="Q8dMZeMIhXOuXQIAbyWyBNYjnQg=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwVWb6su5KXeiygm2FtpRM5lZDM5khyYhlGNz4K25cKOLWr3Dn35hpK6jogQuHc+5N7j1uyJnStv1hzc0vLC4tZ1ayq2vrG5u5re22CiJJoUUDHshLlyjgTEBLM83hMpRAfJdDxx2dpH7nBqRigbjQ4xD6PrkSbMgo0UYa5HZ7bnALXnw6iHuR8ECmD8WNJEkGubxdsO1KqVrDhhwXa7WKIUWnUi5VsGOsFHk0Q3OQe+95AY18EJpyolTXsUPdj4nUjHJIsr1IQUjoiFxB11BBfFD9eHJCgg+M4uFhIE0JjSfq94mY+EqNfdd0+kRfq99eKv7ldSM9rPVjJsJIg6DTj4YRxzrAaR7YYxKo5mNDCJXM7IrpNZGEapNa1oTwdSn+n7SLBadaKJ+X8/XGLI4M2kP76BA56AjV0Rlqohai6A49oCf0bN1bj9aL9TptnbNmMzvoB6y3T8NVmFg=</latexit>

GB

<latexit sha1_base64="x1wgiEBd0QubCoKmIz/SPNZzyIk=">AAACEXicdVDLTgIxFO3gC/E16tJNIzFhRWaAwXGHsHGJiQMkQEindKCh80jb0RDCL7jxV9y40Bi37tz5N3ZgTNDoSZqce869ub3HjRgV0jA+tcza+sbmVnY7t7O7t3+gHx61RBhzTBwcspB3XCQIowFxJJWMdCJOkO8y0nYnjcRv3xIuaBjcyGlE+j4aBdSjGEklDfRCvceIJxHn4R28hCuFA3ucjsZp1RjoeaNoGFa5akNFLkq2bSlSMq1K2YKmshLkQYrmQP/oDUMc+ySQmCEhuqYRyf4McUkxI/NcLxYkQniCRqSraIB8IvqzxUVzeKaUIfRCrl4g4UJdnZghX4ip76pOH8mx+O0l4l9eN5ae3Z/RIIolCfBykRczKEOYxAOHlBMs2VQRhDlVf4V4jDjCUoWYUyF8Xwr/J61S0awWK9eVfK2expEFJ+AUFIAJzkENXIEmcAAG9+ARPIMX7UF70l61t2VrRktnjsEPaO9fQVGdUg==</latexit>

B  A U ! C



Derivation of front-door criterion using do-calculus

Pearl’s 2009 book, page 87

Task 2: Compute  

We cannot apply rule 2 to replace                             with     because  

contains a back-door path from B to C: 

BUT, we can use block this path by measuring A. So marginalising gives:

<latexit sha1_base64="RxZi4TOdQrMKc6kSCJq0U9WTt/4=">AAAB83icdVBNT8JAEN3iF+IX6tHLRmICF9ICxXowIXDxiIkgCTRku11gw7bb7G5NSOVvePGgMV79M978N24BEzX6kkle3pvJzDwvYlQq0/wwMmvrG5tb2e3czu7e/kH+8KgreSww6WDOuOh5SBJGQ9JRVDHSiwRBgcfIrTdtpf7tHRGS8vBGzSLiBmgc0hHFSGlpEBVb9z4vNi+9UmmYL5hl07SrdQdqclFxHFuTimXXqja0tJWiAFZoD/PvA5/jOCChwgxJ2bfMSLkJEopiRua5QSxJhPAUjUlf0xAFRLrJ4uY5PNOKD0dc6AoVXKjfJxIUSDkLPN0ZIDWRv71U/Mvrx2rkuAkNo1iREC8XjWIGFYdpANCngmDFZpogLKi+FeIJEggrHVNOh/D1KfyfdCtlq16uXdcKjeYqjiw4AaegCCxwDhrgCrRBB2AQgQfwBJ6N2Hg0XozXZWvGWM0cgx8w3j4Bn9qQyg==</latexit>

p(C|do(B = b))

<latexit sha1_base64="Ig6R1oYVQ/jBDrinULv7LI/UZPI=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0Wom5K0TY0LodSNywr2AW0ok8mkHTqZhJmJUEI/wo0LRdz6Pe78GydtBRU9cOFwzr3ce48XMyqVaX4YubX1jc2t/HZhZ3dv/6B4eNSVUSIw6eCIRaLvIUkY5aSjqGKkHwuCQo+Rnje9zvzePRGSRvxOzWLihmjMaUAxUlrq+VG5deWdj4ols2Kadq3hQE0uq45ja1K17HrNhpa2MpTACu1R8X3oRzgJCVeYISkHlhkrN0VCUczIvDBMJIkRnqIxGWjKUUikmy7OncMzrfgwiIQuruBC/T6RolDKWejpzhCpifztZeJf3iBRgeOmlMeJIhwvFwUJgyqC2e/Qp4JgxWaaICyovhXiCRIIK51QQYfw9Sn8n3SrFatRqd/WS83WKo48OAGnoAwscAGa4Aa0QQdgMAUP4Ak8G7HxaLwYr8vWnLGaOQY/YLx9ApJJjxg=</latexit>

do(B = b)
<latexit sha1_base64="wI/FfxYP1sX+moiXgwMUAaDm+yg=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKewm2bjegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpDLNDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaannDYsksm6ZdrTtYk8uK49iaVCy7VrWxpa0MJbRCc1h8H4wimgQQKsqJlH3LjJWbEqEY5TAvDBIJMaFTMoa+piEJQLrp4tA5PtPKCPuR0BUqvFC/T6QkkHIWeLozIGoif3uZ+JfXT5TvuCkL40RBSJeL/IRjFeHsazxiAqjiM00IFUzfiumECEKVzqagQ/j6FP9POpWyVS/XWrVS42oVRx6doFN0jix0gRroBjVRG1EE6AE9oWfjzng0XozXZWvOWM0cox8w3j4BMtWNOQ==</latexit>

b
<latexit sha1_base64="7WyxBqIpMIImwQxAMPQAu69cKME=">AAAB+nicdVDLTsJAFJ3iC/FVdOlmIjFxRVqgWHcEF7rERMAEmmY6DDBhOm1mphpS+RQ3LjTGrV/izr9xCpio0ZPc5OSce2fuPUHMqFSW9WHkVlbX1jfym4Wt7Z3dPbO435FRIjBp44hF4iZAkjDKSVtRxchNLAgKA0a6weQ887u3REga8Ws1jYkXohGnQ4qR0pJvFi/8tJ/wARHZC2lzNvPNklW2LKdad6EmZxXXdTSp2E6t6kBbWxlKYImWb773BxFOQsIVZkjKnm3FykuRUBQzMiv0E0lihCdoRHqachQS6aXz1WfwWCsDOIyELq7gXP0+kaJQymkY6M4QqbH87WXiX14vUUPXSymPE0U4Xnw0TBhUEcxygAMqCFZsqgnCgupdIR4jgbDSaRV0CF+Xwv9Jp1K26+XaVa3UaC7jyINDcAROgA1OQQNcghZoAwzuwAN4As/GvfFovBivi9acsZw5AD9gvH0CL1OUog==</latexit>

GB

BA C

U

<latexit sha1_base64="Q8dMZeMIhXOuXQIAbyWyBNYjnQg=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwVWb6su5KXeiygm2FtpRM5lZDM5khyYhlGNz4K25cKOLWr3Dn35hpK6jogQuHc+5N7j1uyJnStv1hzc0vLC4tZ1ayq2vrG5u5re22CiJJoUUDHshLlyjgTEBLM83hMpRAfJdDxx2dpH7nBqRigbjQ4xD6PrkSbMgo0UYa5HZ7bnALXnw6iHuR8ECmD8WNJEkGubxdsO1KqVrDhhwXa7WKIUWnUi5VsGOsFHk0Q3OQe+95AY18EJpyolTXsUPdj4nUjHJIsr1IQUjoiFxB11BBfFD9eHJCgg+M4uFhIE0JjSfq94mY+EqNfdd0+kRfq99eKv7ldSM9rPVjJsJIg6DTj4YRxzrAaR7YYxKo5mNDCJXM7IrpNZGEapNa1oTwdSn+n7SLBadaKJ+X8/XGLI4M2kP76BA56AjV0Rlqohai6A49oCf0bN1bj9aL9TptnbNmMzvoB6y3T8NVmFg=</latexit>

GB

<latexit sha1_base64="x1wgiEBd0QubCoKmIz/SPNZzyIk=">AAACEXicdVDLTgIxFO3gC/E16tJNIzFhRWaAwXGHsHGJiQMkQEindKCh80jb0RDCL7jxV9y40Bi37tz5N3ZgTNDoSZqce869ub3HjRgV0jA+tcza+sbmVnY7t7O7t3+gHx61RBhzTBwcspB3XCQIowFxJJWMdCJOkO8y0nYnjcRv3xIuaBjcyGlE+j4aBdSjGEklDfRCvceIJxHn4R28hCuFA3ucjsZp1RjoeaNoGFa5akNFLkq2bSlSMq1K2YKmshLkQYrmQP/oDUMc+ySQmCEhuqYRyf4McUkxI/NcLxYkQniCRqSraIB8IvqzxUVzeKaUIfRCrl4g4UJdnZghX4ip76pOH8mx+O0l4l9eN5ae3Z/RIIolCfBykRczKEOYxAOHlBMs2VQRhDlVf4V4jDjCUoWYUyF8Xwr/J61S0awWK9eVfK2expEFJ+AUFIAJzkENXIEmcAAG9+ARPIMX7UF70l61t2VrRktnjsEPaO9fQVGdUg==</latexit>

B  A U ! C

<latexit sha1_base64="LU2wNvdJuf7TFT+DVK0ouTOov7w="></latexit>

p(C|do(B = b)) =
X

A

p(A,C|do(B = b)) =
X

A

p(C|A, do(B = b))p(A|do(B = b))
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Derivation of front-door criterion using do-calculus

Pearl’s 2009 book, page 87

Task 2: Compute  

We cannot apply rule 2 to replace                             with     because  

contains a back-door path from B to C:  

BUT, we can use block this path by measuring A. So marginalising gives:

<latexit sha1_base64="RxZi4TOdQrMKc6kSCJq0U9WTt/4=">AAAB83icdVBNT8JAEN3iF+IX6tHLRmICF9ICxXowIXDxiIkgCTRku11gw7bb7G5NSOVvePGgMV79M978N24BEzX6kkle3pvJzDwvYlQq0/wwMmvrG5tb2e3czu7e/kH+8KgreSww6WDOuOh5SBJGQ9JRVDHSiwRBgcfIrTdtpf7tHRGS8vBGzSLiBmgc0hHFSGlpEBVb9z4vNi+9UmmYL5hl07SrdQdqclFxHFuTimXXqja0tJWiAFZoD/PvA5/jOCChwgxJ2bfMSLkJEopiRua5QSxJhPAUjUlf0xAFRLrJ4uY5PNOKD0dc6AoVXKjfJxIUSDkLPN0ZIDWRv71U/Mvrx2rkuAkNo1iREC8XjWIGFYdpANCngmDFZpogLKi+FeIJEggrHVNOh/D1KfyfdCtlq16uXdcKjeYqjiw4AaegCCxwDhrgCrRBB2AQgQfwBJ6N2Hg0XozXZWvGWM0cgx8w3j4Bn9qQyg==</latexit>

p(C|do(B = b))

<latexit sha1_base64="Ig6R1oYVQ/jBDrinULv7LI/UZPI=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0Wom5K0TY0LodSNywr2AW0ok8mkHTqZhJmJUEI/wo0LRdz6Pe78GydtBRU9cOFwzr3ce48XMyqVaX4YubX1jc2t/HZhZ3dv/6B4eNSVUSIw6eCIRaLvIUkY5aSjqGKkHwuCQo+Rnje9zvzePRGSRvxOzWLihmjMaUAxUlrq+VG5deWdj4ols2Kadq3hQE0uq45ja1K17HrNhpa2MpTACu1R8X3oRzgJCVeYISkHlhkrN0VCUczIvDBMJIkRnqIxGWjKUUikmy7OncMzrfgwiIQuruBC/T6RolDKWejpzhCpifztZeJf3iBRgeOmlMeJIhwvFwUJgyqC2e/Qp4JgxWaaICyovhXiCRIIK51QQYfw9Sn8n3SrFatRqd/WS83WKo48OAGnoAwscAGa4Aa0QQdgMAUP4Ak8G7HxaLwYr8vWnLGaOQY/YLx9ApJJjxg=</latexit>

do(B = b)
<latexit sha1_base64="wI/FfxYP1sX+moiXgwMUAaDm+yg=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKewm2bjegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpDLNDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaannDYsksm6ZdrTtYk8uK49iaVCy7VrWxpa0MJbRCc1h8H4wimgQQKsqJlH3LjJWbEqEY5TAvDBIJMaFTMoa+piEJQLrp4tA5PtPKCPuR0BUqvFC/T6QkkHIWeLozIGoif3uZ+JfXT5TvuCkL40RBSJeL/IRjFeHsazxiAqjiM00IFUzfiumECEKVzqagQ/j6FP9POpWyVS/XWrVS42oVRx6doFN0jix0gRroBjVRG1EE6AE9oWfjzng0XozXZWvOWM0cox8w3j4BMtWNOQ==</latexit>

b
<latexit sha1_base64="7WyxBqIpMIImwQxAMPQAu69cKME=">AAAB+nicdVDLTsJAFJ3iC/FVdOlmIjFxRVqgWHcEF7rERMAEmmY6DDBhOm1mphpS+RQ3LjTGrV/izr9xCpio0ZPc5OSce2fuPUHMqFSW9WHkVlbX1jfym4Wt7Z3dPbO435FRIjBp44hF4iZAkjDKSVtRxchNLAgKA0a6weQ887u3REga8Ws1jYkXohGnQ4qR0pJvFi/8tJ/wARHZC2lzNvPNklW2LKdad6EmZxXXdTSp2E6t6kBbWxlKYImWb773BxFOQsIVZkjKnm3FykuRUBQzMiv0E0lihCdoRHqachQS6aXz1WfwWCsDOIyELq7gXP0+kaJQymkY6M4QqbH87WXiX14vUUPXSymPE0U4Xnw0TBhUEcxygAMqCFZsqgnCgupdIR4jgbDSaRV0CF+Xwv9Jp1K26+XaVa3UaC7jyINDcAROgA1OQQNcghZoAwzuwAN4As/GvfFovBivi9acsZw5AD9gvH0CL1OUog==</latexit>

GB

BA C

U

<latexit sha1_base64="Q8dMZeMIhXOuXQIAbyWyBNYjnQg=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwVWb6su5KXeiygm2FtpRM5lZDM5khyYhlGNz4K25cKOLWr3Dn35hpK6jogQuHc+5N7j1uyJnStv1hzc0vLC4tZ1ayq2vrG5u5re22CiJJoUUDHshLlyjgTEBLM83hMpRAfJdDxx2dpH7nBqRigbjQ4xD6PrkSbMgo0UYa5HZ7bnALXnw6iHuR8ECmD8WNJEkGubxdsO1KqVrDhhwXa7WKIUWnUi5VsGOsFHk0Q3OQe+95AY18EJpyolTXsUPdj4nUjHJIsr1IQUjoiFxB11BBfFD9eHJCgg+M4uFhIE0JjSfq94mY+EqNfdd0+kRfq99eKv7ldSM9rPVjJsJIg6DTj4YRxzrAaR7YYxKo5mNDCJXM7IrpNZGEapNa1oTwdSn+n7SLBadaKJ+X8/XGLI4M2kP76BA56AjV0Rlqohai6A49oCf0bN1bj9aL9TptnbNmMzvoB6y3T8NVmFg=</latexit>

GB

<latexit sha1_base64="x1wgiEBd0QubCoKmIz/SPNZzyIk=">AAACEXicdVDLTgIxFO3gC/E16tJNIzFhRWaAwXGHsHGJiQMkQEindKCh80jb0RDCL7jxV9y40Bi37tz5N3ZgTNDoSZqce869ub3HjRgV0jA+tcza+sbmVnY7t7O7t3+gHx61RBhzTBwcspB3XCQIowFxJJWMdCJOkO8y0nYnjcRv3xIuaBjcyGlE+j4aBdSjGEklDfRCvceIJxHn4R28hCuFA3ucjsZp1RjoeaNoGFa5akNFLkq2bSlSMq1K2YKmshLkQYrmQP/oDUMc+ySQmCEhuqYRyf4McUkxI/NcLxYkQniCRqSraIB8IvqzxUVzeKaUIfRCrl4g4UJdnZghX4ip76pOH8mx+O0l4l9eN5ae3Z/RIIolCfBykRczKEOYxAOHlBMs2VQRhDlVf4V4jDjCUoWYUyF8Xwr/J61S0awWK9eVfK2expEFJ+AUFIAJzkENXIEmcAAG9+ARPIMX7UF70l61t2VrRktnjsEPaO9fQVGdUg==</latexit>

B  A U ! C

<latexit sha1_base64="LU2wNvdJuf7TFT+DVK0ouTOov7w="></latexit>

p(C|do(B = b)) =
X

A

p(A,C|do(B = b)) =
X

A

p(C|A, do(B = b))p(A|do(B = b))

<latexit sha1_base64="m9vio7B35RBSFh8CE0Xw42vIi9E=">AAAB/HicdVDLSgMxFM3UV62vapdugkVoN2WmL8dFodaNywr2AW0pmUzahmYyQ5IRhlp/xY0LRdz6Ie78GzNtBRU9cOHknHvJvccJGJXKND+MxNr6xuZWcju1s7u3f5A+PGpLPxSYtLDPfNF1kCSMctJSVDHSDQRBnsNIx5lexn7nlghJfX6jooAMPDTmdEQxUloapjNB7uLO9XONmpPPwxrUz/wwnTULplkpVW2oyXnRtiuaFK1KuVSBlrZiZMEKzWH6ve/6OPQIV5ghKXuWGajBDAlFMSPzVD+UJEB4isakpylHHpGD2WL5OTzVigtHvtDFFVyo3ydmyJMy8hzd6SE1kb+9WPzL64VqZA9mlAehIhwvPxqFDCofxklAlwqCFYs0QVhQvSvEEyQQVjqvlA7h61L4P2kXC1a1UL4uZ+uNVRxJcAxOQA5Y4AzUwRVoghbAIAIP4Ak8G/fGo/FivC5bE8ZqJgN+wHj7BHmQkr4=</latexit>

p(A|do(B = b)) = p(A)

Immediate via do-operation/graph manipulation  

(with B being a descendent of A in G), or, Rule 3: 

Due to d-separation of A and B (conditional on nothing)  

in graph 
<latexit sha1_base64="H59WJHlfHFX5uSUkUbImD+2pDO0=">AAACAXicdVBLSwMxGMzWV62vqhfBS7AInspu2631VupBjxXsA9qyZLNpG5rdLElWLMt68a948aCIV/+FN/+N2baCig4Ehpn5knzjhoxKZZofRmZpeWV1Lbue29jc2t7J7+61JY8EJi3MGRddF0nCaEBaiipGuqEgyHcZ6biT89Tv3BAhKQ+u1TQkAx+NAjqkGCktOfmDvstviRdfOHGf62B6T9xIksTJF8yiadrlag1qclaq1WxNSpZdKdvQ0laKAlig6eTf+x7HkU8ChRmSsmeZoRrESCiKGUly/UiSEOEJGpGepgHyiRzEsw0SeKwVDw650CdQcKZ+n4iRL+XUd3XSR2osf3up+JfXi9SwNohpEEaKBHj+0DBiUHGY1gE9KghWbKoJwoLqv0I8RgJhpUvL6RK+NoX/k3apaFWLlatKod5Y1JEFh+AInAALnII6uARN0AIY3IEH8ASejXvj0XgxXufRjLGY2Qc/YLx9AgAXl+w=</latexit>

GB

<latexit sha1_base64="PTljQv9yFe7h8FEmh53jOF/7TKQ="></latexit>

(A ?? B) in GB

21



Derivation of front-door criterion using do-calculus

Pearl’s 2009 book, page 87

Task 2: Compute  

We cannot apply rule 2 to replace                             with     because  

contains a back-door path from B to C: 

BUT, we can use block this path by measuring A. So marginalising gives:

<latexit sha1_base64="RxZi4TOdQrMKc6kSCJq0U9WTt/4=">AAAB83icdVBNT8JAEN3iF+IX6tHLRmICF9ICxXowIXDxiIkgCTRku11gw7bb7G5NSOVvePGgMV79M978N24BEzX6kkle3pvJzDwvYlQq0/wwMmvrG5tb2e3czu7e/kH+8KgreSww6WDOuOh5SBJGQ9JRVDHSiwRBgcfIrTdtpf7tHRGS8vBGzSLiBmgc0hHFSGlpEBVb9z4vNi+9UmmYL5hl07SrdQdqclFxHFuTimXXqja0tJWiAFZoD/PvA5/jOCChwgxJ2bfMSLkJEopiRua5QSxJhPAUjUlf0xAFRLrJ4uY5PNOKD0dc6AoVXKjfJxIUSDkLPN0ZIDWRv71U/Mvrx2rkuAkNo1iREC8XjWIGFYdpANCngmDFZpogLKi+FeIJEggrHVNOh/D1KfyfdCtlq16uXdcKjeYqjiw4AaegCCxwDhrgCrRBB2AQgQfwBJ6N2Hg0XozXZWvGWM0cgx8w3j4Bn9qQyg==</latexit>

p(C|do(B = b))

<latexit sha1_base64="Ig6R1oYVQ/jBDrinULv7LI/UZPI=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0Wom5K0TY0LodSNywr2AW0ok8mkHTqZhJmJUEI/wo0LRdz6Pe78GydtBRU9cOFwzr3ce48XMyqVaX4YubX1jc2t/HZhZ3dv/6B4eNSVUSIw6eCIRaLvIUkY5aSjqGKkHwuCQo+Rnje9zvzePRGSRvxOzWLihmjMaUAxUlrq+VG5deWdj4ols2Kadq3hQE0uq45ja1K17HrNhpa2MpTACu1R8X3oRzgJCVeYISkHlhkrN0VCUczIvDBMJIkRnqIxGWjKUUikmy7OncMzrfgwiIQuruBC/T6RolDKWejpzhCpifztZeJf3iBRgeOmlMeJIhwvFwUJgyqC2e/Qp4JgxWaaICyovhXiCRIIK51QQYfw9Sn8n3SrFatRqd/WS83WKo48OAGnoAwscAGa4Aa0QQdgMAUP4Ak8G7HxaLwYr8vWnLGaOQY/YLx9ApJJjxg=</latexit>

do(B = b)
<latexit sha1_base64="wI/FfxYP1sX+moiXgwMUAaDm+yg=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKewm2bjegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpDLNDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaannDYsksm6ZdrTtYk8uK49iaVCy7VrWxpa0MJbRCc1h8H4wimgQQKsqJlH3LjJWbEqEY5TAvDBIJMaFTMoa+piEJQLrp4tA5PtPKCPuR0BUqvFC/T6QkkHIWeLozIGoif3uZ+JfXT5TvuCkL40RBSJeL/IRjFeHsazxiAqjiM00IFUzfiumECEKVzqagQ/j6FP9POpWyVS/XWrVS42oVRx6doFN0jix0gRroBjVRG1EE6AE9oWfjzng0XozXZWvOWM0cox8w3j4BMtWNOQ==</latexit>

b
<latexit sha1_base64="7WyxBqIpMIImwQxAMPQAu69cKME=">AAAB+nicdVDLTsJAFJ3iC/FVdOlmIjFxRVqgWHcEF7rERMAEmmY6DDBhOm1mphpS+RQ3LjTGrV/izr9xCpio0ZPc5OSce2fuPUHMqFSW9WHkVlbX1jfym4Wt7Z3dPbO435FRIjBp44hF4iZAkjDKSVtRxchNLAgKA0a6weQ887u3REga8Ws1jYkXohGnQ4qR0pJvFi/8tJ/wARHZC2lzNvPNklW2LKdad6EmZxXXdTSp2E6t6kBbWxlKYImWb773BxFOQsIVZkjKnm3FykuRUBQzMiv0E0lihCdoRHqachQS6aXz1WfwWCsDOIyELq7gXP0+kaJQymkY6M4QqbH87WXiX14vUUPXSymPE0U4Xnw0TBhUEcxygAMqCFZsqgnCgupdIR4jgbDSaRV0CF+Xwv9Jp1K26+XaVa3UaC7jyINDcAROgA1OQQNcghZoAwzuwAN4As/GvfFovBivi9acsZw5AD9gvH0CL1OUog==</latexit>

GB

BA C

U

<latexit sha1_base64="Q8dMZeMIhXOuXQIAbyWyBNYjnQg=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwVWb6su5KXeiygm2FtpRM5lZDM5khyYhlGNz4K25cKOLWr3Dn35hpK6jogQuHc+5N7j1uyJnStv1hzc0vLC4tZ1ayq2vrG5u5re22CiJJoUUDHshLlyjgTEBLM83hMpRAfJdDxx2dpH7nBqRigbjQ4xD6PrkSbMgo0UYa5HZ7bnALXnw6iHuR8ECmD8WNJEkGubxdsO1KqVrDhhwXa7WKIUWnUi5VsGOsFHk0Q3OQe+95AY18EJpyolTXsUPdj4nUjHJIsr1IQUjoiFxB11BBfFD9eHJCgg+M4uFhIE0JjSfq94mY+EqNfdd0+kRfq99eKv7ldSM9rPVjJsJIg6DTj4YRxzrAaR7YYxKo5mNDCJXM7IrpNZGEapNa1oTwdSn+n7SLBadaKJ+X8/XGLI4M2kP76BA56AjV0Rlqohai6A49oCf0bN1bj9aL9TptnbNmMzvoB6y3T8NVmFg=</latexit>

GB

<latexit sha1_base64="x1wgiEBd0QubCoKmIz/SPNZzyIk=">AAACEXicdVDLTgIxFO3gC/E16tJNIzFhRWaAwXGHsHGJiQMkQEindKCh80jb0RDCL7jxV9y40Bi37tz5N3ZgTNDoSZqce869ub3HjRgV0jA+tcza+sbmVnY7t7O7t3+gHx61RBhzTBwcspB3XCQIowFxJJWMdCJOkO8y0nYnjcRv3xIuaBjcyGlE+j4aBdSjGEklDfRCvceIJxHn4R28hCuFA3ucjsZp1RjoeaNoGFa5akNFLkq2bSlSMq1K2YKmshLkQYrmQP/oDUMc+ySQmCEhuqYRyf4McUkxI/NcLxYkQniCRqSraIB8IvqzxUVzeKaUIfRCrl4g4UJdnZghX4ip76pOH8mx+O0l4l9eN5ae3Z/RIIolCfBykRczKEOYxAOHlBMs2VQRhDlVf4V4jDjCUoWYUyF8Xwr/J61S0awWK9eVfK2expEFJ+AUFIAJzkENXIEmcAAG9+ARPIMX7UF70l61t2VrRktnjsEPaO9fQVGdUg==</latexit>

B  A U ! C

<latexit sha1_base64="LU2wNvdJuf7TFT+DVK0ouTOov7w="></latexit>

p(C|do(B = b)) =
X

A

p(A,C|do(B = b)) =
X

A

p(C|A, do(B = b))p(A|do(B = b))

Which uses Rule 2, with C and B d-separated given A. 

Therefore,  

<latexit sha1_base64="HHDS9VQXfMulCqEPuZCKB1woMKk=">AAACA3icdVDJSgNBEO1xjXGLetNLYxASkDCTzfEQiMnFYwSzQDKEnk4nadKz0N0jhDHgxV/x4kERr/6EN//GnmQEFX1Q8Hiviqp6ts+okLr+oS0tr6yurSc2kptb2zu7qb39lvACjkkTe8zjHRsJwqhLmpJKRjo+J8ixGWnbk3rkt28IF9Rzr+XUJ5aDRi4dUoykkvqpQ+hn6rcXpwMvU6vY2SysxIKd7afSek7XS4WyCRU5z5tmSZG8USoWStBQVoQ0iNHop957Aw8HDnElZkiIrqH70goRlxQzMkv2AkF8hCdoRLqKusghwgrnP8zgiVIGcOhxVa6Ec/X7RIgcIaaOrTodJMfitxeJf3ndQA5NK6SuH0ji4sWiYcCg9GAUCBxQTrBkU0UQ5lTdCvEYcYSlii2pQvj6FP5PWvmcUc4Vr4rpai2OIwGOwDHIAAOcgSq4BA3QBBjcgQfwBJ61e+1Re9FeF61LWjxzAH5Ae/sEdKCU4A==</latexit>

p(C|A, do(B = b)) = p(C|A, b)
<latexit sha1_base64="iPY3hS8L3+WwSB02skg2Q4JaEQg="></latexit>

(C ?? B|A) in GB

<latexit sha1_base64="weCqkSQ7s/jWtc1w1/ztNST/baY="></latexit>

p(C|do(B = b)) =
X

A

p(C|A, b)p(A)
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Derivation of front-door criterion using do-calculus

Pearl’s 2009 book, page 8723

Task 3: Compute                                         . Marginalising over B gives: 

Second term already done. First term, no rule can be applied to eliminate do(A). 

<latexit sha1_base64="OEhHEU1LJOfHSJVc1JieVoOkElE=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VoNyVpmxoXQrUblxVsLbShTCaTduhkEmYmQon9DTcuFHHrz7jzb5w+BBU9cOFwzr3ce48XMyqVaX4YmZXVtfWN7GZua3tndy+/f9CRUSIwaeOIRaLrIUkY5aStqGKkGwuCQo+RW2/cnPm3d0RIGvEbNYmJG6IhpwHFSGmpHxeb935UvDhHpdIgXzDLpmlX6w7U5KziOLYmFcuuVW1oaWuGAliiNci/9/0IJyHhCjMkZc8yY+WmSCiKGZnm+okkMcJjNCQ9TTkKiXTT+c1TeKIVHwaR0MUVnKvfJ1IUSjkJPd0ZIjWSv72Z+JfXS1TguCnlcaIIx4tFQcKgiuAsAOhTQbBiE00QFlTfCvEICYSVjimnQ/j6FP5POpWyVS/XrmuFxuUyjiw4AsegCCxwChrgCrRAG2AQgwfwBJ6NxHg0XozXRWvGWM4cgh8w3j4BnMyQyA==</latexit>

p(C|do(A = a))
<latexit sha1_base64="xaL07gqeD/4fmFDql4eLa3i0Q44="></latexit>

p(C|do(A = a)) =
X

B

p(C|B, do(A = a))p(B|do(A = a))



Derivation of front-door criterion using do-calculus

Pearl’s 2009 book, page 8724

Task 3: Compute                                         . Marginalising over B gives: 

Second term already done. First term, no rule can be applied to eliminate do(A). 

Instead, use Rule 2 to add do(B): 

since, 

<latexit sha1_base64="OEhHEU1LJOfHSJVc1JieVoOkElE=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VoNyVpmxoXQrUblxVsLbShTCaTduhkEmYmQon9DTcuFHHrz7jzb5w+BBU9cOFwzr3ce48XMyqVaX4YmZXVtfWN7GZua3tndy+/f9CRUSIwaeOIRaLrIUkY5aStqGKkGwuCQo+RW2/cnPm3d0RIGvEbNYmJG6IhpwHFSGmpHxeb935UvDhHpdIgXzDLpmlX6w7U5KziOLYmFcuuVW1oaWuGAliiNci/9/0IJyHhCjMkZc8yY+WmSCiKGZnm+okkMcJjNCQ9TTkKiXTT+c1TeKIVHwaR0MUVnKvfJ1IUSjkJPd0ZIjWSv72Z+JfXS1TguCnlcaIIx4tFQcKgiuAsAOhTQbBiE00QFlTfCvEICYSVjimnQ/j6FP5POpWyVS/XrmuFxuUyjiw4AsegCCxwChrgCrRAG2AQgwfwBJ6NxHg0XozXRWvGWM4cgh8w3j4BnMyQyA==</latexit>

p(C|do(A = a))
<latexit sha1_base64="xaL07gqeD/4fmFDql4eLa3i0Q44="></latexit>

p(C|do(A = a)) =
X

B

p(C|B, do(A = a))p(B|do(A = a))

<latexit sha1_base64="VrDZ+xj7eJAhtmAzQpLsiTUWDpo="></latexit>

p(C|B, do(A = a)) = p(C|do(B = b), do(A = a))
<latexit sha1_base64="8M0pXT2krLsEFhiukD4h/RkHxsc="></latexit>

(C ?? B|A) in GAB

BA C

U

<latexit sha1_base64="5Uk2dk2v6Ce0g0u3xoqmBGaHYTs="></latexit>

GAB



Derivation of front-door criterion using do-calculus

Pearl’s 2009 book, page 8725

Task 3: Compute                                         . Marginalising over B gives: 

Second term already done. First term, no rule can be applied to eliminate do(A). 

Instead, use Rule 2 to add do(B): 

since,  

Then, we use Rule 3, to delete do(A):  

since,  

which again, we have competed before.

<latexit sha1_base64="OEhHEU1LJOfHSJVc1JieVoOkElE=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VoNyVpmxoXQrUblxVsLbShTCaTduhkEmYmQon9DTcuFHHrz7jzb5w+BBU9cOFwzr3ce48XMyqVaX4YmZXVtfWN7GZua3tndy+/f9CRUSIwaeOIRaLrIUkY5aStqGKkGwuCQo+RW2/cnPm3d0RIGvEbNYmJG6IhpwHFSGmpHxeb935UvDhHpdIgXzDLpmlX6w7U5KziOLYmFcuuVW1oaWuGAliiNci/9/0IJyHhCjMkZc8yY+WmSCiKGZnm+okkMcJjNCQ9TTkKiXTT+c1TeKIVHwaR0MUVnKvfJ1IUSjkJPd0ZIjWSv72Z+JfXS1TguCnlcaIIx4tFQcKgiuAsAOhTQbBiE00QFlTfCvEICYSVjimnQ/j6FP5POpWyVS/XrmuFxuUyjiw4AsegCCxwChrgCrRAG2AQgwfwBJ6NxHg0XozXRWvGWM4cgh8w3j4BnMyQyA==</latexit>

p(C|do(A = a))
<latexit sha1_base64="xaL07gqeD/4fmFDql4eLa3i0Q44="></latexit>

p(C|do(A = a)) =
X

B

p(C|B, do(A = a))p(B|do(A = a))

<latexit sha1_base64="VrDZ+xj7eJAhtmAzQpLsiTUWDpo="></latexit>

p(C|B, do(A = a)) = p(C|do(B = b), do(A = a))
<latexit sha1_base64="8M0pXT2krLsEFhiukD4h/RkHxsc="></latexit>

(C ?? B|A) in GAB

<latexit sha1_base64="FPtcOB2O2zs1oohyu/+uOLl3u1w="></latexit>

p(C|B, do(A = a)) = p(C|do(B = b))
<latexit sha1_base64="WoSC8C0ID/JxDb59GGLVx5l3MV0="></latexit>

(C ?? A|B) in GAB

BA C

U

<latexit sha1_base64="XXBkFRbIXGoC/KATTWCItr8KF+A=">AAACDXicdVA7T8MwGHTKq5RXgZHFoiAxVUlfhK2UAcYi0YfUVJXjuq1VJ45sB1FF+QMs/BUWBhBiZWfj3+C0RTwEJ1k63d1n+zs3YFQq03w3UguLS8sr6dXM2vrG5lZ2e6cpeSgwaWDOuGi7SBJGfdJQVDHSDgRBnstIyx2fJX7rmghJuX+lJgHpemjo0wHFSGmplz1wXH5D+tF5L3K4Dib3RKfxF6/FcdzL5sy8aZaLFRtqclKw7bImBatcKpahpa0EOTBHvZd9c/ochx7xFWZIyo5lBqobIaEoZiTOOKEkAcJjNCQdTX3kEdmNptvE8FArfTjgQh9fwan6fSJCnpQTz9VJD6mR/O0l4l9eJ1QDuxtRPwgV8fHsoUHIoOIwqQb2qSBYsYkmCAuq/wrxCAmElS4wo0v43BT+T5qFvFXJly5LuWptXkca7IF9cAQscAyq4ALUQQNgcAvuwSN4Mu6MB+PZeJlFU8Z8Zhf8gPH6AdpRnV0=</latexit>

GAB



Derivation of front-door criterion using do-calculus

Pearl’s 2009 book, page 8726

Task 3: Compute                                         . Marginalising over B gives: 

Putting all terms together:  

Front-door criterion!

<latexit sha1_base64="OEhHEU1LJOfHSJVc1JieVoOkElE=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VoNyVpmxoXQrUblxVsLbShTCaTduhkEmYmQon9DTcuFHHrz7jzb5w+BBU9cOFwzr3ce48XMyqVaX4YmZXVtfWN7GZua3tndy+/f9CRUSIwaeOIRaLrIUkY5aStqGKkGwuCQo+RW2/cnPm3d0RIGvEbNYmJG6IhpwHFSGmpHxeb935UvDhHpdIgXzDLpmlX6w7U5KziOLYmFcuuVW1oaWuGAliiNci/9/0IJyHhCjMkZc8yY+WmSCiKGZnm+okkMcJjNCQ9TTkKiXTT+c1TeKIVHwaR0MUVnKvfJ1IUSjkJPd0ZIjWSv72Z+JfXS1TguCnlcaIIx4tFQcKgiuAsAOhTQbBiE00QFlTfCvEICYSVjimnQ/j6FP5POpWyVS/XrmuFxuUyjiw4AsegCCxwChrgCrRAG2AQgwfwBJ6NxHg0XozXRWvGWM4cgh8w3j4BnMyQyA==</latexit>

p(C|do(A = a))
<latexit sha1_base64="xaL07gqeD/4fmFDql4eLa3i0Q44="></latexit>

p(C|do(A = a)) =
X

B

p(C|B, do(A = a))p(B|do(A = a))

<latexit sha1_base64="R1bw+Hv8UNc20MJYrsXNq+hL1bs="></latexit>

p(C|do(A = a)) =
X

B

p(B|a)
X

A0

p(C|A0, B)p(A0)



A statement about estimation

27



Recall: The Backdoor Criterion

Pearl, Causal Inference 
 in Statistics (2016)

Backdoor Criterion: Given an ordered pair of variables (T,Y) in a DAG G, a set of variables X 

satisfies the backdoor criterion relative to (T,Y) if: 

(i) no node in X is a descendent of T  

(ii) X block every path between T and Y that contains an arrow into T 

If X satisfies the backdoor criterion then the causal effect of T on Y is given by:  

In other words, condition on a set of nodes X such that: 

(i) We block all spurious paths between T and Y 

(ii) We leave all direct paths from T to Y unperturbed 

(iii) We create no new spurious paths (do not unblock any new paths) 

Any set X that satisfies the backdoor criterion (hence can be used in the adjustment 

formula) is called an Adjustment Set

p(Y = y|do(T = t)) =
X

x

p(Y = y|T = t,X = x)p(X = x)

<latexit sha1_base64="3shhAmbqFD1YUJBsFUDFvQryug4="></latexit>



Pearl: To adjust or not to adjust 

29

Pearls algorithmic approach (do-calculus) tells us to adjust or not.

YT

X

YT

X

Pearl, Causal Inference in Statistics (2016)



Pearl: To adjust or not to adjust 

30

Pearls algorithmic approach (do-calculus) tells us to adjust or not.

YT

X

YT

X

Pearl, Causal Inference in Statistics (2016)

The Causal Effect Rule: Given a graph G in which a set of variables PA are 

designated as the parents of T, the causal effect of T on Y is given by:

p(Y = y|do(T = t)) =
X

x

p(Y = y|T = t, PA = X)p(PA = X)

<latexit sha1_base64="wOO7ZIPQFiG3e31yh8KN1j+dV4E=">AAACFXicdZDLSgMxFIYzXmu9VV26CRahhVLSMtq6GKi6cVmhN2nLkMmkbWjmQpIRh9qXcOOruHGhiFvBnW9jehFU9EDIz/efQ3J+J+RMKoQ+jIXFpeWV1cRacn1jc2s7tbPbkEEkCK2TgAei5WBJOfNpXTHFaSsUFHsOp01neD7xm9dUSBb4NRWHtOvhvs96jGClkZ3KhZkrK751g0zNUtms1ZGRZ9/AGdUoVz21WtkwM73sVB rlETJLxwhqcVIul0taFI+QiRAsaGtSaTCvqp1677gBiTzqK8KxlO0CClV3hIVihNNxshNJGmIyxH3a1tLHHpXd0XSrMTzUxIW9QOjjKzil3ydG2JMy9hzd6WE1kL+9CfzLa0eqV+6OmB9Givpk9lAv4lAFcBIRdJmgRPFYC0wE03+FZIAFJkoHmdQhfG0K/xeNYr5g5s1LM105m8eRAPvgAGRAAZRABVyAKqgDAu7AA3gCz8a98Wi8GK+z1gVjPrMHfpTx9gmRVpyS</latexit>

Conclusion: The set of parents of T is always an adjustment set for the causal effect 

of T on Y, i.e., to identify 



Confounder vs not a confounder

T Y

X

T Y

X
Classical 

confounder 
case

No 
confounder 

case

<latexit sha1_base64="/DsZtwjBdXAqncBy2ertmXmjaCA="></latexit>

EX

⇥
EY [Y |X,T ]

⇤
=

Z
dx p(x)

Z
dy y p(y|x, t)

=

Z
dx p(x)

Z
dy y

p(y, x|t)
p(x|t)

=

Z
dx p(x)

Z
dy y

p(y, x|t)
p(x)

=

Z
dy y p(y|t) = EY [Y |T ] ,

Independence of X and W 
on the RHS graph



Optimal adjustment sets

32

Question: Suppose we identify multiple adjustment sets, which do we choose? 

Idea: We aim to estimate a causal effect, e.g.,                                                but we do so 

from observational data. Thus, there will be some error due to finite data and the 

smaller this error, the better our estimate of the causal effect.  

<latexit sha1_base64="kTmkdth/aAssP2DtgKTQI7/Ce6g=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovQbkKSlrYghYIblxXsQ9pSJpNJO3SSCTMTaan9FTcuFHHrj7jzb5w+BBU9cOFwzr3ce48XMyqVbX8YqY3Nre2d9G5mb//g8Mg8zrYkTwQmTcwZFx0PScJoRJqKKkY6sSAo9Bhpe+PLhd++I0JSHt2oaUz6IRpGNKAYKS0NzGycv61N4T30eb5TgDU4KQzMnG3ZjluqOtC2nErRdquauOVSsVKBjmUvkQNrNAbme8/nOAlJpDBDUnYdO1b9GRKKYkbmmV4iSYzwGA1JV9MIhUT2Z8vb5/BcKz4MuNAVKbhUv0/MUCjlNPR0Z4jUSP72FuJfXjdRQbU/o1GcKBLh1aIgYVBxuAgC+lQQrNhUE4QF1bdCPEICYaXjyugQvj6F/5OWazlly70u5eoX6zjS4BScgTxwQAXUwRVogCbAYAIewBN4NubGo/FivK5aU8Z65gT8gPH2CTlpkp4=</latexit>

p(Y = y|do(X) = x)



Optimal adjustment sets

33

Question: Suppose we identify multiple adjustment sets, which do we choose? 

Idea: We aim to estimate a causal effect, e.g.,                                                but we do so 

from observational data. Thus, there will be some error due to finite data and the 

smaller this error, the better our estimate of the causal effect. 

Initial guess: The more variables we condition on, the harder it is to estimate a 

conditional probability or conditional expectation value … 

… so the smallest adjustment set should be the optimal adjustment set! 

Adjustment sets:  

{W}, {W, Z}, {W, S}, and {W, S, Z} 

… so it should be {W}?

<latexit sha1_base64="kTmkdth/aAssP2DtgKTQI7/Ce6g=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovQbkKSlrYghYIblxXsQ9pSJpNJO3SSCTMTaan9FTcuFHHrj7jzb5w+BBU9cOFwzr3ce48XMyqVbX8YqY3Nre2d9G5mb//g8Mg8zrYkTwQmTcwZFx0PScJoRJqKKkY6sSAo9Bhpe+PLhd++I0JSHt2oaUz6IRpGNKAYKS0NzGycv61N4T30eb5TgDU4KQzMnG3ZjluqOtC2nErRdquauOVSsVKBjmUvkQNrNAbme8/nOAlJpDBDUnYdO1b9GRKKYkbmmV4iSYzwGA1JV9MIhUT2Z8vb5/BcKz4MuNAVKbhUv0/MUCjlNPR0Z4jUSP72FuJfXjdRQbU/o1GcKBLh1aIgYVBxuAgC+lQQrNhUE4QF1bdCPEICYaXjyugQvj6F/5OWazlly70u5eoX6zjS4BScgTxwQAXUwRVogCbAYAIewBN4NubGo/FivK5aU8Z65gT8gPH2CTlpkp4=</latexit>

p(Y = y|do(X) = x)

Z

X Y

W S



Simulation

34

Z

X Y

S

W is a confounder, so always needs to be adjusted for 

For simplicity, we simulate a linear model                                  

from the causal graph below, and 

consider different noise on source (       ), and noise on target (       ) 

Idea: Lowering/Increasing noise on X corresponds to conditioning on Z 

1. Conditioning on Z reduces variance in X 

2. Conditioning on S reduces variance in Y

<latexit sha1_base64="n/dY+QKxl1++DtIvYEG3H52oNpA="></latexit>(
X ⇠ N (0, ⌧2)

Y = X + ✏, with ✏ ⇠ N (0,�2)
<latexit sha1_base64="5tLqz7nJocEfTSqn1btnmRo4hho=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjLT0im4KbhxWcE+oB1LJk3b0CQzJhmhDP0JNy4UcevvuPNvTB+Cih64cDjnXu69J0o40wahDye3tr6xuZXfLuzs7u0fFA+PWjpOFaFNEvNYdSKsKWeSNg0znHYSRbGIOG1Hk8u5376nSrNY3phpQkOBR5INGcHGSp2eZiOBb/1+sYRc5PmVmgeR6wVl5Ncs8auVchBAz0ULlMAKjX7xvTeISSqoNIRjrbseSkyYYWUY4XRW6KWaJphM8Ih2LZVYUB1mi3tn8MwqAziMlS1p4EL9PpFhofVURLZTYDPWv725+JfXTc2wFmZMJqmhkiwXDVMOTQznz8MBU5QYPrUEE8XsrZCMscLE2IgKNoSvT+H/pOW7XtX1ryul+sUqjjw4AafgHHggAHVwBRqgCQjg4AE8gWfnznl0XpzXZWvOWc0cgx9w3j4BJO6QCQ==</latexit>

�2
<latexit sha1_base64="Etm1d8LxTuizfBaxDyZvnaSQdyE=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLT0im4KbhxWcE+oB1LJs20sZlkSDJCKf0HNy4Ucev/uPNvTB+Cih64cDjnXu69J0o50wahDye3tr6xuZXfLuzs7u0fFA+PWlpmitAmkVyqToQ15UzQpmGG006qKE4iTtvR+HLut++p0kyKGzNJaZjgoWAxI9hYqdUzOLv1+8UScpHnV2oeRK4XlJFfs8SvVspBAD0XLVACKzT6xffeQJIsocIQjrXueig14RQrwwins0Iv0zTFZIyHtGupwAnV4XRx7QyeWWUAY6lsCQMX6veJKU60niSR7UywGenf3lz8y+tmJq6FUybSzFBBlovijEMj4fx1OGCKEsMnlmCimL0VkhFWmBgbUMGG8PUp/J+0fNeruv51pVS/WMWRByfgFJwDDwSgDq5AAzQBAXfgATyBZ0c6j86L87pszTmrmWPwA87bJ6gXjy4=</latexit>

⌧2



Simulation: Lower noise on source X (condition on Z)
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For simplicity, we simulate a linear model                                  

from the causal graph below, and 

consider different noise on source (       ), and noise on target (       ) 

X Y

S

<latexit sha1_base64="n/dY+QKxl1++DtIvYEG3H52oNpA="></latexit>(
X ⇠ N (0, ⌧2)

Y = X + ✏, with ✏ ⇠ N (0,�2)
<latexit sha1_base64="5tLqz7nJocEfTSqn1btnmRo4hho=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjLT0im4KbhxWcE+oB1LJk3b0CQzJhmhDP0JNy4UcevvuPNvTB+Cih64cDjnXu69J0o40wahDye3tr6xuZXfLuzs7u0fFA+PWjpOFaFNEvNYdSKsKWeSNg0znHYSRbGIOG1Hk8u5376nSrNY3phpQkOBR5INGcHGSp2eZiOBb/1+sYRc5PmVmgeR6wVl5Ncs8auVchBAz0ULlMAKjX7xvTeISSqoNIRjrbseSkyYYWUY4XRW6KWaJphM8Ih2LZVYUB1mi3tn8MwqAziMlS1p4EL9PpFhofVURLZTYDPWv725+JfXTc2wFmZMJqmhkiwXDVMOTQznz8MBU5QYPrUEE8XsrZCMscLE2IgKNoSvT+H/pOW7XtX1ryul+sUqjjw4AafgHHggAHVwBRqgCQjg4AE8gWfnznl0XpzXZWvOWc0cgx9w3j4BJO6QCQ==</latexit>

�2
<latexit sha1_base64="Etm1d8LxTuizfBaxDyZvnaSQdyE=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLT0im4KbhxWcE+oB1LJs20sZlkSDJCKf0HNy4Ucev/uPNvTB+Cih64cDjnXu69J0o50wahDye3tr6xuZXfLuzs7u0fFA+PWlpmitAmkVyqToQ15UzQpmGG006qKE4iTtvR+HLut++p0kyKGzNJaZjgoWAxI9hYqdUzOLv1+8UScpHnV2oeRK4XlJFfs8SvVspBAD0XLVACKzT6xffeQJIsocIQjrXueig14RQrwwins0Iv0zTFZIyHtGupwAnV4XRx7QyeWWUAY6lsCQMX6veJKU60niSR7UywGenf3lz8y+tmJq6FUybSzFBBlovijEMj4fx1OGCKEsMnlmCimL0VkhFWmBgbUMGG8PUp/J+0fNeruv51pVS/WMWRByfgFJwDDwSgDq5AAzQBAXfgATyBZ0c6j86L87pszTmrmWPwA87bJ6gXjy4=</latexit>

⌧2

Z

Parameters (n=100):
<latexit sha1_base64="1SVA/cWph+0nMqgPWPZWr+9JWBw="></latexit>

⌧1 = 1 vs ⌧2 = 0.1

�1 = 1 vs �2 = 1



Simulation: Lower noise on target Y (condition on S)

36

For simplicity, we simulate a linear model                                  

from the causal graph below, and 

consider different noise on source (       ), and noise on target (       ) 

X Y

<latexit sha1_base64="n/dY+QKxl1++DtIvYEG3H52oNpA="></latexit>(
X ⇠ N (0, ⌧2)

Y = X + ✏, with ✏ ⇠ N (0,�2)
<latexit sha1_base64="5tLqz7nJocEfTSqn1btnmRo4hho=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjLT0im4KbhxWcE+oB1LJk3b0CQzJhmhDP0JNy4UcevvuPNvTB+Cih64cDjnXu69J0o40wahDye3tr6xuZXfLuzs7u0fFA+PWjpOFaFNEvNYdSKsKWeSNg0znHYSRbGIOG1Hk8u5376nSrNY3phpQkOBR5INGcHGSp2eZiOBb/1+sYRc5PmVmgeR6wVl5Ncs8auVchBAz0ULlMAKjX7xvTeISSqoNIRjrbseSkyYYWUY4XRW6KWaJphM8Ih2LZVYUB1mi3tn8MwqAziMlS1p4EL9PpFhofVURLZTYDPWv725+JfXTc2wFmZMJqmhkiwXDVMOTQznz8MBU5QYPrUEE8XsrZCMscLE2IgKNoSvT+H/pOW7XtX1ryul+sUqjjw4AafgHHggAHVwBRqgCQjg4AE8gWfnznl0XpzXZWvOWc0cgx9w3j4BJO6QCQ==</latexit>

�2
<latexit sha1_base64="Etm1d8LxTuizfBaxDyZvnaSQdyE=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLT0im4KbhxWcE+oB1LJs20sZlkSDJCKf0HNy4Ucev/uPNvTB+Cih64cDjnXu69J0o50wahDye3tr6xuZXfLuzs7u0fFA+PWlpmitAmkVyqToQ15UzQpmGG006qKE4iTtvR+HLut++p0kyKGzNJaZjgoWAxI9hYqdUzOLv1+8UScpHnV2oeRK4XlJFfs8SvVspBAD0XLVACKzT6xffeQJIsocIQjrXueig14RQrwwins0Iv0zTFZIyHtGupwAnV4XRx7QyeWWUAY6lsCQMX6veJKU60niSR7UywGenf3lz8y+tmJq6FUybSzFBBlovijEMj4fx1OGCKEsMnlmCimL0VkhFWmBgbUMGG8PUp/J+0fNeruv51pVS/WMWRByfgFJwDDwSgDq5AAzQBAXfgATyBZ0c6j86L87pszTmrmWPwA87bJ6gXjy4=</latexit>

⌧2

SZ

Parameters (n=100):
<latexit sha1_base64="iA0R79wdB4FSGa7sl6QaMB5mqdU="></latexit>

⌧1 = 1 vs ⌧2 = 1

�1 = 1 vs �2 = 0.1



Optimal adjustment sets
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Question: Suppose we identify multiple adjustment sets, which do we choose? 

Idea: We aim to estimate a causal effect, e.g.,                                                but we do so 

from observational data. Thus, there will be some error due to finite data and the 

smaller this error, the better our estimate of the causal effect.  

Initial guess: The more variables we condition on, the harder it is to estimate a 

conditional probability or conditional expectation value … 

… so the smallest adjustment set should be the optimal adjustment set! 

Adjustment sets:  

{W}, {W, Z}, {W, S}, and {W, S, Z} 

Optimal set is {W,S}!!!

<latexit sha1_base64="kTmkdth/aAssP2DtgKTQI7/Ce6g=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovQbkKSlrYghYIblxXsQ9pSJpNJO3SSCTMTaan9FTcuFHHrj7jzb5w+BBU9cOFwzr3ce48XMyqVbX8YqY3Nre2d9G5mb//g8Mg8zrYkTwQmTcwZFx0PScJoRJqKKkY6sSAo9Bhpe+PLhd++I0JSHt2oaUz6IRpGNKAYKS0NzGycv61N4T30eb5TgDU4KQzMnG3ZjluqOtC2nErRdquauOVSsVKBjmUvkQNrNAbme8/nOAlJpDBDUnYdO1b9GRKKYkbmmV4iSYzwGA1JV9MIhUT2Z8vb5/BcKz4MuNAVKbhUv0/MUCjlNPR0Z4jUSP72FuJfXjdRQbU/o1GcKBLh1aIgYVBxuAgC+lQQrNhUE4QF1bdCPEICYaXjyugQvj6F/5OWazlly70u5eoX6zjS4BScgTxwQAXUwRVogCbAYAIewBN4NubGo/FivK5aU8Z65gT8gPH2CTlpkp4=</latexit>

p(Y = y|do(X) = x)

Z

X Y

W S



Optimal adjustment sets
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Theorem (Rotnitzky and Smucler, 2020)  

The most efficient adjustment set to use for the effect of X on Y is 

 

where                                  are all the nodes on a causal (i.e. directed) path from X to Y, 

but excluding X itself. (So parents of this set not on the causal path.)  

Example 

Here                                 consists only of Y 

The parents of Y are X, W, and S 

Thus, by the above the optimal 

adjustment set is {W,S}

<latexit sha1_base64="mJrpkYEtGKJNPhqHFBnp+CfaKRE="></latexit>

paG
�
cnG(X ! Y )

�
\
�
cnG(X ! Y ) [ {X}

�

<latexit sha1_base64="vN6/NxdZgpA+s/K90BMuzQ3p05Y=">AAAB/3icdVBNS8NAEN34bf2KCl68LBahXkISiy14ETzosYLVShPKZrutSzebsDsRS+zBv+LFgyJe/Rve/DduPwQVfTDweG+GmXlRKrgG1/2wpqZnZufmFxYLS8srq2v2+saFTjJFWZ0mIlGNiGgmuGR14CBYI1WMxJFgl1HveOhf3jCleSLPoZ+yMCZdyTucEjBSy94KgN1CTuWglZ8MSg0cQIKv9lp20XVczy9XPew6XmXf9auG+Afl/UoFe447QhFNUGvZ70E7oVnMJFBBtG56bgphThRwKtigEGSapYT2SJc1DZUkZjrMR/cP8K5R2riTKFMS8Ej9PpGTWOt+HJnOmMC1/u0Nxb+8ZgadaphzmWbAJB0v6mQCmx+HYeA2V4yC6BtCqOLmVkyviSIUTGQFE8LXp/h/cuE73oHjn5WLR4eTOBbQNtpBJeShCjpCp6iG6oiiO/SAntCzdW89Wi/W67h1yprMbKIfsN4+AZvZldI=</latexit>

cnG(X ! Y )

<latexit sha1_base64="vN6/NxdZgpA+s/K90BMuzQ3p05Y=">AAAB/3icdVBNS8NAEN34bf2KCl68LBahXkISiy14ETzosYLVShPKZrutSzebsDsRS+zBv+LFgyJe/Rve/DduPwQVfTDweG+GmXlRKrgG1/2wpqZnZufmFxYLS8srq2v2+saFTjJFWZ0mIlGNiGgmuGR14CBYI1WMxJFgl1HveOhf3jCleSLPoZ+yMCZdyTucEjBSy94KgN1CTuWglZ8MSg0cQIKv9lp20XVczy9XPew6XmXf9auG+Afl/UoFe447QhFNUGvZ70E7oVnMJFBBtG56bgphThRwKtigEGSapYT2SJc1DZUkZjrMR/cP8K5R2riTKFMS8Ej9PpGTWOt+HJnOmMC1/u0Nxb+8ZgadaphzmWbAJB0v6mQCmx+HYeA2V4yC6BtCqOLmVkyviSIUTGQFE8LXp/h/cuE73oHjn5WLR4eTOBbQNtpBJeShCjpCp6iG6oiiO/SAntCzdW89Wi/W67h1yprMbKIfsN4+AZvZldI=</latexit>

cnG(X ! Y ) <latexit sha1_base64="VkwjT9mkdzUi7iNHS91WIYhgmqY=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgqey23breih70WMG2SruUbJptQ7PJkmTFsvRXePGgiFd/jjf/jdm2goo+GHi8N8PMvCBmVGnb/rByS8srq2v59cLG5tb2TnF3r61EIjFpYcGEvAmQIoxy0tJUM3ITS4KigJFOMD7P/M4dkYoKfq0nMfEjNOQ0pBhpI932AnFPBunFtF8s2WXbdqt1DxpyWvE815CK49aqLnSMlaEEFmj2i++9gcBJRLjGDCnVdexY+ymSmmJGpoVeokiM8BgNSddQjiKi/HR28BQeGWUAQyFNcQ1n6veJFEVKTaLAdEZIj9RvLxP/8rqJDj0/pTxONOF4vihMGNQCZt/DAZUEazYxBGFJza0Qj5BEWJuMCiaEr0/h/6RdKTv1cu2qVmqcLeLIgwNwCI6BA05AA1yCJmgBDCLwAJ7AsyWtR+vFep235qzFzD74AevtE2awkNQ=</latexit>

G

Z

X Y

W S

V
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Theorem (Rotnitzky and Smucler, 2020)  

The most efficient adjustment set to use for the effect of X on Y is 

 

where                                  are all the nodes on a causal (i.e. directed) path from X to Y, 

but excluding X itself. (So parents of this set not on the causal path.) 

Remarks 

1. Optimal set adjusts for some unnecessary variables (here, S) since these are 

not actually confounders 

2. Optimal set does not control for instruments (here, Z) 

The key quantity to keep as small as possible for optimality is

<latexit sha1_base64="mJrpkYEtGKJNPhqHFBnp+CfaKRE="></latexit>

paG
�
cnG(X ! Y )

�
\
�
cnG(X ! Y ) [ {X}

�

<latexit sha1_base64="vN6/NxdZgpA+s/K90BMuzQ3p05Y=">AAAB/3icdVBNS8NAEN34bf2KCl68LBahXkISiy14ETzosYLVShPKZrutSzebsDsRS+zBv+LFgyJe/Rve/DduPwQVfTDweG+GmXlRKrgG1/2wpqZnZufmFxYLS8srq2v2+saFTjJFWZ0mIlGNiGgmuGR14CBYI1WMxJFgl1HveOhf3jCleSLPoZ+yMCZdyTucEjBSy94KgN1CTuWglZ8MSg0cQIKv9lp20XVczy9XPew6XmXf9auG+Afl/UoFe447QhFNUGvZ70E7oVnMJFBBtG56bgphThRwKtigEGSapYT2SJc1DZUkZjrMR/cP8K5R2riTKFMS8Ej9PpGTWOt+HJnOmMC1/u0Nxb+8ZgadaphzmWbAJB0v6mQCmx+HYeA2V4yC6BtCqOLmVkyviSIUTGQFE8LXp/h/cuE73oHjn5WLR4eTOBbQNtpBJeShCjpCp6iG6oiiO/SAntCzdW89Wi/W67h1yprMbKIfsN4+AZvZldI=</latexit>

cnG(X ! Y )

<latexit sha1_base64="NtOAGHhde18f8sS43XgQGgvtqlA="></latexit>

variance in Y

variance in X



Overview of the course

• Lecture 1: Introduction & Motivation, why do we care about causality? 

Why deriving causality from observational data is non-trivial. 

• Lecture 2: Recap of probability theory, variables, events, conditional 

probabilities, independence, law of total probability, Bayes’ rule 

• Lecture 3: Recap of regression, multiple regression, graphs, SCM  

• Lecture 4-20: Causality

Causal Effect Estimation Casual Discovery

Obsv confounders Unobsv confounders

Regression 
Adjustment

Propensity 
score 

Rubin

IV
Front-door 

criterion

Rubin, Pearl

Constraint-
based

Score-
based

FCMs


