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<latexit sha1_base64="A2tRGPb6S6AMo55jwr8tq9XjKsM="></latexit>

E[Y1 � Y0] = EX

⇥
E[(Y1 � Y0|X)]

⇤

= EX

⇥
E[(Y1|X)]� E[(Y0|X)]

⇤

= EX

⇥
E[(Y1|T = 1, X)]� E[(Y0|T = 0, X)]

⇤

= EX

⇥
E[Y |T = 1, X]� E[Y |T = 0, X]

⇤

T Y

X
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<latexit sha1_base64="A2tRGPb6S6AMo55jwr8tq9XjKsM="></latexit>

E[Y1 � Y0] = EX

⇥
E[(Y1 � Y0|X)]

⇤

= EX

⇥
E[(Y1|X)]� E[(Y0|X)]

⇤

= EX

⇥
E[(Y1|T = 1, X)]� E[(Y0|T = 0, X)]

⇤

= EX

⇥
E[Y |T = 1, X]� E[Y |T = 0, X]

⇤

Iterated expectation
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<latexit sha1_base64="A2tRGPb6S6AMo55jwr8tq9XjKsM="></latexit>

E[Y1 � Y0] = EX

⇥
E[(Y1 � Y0|X)]

⇤

= EX

⇥
E[(Y1|X)]� E[(Y0|X)]

⇤

= EX

⇥
E[(Y1|T = 1, X)]� E[(Y0|T = 0, X)]

⇤

= EX

⇥
E[Y |T = 1, X]� E[Y |T = 0, X]

⇤

Unconfoundedness
<latexit sha1_base64="IEchlmcDtTK44A5dRlVdRBzaLns="></latexit>

Y1, Y0 ?? T | X

Linearity

Iterated expectation
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<latexit sha1_base64="A2tRGPb6S6AMo55jwr8tq9XjKsM="></latexit>

E[Y1 � Y0] = EX

⇥
E[(Y1 � Y0|X)]

⇤

= EX

⇥
E[(Y1|X)]� E[(Y0|X)]

⇤

= EX

⇥
E[(Y1|T = 1, X)]� E[(Y0|T = 0, X)]

⇤

= EX

⇥
E[Y |T = 1, X]� E[Y |T = 0, X]

⇤

Unconfoundedness
<latexit sha1_base64="IEchlmcDtTK44A5dRlVdRBzaLns="></latexit>

Y1, Y0 ?? T | X

Linearity

Iterated expectation
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Observed Confounders only, ATE estimated via: 

1) Regression (covariate) adjustment
T Y

X

<latexit sha1_base64="lumbMMR7yLGj7ypXPVdQvauxzMw=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEN5ZMGdu6K4rgsoJ9MR2GTJq2oZkHSUYoQ8FfceNCEbd+hzv/xkxbQUUPBA7n3Ms9OX7MmVQIfRi5peWV1bX8emFjc2t7x9zda8koEYQ2ScQj0fGxpJyFtKmY4rQTC4oDn9O2P77M/PYdFZJF4a2axNQN8DBkA0aw0pJnHvQCrEa+n15Nna5nnXY9BN2CZxZRCSG7WkFQk/NarVbVpHyGbISgpa0MRbBAwzPfe/2IJAENFeFYSsdCsXJTLBQjnE4LvUTSGJMxHlJH0xAHVLrpLP4UHmulDweR0C9UcKZ+30hxIOUk8PVkFlb+9jLxL89J1KDmpiyME0VDMj80SDhUEcy6gH0mKFF8ogkmgumskIywwETpxrISvn4K/yetcsmqlOwbu1i/WNSRB4fgCJwAC1RBHVyDBmgCAlLwAJ7As3FvPBovxut8NGcsdvbBDxhvn7czlLE=</latexit>

E[Y1 � Y0]

<latexit sha1_base64="D5ml2lWfUrtviSZBDBU2mkO6wMA="></latexit>

ATE = EX

h
E[Y |T = 1, X]� E[Y |T = 0, X]

i

Estimated as         (under e.g. linearity assumption) via: 

<latexit sha1_base64="CAE2BvFmwaaIaf34yykFUKEcHNY="></latexit>

E[Y |T,X] = ↵0 + �xX + �tT

<latexit sha1_base64="WslrmxIs1NxFaXWNGqIp2BkpgL4=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgKcyGNVlvQS8eI5gHJEuYncwmQ2YfzPQKYclHePGgiFe/x5t/42wSQUULGoqqbrq7/EQKDYR8WIW19Y3NreJ2aWd3b/+gfHjU0XGqGG+zWMaq51PNpYh4GwRI3ksUp6EvedefXud+954rLeLoDmYJ90I6jkQgGAUjdQc+BzqEYblCqoQ4jTrBhly6rtswpHZBHEKwbawcFbRCa1h+H4xiloY8Aiap1n2bJOBlVIFgks9Lg1TzhLIpHfO+oRENufayxblzfGaUEQ5iZSoCvFC/T2Q01HoW+qYzpDDRv71c/MvrpxC4XiaiJAUeseWiIJUYYpz/jkdCcQZyZghlSphbMZtQRRmYhEomhK9P8f+kU6va9apz61SaV6s4iugEnaJzZKMGaqIb1EJtxNAUPaAn9Gwl1qP1Yr0uWwvWauYY/YD19gm3Z4/Y</latexit>

�t

(Note: The estimate will be different under a different model, 

be aware of model-misspecification!!)
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Observed Confounders only, ATE estimated via: 

1) Regression (covariate) adjustment 

2) Propensity score matching and IPTW T Y

X

<latexit sha1_base64="lumbMMR7yLGj7ypXPVdQvauxzMw=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEN5ZMGdu6K4rgsoJ9MR2GTJq2oZkHSUYoQ8FfceNCEbd+hzv/xkxbQUUPBA7n3Ms9OX7MmVQIfRi5peWV1bX8emFjc2t7x9zda8koEYQ2ScQj0fGxpJyFtKmY4rQTC4oDn9O2P77M/PYdFZJF4a2axNQN8DBkA0aw0pJnHvQCrEa+n15Nna5nnXY9BN2CZxZRCSG7WkFQk/NarVbVpHyGbISgpa0MRbBAwzPfe/2IJAENFeFYSsdCsXJTLBQjnE4LvUTSGJMxHlJH0xAHVLrpLP4UHmulDweR0C9UcKZ+30hxIOUk8PVkFlb+9jLxL89J1KDmpiyME0VDMj80SDhUEcy6gH0mKFF8ogkmgumskIywwETpxrISvn4K/yetcsmqlOwbu1i/WNSRB4fgCJwAC1RBHVyDBmgCAlLwAJ7As3FvPBovxut8NGcsdvbBDxhvn7czlLE=</latexit>

E[Y1 � Y0]

e(x) = p(t = 1|x)
<latexit sha1_base64="WIlUbaYz3qTQq4z/eipX0bOCUBE=">AAAB/nicdVBNS0JBFJ1nX2ZfVrRqMySBbuS9p2guBKlNS4PUQB8yb7zq4LwPZuaF8hL6K21aFNG239Guf9P4EVTUgQuHc+7l3nvckDOpTPPDSKysrq1vJDdTW9s7u3vp/YOmDCJBoUEDHogbl0jgzIeGYorDTSiAeC6Hlju6mPmtWxCSBf61moTgeGTgsz6jRGmpmz7quMEYejFkx7lqmFVV626cm3bTGTNvmhWzVMaaVAp2saCJbZWssoUtbc2QQUvUu+n3Ti+gkQe+opxI2bbMUDkxEYpRDtNUJ5IQEjoiA2hr6hMPpBPPz5/iU630cD8QunyF5+r3iZh4Uk48V3d6RA3lb28m/uW1I9U/c2Lmh5ECny4W9SOOVYBnWeAeE0AVn2hCqGD6VkyHRBCqdGIpHcLXp/h/0rTzViFvXxUztfNlHEl0jE5QFlmojGroEtVRA1EUowf0hJ6Ne+PReDFeF60JYzlziH7AePsEbRKVJg==</latexit>
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Observed Confounders only, ATE estimated via: 

1) Regression (covariate) adjustment 

2) Propensity score matching and IPTW T Y

X

<latexit sha1_base64="lumbMMR7yLGj7ypXPVdQvauxzMw=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEN5ZMGdu6K4rgsoJ9MR2GTJq2oZkHSUYoQ8FfceNCEbd+hzv/xkxbQUUPBA7n3Ms9OX7MmVQIfRi5peWV1bX8emFjc2t7x9zda8koEYQ2ScQj0fGxpJyFtKmY4rQTC4oDn9O2P77M/PYdFZJF4a2axNQN8DBkA0aw0pJnHvQCrEa+n15Nna5nnXY9BN2CZxZRCSG7WkFQk/NarVbVpHyGbISgpa0MRbBAwzPfe/2IJAENFeFYSsdCsXJTLBQjnE4LvUTSGJMxHlJH0xAHVLrpLP4UHmulDweR0C9UcKZ+30hxIOUk8PVkFlb+9jLxL89J1KDmpiyME0VDMj80SDhUEcy6gH0mKFF8ogkmgumskIywwETpxrISvn4K/yetcsmqlOwbu1i/WNSRB4fgCJwAC1RBHVyDBmgCAlLwAJ7As3FvPBovxut8NGcsdvbBDxhvn7czlLE=</latexit>

E[Y1 � Y0]

e(x) = p(t = 1|x)
<latexit sha1_base64="WIlUbaYz3qTQq4z/eipX0bOCUBE=">AAAB/nicdVBNS0JBFJ1nX2ZfVrRqMySBbuS9p2guBKlNS4PUQB8yb7zq4LwPZuaF8hL6K21aFNG239Guf9P4EVTUgQuHc+7l3nvckDOpTPPDSKysrq1vJDdTW9s7u3vp/YOmDCJBoUEDHogbl0jgzIeGYorDTSiAeC6Hlju6mPmtWxCSBf61moTgeGTgsz6jRGmpmz7quMEYejFkx7lqmFVV626cm3bTGTNvmhWzVMaaVAp2saCJbZWssoUtbc2QQUvUu+n3Ti+gkQe+opxI2bbMUDkxEYpRDtNUJ5IQEjoiA2hr6hMPpBPPz5/iU630cD8QunyF5+r3iZh4Uk48V3d6RA3lb28m/uW1I9U/c2Lmh5ECny4W9SOOVYBnWeAeE0AVn2hCqGD6VkyHRBCqdGIpHcLXp/h/0rTzViFvXxUztfNlHEl0jE5QFlmojGroEtVRA1EUowf0hJ6Ne+PReDFeF60JYzlziH7AePsEbRKVJg==</latexit>

<latexit sha1_base64="0ICHyOSo0dgffEJWSFsLN2maZ7g="></latexit>

1

N1

X

treated

y(i)1

1

e(xi)
� 1

N0

X

not treated

y(i)0

1

1� e(xi)
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Observed Confounders only, ATE estimated via: 

1) Regression (covariate) adjustment 

2) Propensity score matching and IPTW T Y

X

<latexit sha1_base64="lumbMMR7yLGj7ypXPVdQvauxzMw=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEN5ZMGdu6K4rgsoJ9MR2GTJq2oZkHSUYoQ8FfceNCEbd+hzv/xkxbQUUPBA7n3Ms9OX7MmVQIfRi5peWV1bX8emFjc2t7x9zda8koEYQ2ScQj0fGxpJyFtKmY4rQTC4oDn9O2P77M/PYdFZJF4a2axNQN8DBkA0aw0pJnHvQCrEa+n15Nna5nnXY9BN2CZxZRCSG7WkFQk/NarVbVpHyGbISgpa0MRbBAwzPfe/2IJAENFeFYSsdCsXJTLBQjnE4LvUTSGJMxHlJH0xAHVLrpLP4UHmulDweR0C9UcKZ+30hxIOUk8PVkFlb+9jLxL89J1KDmpiyME0VDMj80SDhUEcy6gH0mKFF8ogkmgumskIywwETpxrISvn4K/yetcsmqlOwbu1i/WNSRB4fgCJwAC1RBHVyDBmgCAlLwAJ7As3FvPBovxut8NGcsdvbBDxhvn7czlLE=</latexit>

E[Y1 � Y0]

X

Y

U

TZUnobserved Confounders, ATE estimated via: 

1) Instrumental variable 
<latexit sha1_base64="QTouoaKyzF0JzCeLbFG3FSDjiLI="></latexit>

⌧ =
E [(Y |z = 1)� (Y |z = 0)]

E [(T |z = 1)� (T |z = 0)]
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Observed Confounders only, ATE estimated via: 

1) Regression (covariate) adjustment 

2) Propensity score matching and IPTW T Y

X

<latexit sha1_base64="lumbMMR7yLGj7ypXPVdQvauxzMw=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEN5ZMGdu6K4rgsoJ9MR2GTJq2oZkHSUYoQ8FfceNCEbd+hzv/xkxbQUUPBA7n3Ms9OX7MmVQIfRi5peWV1bX8emFjc2t7x9zda8koEYQ2ScQj0fGxpJyFtKmY4rQTC4oDn9O2P77M/PYdFZJF4a2axNQN8DBkA0aw0pJnHvQCrEa+n15Nna5nnXY9BN2CZxZRCSG7WkFQk/NarVbVpHyGbISgpa0MRbBAwzPfe/2IJAENFeFYSsdCsXJTLBQjnE4LvUTSGJMxHlJH0xAHVLrpLP4UHmulDweR0C9UcKZ+30hxIOUk8PVkFlb+9jLxL89J1KDmpiyME0VDMj80SDhUEcy6gH0mKFF8ogkmgumskIywwETpxrISvn4K/yetcsmqlOwbu1i/WNSRB4fgCJwAC1RBHVyDBmgCAlLwAJ7As3FvPBovxut8NGcsdvbBDxhvn7czlLE=</latexit>

E[Y1 � Y0]

X

Y

U

TZUnobserved Confounders, ATE estimated via: 

1) Instrumental variable  

2) Front door criterion (Pearl, see later)
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We wish to estimate the impact of a treatment/policy      applied at time  

on some outcome       by using information before and after the treatment  

Examples:  

• What is the effect of government policy for renewable energy (e.g. T=subsidies, 

advertisement, …) on people switching to renewable energy sources (e.g Y= 

installing solar panels, switching to hydro, …)  

• What is the effect of NHS funding for research in AI  

on improving hospital wait-time 

• What is the effect of a internship on students’ in getting a job 

Any issues with the above set up? 

<latexit sha1_base64="vRIWrqS2Dq/b94Z94alie+hY2rM=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcyGmKy3oBePCeQFyRJmJ73J6OyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXFwuuNCEfVm5tfWNzK79d2Nnd2z8oHh51VZRIBh0WiUj2PapA8BA6mmsB/VgCDTwBPe/uOvN79yAVj8K2nsXgBnQScp8zqo3Uao+KJVImpFqvEWzIpeM4dUMqF6RKCLaNlaGEVmiOiu/DccSSAELNBFVqYJNYuymVmjMB88IwURBTdkcnMDA0pAEoN10cOsdnRhljP5KmQo0X6veJlAZKzQLPdAZUT9VvLxP/8gaJ9h035WGcaAjZcpGfCKwjnH2Nx1wC02JmCGWSm1sxm1JJmTbZFEwIX5/i/0m3UrZr5WqrWmpcreLIoxN0is6RjeqogW5QE3UQQ4Ae0BN6tm6tR+vFel225qzVzDH6AevtExU2jSU=</latexit>

T
<latexit sha1_base64="aYxRIWjsV5S7UFBi8zFosg5xhS4=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8hdkQk/UW9OIxAfOQZAmzk9lkzOyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXFwuuNMYf1srq2vrGZm4rv72zu7dfODhsqyiRlLVoJCLZ9YhigoespbkWrBtLRgJPsI43ucr8zj2TikfhjZ7GzA3IKOQ+p0QbqXk7KBRxCeNKrYqRIReO49QMKZ/jCsbINlaGIizRGBTe+8OIJgELNRVEqZ6NY+2mRGpOBZvl+4liMaETMmI9Q0MSMOWm80Nn6NQoQ+RH0lSo0Vz9PpGSQKlp4JnOgOix+u1l4l9eL9G+46Y8jBPNQrpY5CcC6QhlX6Mhl4xqMTWEUMnNrYiOiSRUm2zyJoSvT9H/pF0u2dVSpVkp1i+XceTgGE7gDGyoQR2uoQEtoMDgAZ7g2bqzHq0X63XRumItZ47gB6y3TxzKjSo=</latexit>

Y

<latexit sha1_base64="UnkzS51rJTbdu7bFb111wUkpdF8=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcyGmKy3oBePCZgHJEuYncwmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFhwpTH+sHJr6xubW/ntws7u3v5B8fCoo6JEUtamkYhkzyOKCR6ytuZasF4sGQk8wbre9Drzu/dMKh6Ft3oWMzcg45D7nBJtpJYaFku4jHG1XsPIkEvHceqGVC5wFWNkGytDCVZoDovvg1FEk4CFmgqiVN/GsXZTIjWngs0Lg0SxmNApGbO+oSEJmHLTxaFzdGaUEfIjaSrUaKF+n0hJoNQs8ExnQPRE/fYy8S+vn2jfcVMexolmIV0u8hOBdISyr9GIS0a1mBlCqOTmVkQnRBKqTTYFE8LXp+h/0qmU7Vq52qqWGlerOPJwAqdwDjbUoQE30IQ2UGDwAE/wbN1Zj9aL9bpszVmrmWP4AevtE0QyjUQ=</latexit>s
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We wish to estimate the impact of a treatment/policy      applied at time  

on some outcome       by using information before and after the treatment  

Examples:  

• What is the effect of government policy for renewable energy (e.g. T=subsidies, 

advertisement, …) on people switching to renewable energy sources (e.g Y= 

installing solar panels, switching to hydro, …)  

• What is the effect of NHS funding for research in AI  

on improving hospital wait-time 

• What is the effect of a internship on students’ in getting a job 

Issue: Control group? Was the increase/decrease due to the treatment or would 

we have seen the same increase/decrease even without the intervention?

<latexit sha1_base64="vRIWrqS2Dq/b94Z94alie+hY2rM=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcyGmKy3oBePCeQFyRJmJ73J6OyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXFwuuNCEfVm5tfWNzK79d2Nnd2z8oHh51VZRIBh0WiUj2PapA8BA6mmsB/VgCDTwBPe/uOvN79yAVj8K2nsXgBnQScp8zqo3Uao+KJVImpFqvEWzIpeM4dUMqF6RKCLaNlaGEVmiOiu/DccSSAELNBFVqYJNYuymVmjMB88IwURBTdkcnMDA0pAEoN10cOsdnRhljP5KmQo0X6veJlAZKzQLPdAZUT9VvLxP/8gaJ9h035WGcaAjZcpGfCKwjnH2Nx1wC02JmCGWSm1sxm1JJmTbZFEwIX5/i/0m3UrZr5WqrWmpcreLIoxN0is6RjeqogW5QE3UQQ4Ae0BN6tm6tR+vFel225qzVzDH6AevtExU2jSU=</latexit>

T
<latexit sha1_base64="aYxRIWjsV5S7UFBi8zFosg5xhS4=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8hdkQk/UW9OIxAfOQZAmzk9lkzOyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXFwuuNMYf1srq2vrGZm4rv72zu7dfODhsqyiRlLVoJCLZ9YhigoespbkWrBtLRgJPsI43ucr8zj2TikfhjZ7GzA3IKOQ+p0QbqXk7KBRxCeNKrYqRIReO49QMKZ/jCsbINlaGIizRGBTe+8OIJgELNRVEqZ6NY+2mRGpOBZvl+4liMaETMmI9Q0MSMOWm80Nn6NQoQ+RH0lSo0Vz9PpGSQKlp4JnOgOix+u1l4l9eL9G+46Y8jBPNQrpY5CcC6QhlX6Mhl4xqMTWEUMnNrYiOiSRUm2zyJoSvT9H/pF0u2dVSpVkp1i+XceTgGE7gDGyoQR2uoQEtoMDgAZ7g2bqzHq0X63XRumItZ47gB6y3TxzKjSo=</latexit>

Y

<latexit sha1_base64="UnkzS51rJTbdu7bFb111wUkpdF8=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcyGmKy3oBePCZgHJEuYncwmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFhwpTH+sHJr6xubW/ntws7u3v5B8fCoo6JEUtamkYhkzyOKCR6ytuZasF4sGQk8wbre9Drzu/dMKh6Ft3oWMzcg45D7nBJtpJYaFku4jHG1XsPIkEvHceqGVC5wFWNkGytDCVZoDovvg1FEk4CFmgqiVN/GsXZTIjWngs0Lg0SxmNApGbO+oSEJmHLTxaFzdGaUEfIjaSrUaKF+n0hJoNQs8ExnQPRE/fYy8S+vn2jfcVMexolmIV0u8hOBdISyr9GIS0a1mBlCqOTmVkQnRBKqTTYFE8LXp+h/0qmU7Vq52qqWGlerOPJwAqdwDjbUoQE30IQ2UGDwAE/wbN1Zj9aL9bpszVmrmWP4AevtE0QyjUQ=</latexit>s
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We wish to estimate the impact of a treatment/policy      applied at time  

on some outcome       by using information before and after the treatment 

We have two components:  

1) Treatment group and control groups.  

Treatment group: Receives treatment at some point in time 

Control group: Does not receive treatment (within considered time frame)  

2) Before vs after (the treatment is applied), 

i.e. we have data from before and after the intervention is applied  

<latexit sha1_base64="UnkzS51rJTbdu7bFb111wUkpdF8=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcyGmKy3oBePCZgHJEuYncwmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFhwpTH+sHJr6xubW/ntws7u3v5B8fCoo6JEUtamkYhkzyOKCR6ytuZasF4sGQk8wbre9Drzu/dMKh6Ft3oWMzcg45D7nBJtpJYaFku4jHG1XsPIkEvHceqGVC5wFWNkGytDCVZoDovvg1FEk4CFmgqiVN/GsXZTIjWngs0Lg0SxmNApGbO+oSEJmHLTxaFzdGaUEfIjaSrUaKF+n0hJoNQs8ExnQPRE/fYy8S+vn2jfcVMexolmIV0u8hOBdISyr9GIS0a1mBlCqOTmVkQnRBKqTTYFE8LXp+h/0qmU7Vq52qqWGlerOPJwAqdwDjbUoQE30IQ2UGDwAE/wbN1Zj9aL9bpszVmrmWP4AevtE0QyjUQ=</latexit>s

<latexit sha1_base64="vRIWrqS2Dq/b94Z94alie+hY2rM=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcyGmKy3oBePCeQFyRJmJ73J6OyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXFwuuNCEfVm5tfWNzK79d2Nnd2z8oHh51VZRIBh0WiUj2PapA8BA6mmsB/VgCDTwBPe/uOvN79yAVj8K2nsXgBnQScp8zqo3Uao+KJVImpFqvEWzIpeM4dUMqF6RKCLaNlaGEVmiOiu/DccSSAELNBFVqYJNYuymVmjMB88IwURBTdkcnMDA0pAEoN10cOsdnRhljP5KmQo0X6veJlAZKzQLPdAZUT9VvLxP/8gaJ9h035WGcaAjZcpGfCKwjnH2Nx1wC02JmCGWSm1sxm1JJmTbZFEwIX5/i/0m3UrZr5WqrWmpcreLIoxN0is6RjeqogW5QE3UQQ4Ae0BN6tm6tR+vFel225qzVzDH6AevtExU2jSU=</latexit>

T
<latexit sha1_base64="aYxRIWjsV5S7UFBi8zFosg5xhS4=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8hdkQk/UW9OIxAfOQZAmzk9lkzOyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXFwuuNMYf1srq2vrGZm4rv72zu7dfODhsqyiRlLVoJCLZ9YhigoespbkWrBtLRgJPsI43ucr8zj2TikfhjZ7GzA3IKOQ+p0QbqXk7KBRxCeNKrYqRIReO49QMKZ/jCsbINlaGIizRGBTe+8OIJgELNRVEqZ6NY+2mRGpOBZvl+4liMaETMmI9Q0MSMOWm80Nn6NQoQ+RH0lSo0Vz9PpGSQKlp4JnOgOix+u1l4l9eL9G+46Y8jBPNQrpY5CcC6QhlX6Mhl4xqMTWEUMnNrYiOiSRUm2zyJoSvT9H/pF0u2dVSpVkp1i+XceTgGE7gDGyoQR2uoQEtoMDgAZ7g2bqzHq0X63XRumItZ47gB6y3TxzKjSo=</latexit>

Y

<latexit sha1_base64="UnkzS51rJTbdu7bFb111wUkpdF8=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcyGmKy3oBePCZgHJEuYncwmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFhwpTH+sHJr6xubW/ntws7u3v5B8fCoo6JEUtamkYhkzyOKCR6ytuZasF4sGQk8wbre9Drzu/dMKh6Ft3oWMzcg45D7nBJtpJYaFku4jHG1XsPIkEvHceqGVC5wFWNkGytDCVZoDovvg1FEk4CFmgqiVN/GsXZTIjWngs0Lg0SxmNApGbO+oSEJmHLTxaFzdGaUEfIjaSrUaKF+n0hJoNQs8ExnQPRE/fYy8S+vn2jfcVMexolmIV0u8hOBdISyr9GIS0a1mBlCqOTmVkQnRBKqTTYFE8LXp+h/0qmU7Vq52qqWGlerOPJwAqdwDjbUoQE30IQ2UGDwAE/wbN1Zj9aL9bpszVmrmWP4AevtE0QyjUQ=</latexit>s
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We wish to estimate the impact of a treatment/policy      applied at time  

on some outcome       by using information before and after the treatment 

We have two components:  

1) Treatment group and control groups.  

Treatment group: Receives treatment at some point in time 

Control group: Does not receive treatment (within considered time frame)  

2) Before vs after (the treatment is applied), 

i.e. we have data from before and after the intervention is applied  

If the treatment assignment is completely random, then could consider treatment 

and control to only differ based on the intervention (all else being the same) … 

<latexit sha1_base64="UnkzS51rJTbdu7bFb111wUkpdF8=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcyGmKy3oBePCZgHJEuYncwmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFhwpTH+sHJr6xubW/ntws7u3v5B8fCoo6JEUtamkYhkzyOKCR6ytuZasF4sGQk8wbre9Drzu/dMKh6Ft3oWMzcg45D7nBJtpJYaFku4jHG1XsPIkEvHceqGVC5wFWNkGytDCVZoDovvg1FEk4CFmgqiVN/GsXZTIjWngs0Lg0SxmNApGbO+oSEJmHLTxaFzdGaUEfIjaSrUaKF+n0hJoNQs8ExnQPRE/fYy8S+vn2jfcVMexolmIV0u8hOBdISyr9GIS0a1mBlCqOTmVkQnRBKqTTYFE8LXp+h/0qmU7Vq52qqWGlerOPJwAqdwDjbUoQE30IQ2UGDwAE/wbN1Zj9aL9bpszVmrmWP4AevtE0QyjUQ=</latexit>s

<latexit sha1_base64="vRIWrqS2Dq/b94Z94alie+hY2rM=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcyGmKy3oBePCeQFyRJmJ73J6OyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXFwuuNCEfVm5tfWNzK79d2Nnd2z8oHh51VZRIBh0WiUj2PapA8BA6mmsB/VgCDTwBPe/uOvN79yAVj8K2nsXgBnQScp8zqo3Uao+KJVImpFqvEWzIpeM4dUMqF6RKCLaNlaGEVmiOiu/DccSSAELNBFVqYJNYuymVmjMB88IwURBTdkcnMDA0pAEoN10cOsdnRhljP5KmQo0X6veJlAZKzQLPdAZUT9VvLxP/8gaJ9h035WGcaAjZcpGfCKwjnH2Nx1wC02JmCGWSm1sxm1JJmTbZFEwIX5/i/0m3UrZr5WqrWmpcreLIoxN0is6RjeqogW5QE3UQQ4Ae0BN6tm6tR+vFel225qzVzDH6AevtExU2jSU=</latexit>

T
<latexit sha1_base64="aYxRIWjsV5S7UFBi8zFosg5xhS4=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8hdkQk/UW9OIxAfOQZAmzk9lkzOyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXFwuuNMYf1srq2vrGZm4rv72zu7dfODhsqyiRlLVoJCLZ9YhigoespbkWrBtLRgJPsI43ucr8zj2TikfhjZ7GzA3IKOQ+p0QbqXk7KBRxCeNKrYqRIReO49QMKZ/jCsbINlaGIizRGBTe+8OIJgELNRVEqZ6NY+2mRGpOBZvl+4liMaETMmI9Q0MSMOWm80Nn6NQoQ+RH0lSo0Vz9PpGSQKlp4JnOgOix+u1l4l9eL9G+46Y8jBPNQrpY5CcC6QhlX6Mhl4xqMTWEUMnNrYiOiSRUm2zyJoSvT9H/pF0u2dVSpVkp1i+XceTgGE7gDGyoQR2uoQEtoMDgAZ7g2bqzHq0X63XRumItZ47gB6y3TxzKjSo=</latexit>

Y

<latexit sha1_base64="UnkzS51rJTbdu7bFb111wUkpdF8=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcyGmKy3oBePCZgHJEuYncwmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFhwpTH+sHJr6xubW/ntws7u3v5B8fCoo6JEUtamkYhkzyOKCR6ytuZasF4sGQk8wbre9Drzu/dMKh6Ft3oWMzcg45D7nBJtpJYaFku4jHG1XsPIkEvHceqGVC5wFWNkGytDCVZoDovvg1FEk4CFmgqiVN/GsXZTIjWngs0Lg0SxmNApGbO+oSEJmHLTxaFzdGaUEfIjaSrUaKF+n0hJoNQs8ExnQPRE/fYy8S+vn2jfcVMexolmIV0u8hOBdISyr9GIS0a1mBlCqOTmVkQnRBKqTTYFE8LXp+h/0qmU7Vq52qqWGlerOPJwAqdwDjbUoQE30IQ2UGDwAE/wbN1Zj9aL9bpszVmrmWP4AevtE0QyjUQ=</latexit>s
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We wish to estimate the impact of a treatment/policy      applied at time  

on some outcome       by using information before and after the treatment 

We have two components:  

1) Treatment group and control groups.  

Treatment group: Receives treatment at some point in time 

Control group: Does not receive treatment (within considered time frame)  

2) Before vs after (the treatment is applied), 

i.e. we have data from before and after the intervention is applied  

If the treatment assignment is completely random, then could consider treatment 

and control to only differ based on the intervention (all else being the same) …  

but most of the time this is not random … 

<latexit sha1_base64="UnkzS51rJTbdu7bFb111wUkpdF8=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcyGmKy3oBePCZgHJEuYncwmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFhwpTH+sHJr6xubW/ntws7u3v5B8fCoo6JEUtamkYhkzyOKCR6ytuZasF4sGQk8wbre9Drzu/dMKh6Ft3oWMzcg45D7nBJtpJYaFku4jHG1XsPIkEvHceqGVC5wFWNkGytDCVZoDovvg1FEk4CFmgqiVN/GsXZTIjWngs0Lg0SxmNApGbO+oSEJmHLTxaFzdGaUEfIjaSrUaKF+n0hJoNQs8ExnQPRE/fYy8S+vn2jfcVMexolmIV0u8hOBdISyr9GIS0a1mBlCqOTmVkQnRBKqTTYFE8LXp+h/0qmU7Vq52qqWGlerOPJwAqdwDjbUoQE30IQ2UGDwAE/wbN1Zj9aL9bpszVmrmWP4AevtE0QyjUQ=</latexit>s

<latexit sha1_base64="vRIWrqS2Dq/b94Z94alie+hY2rM=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcyGmKy3oBePCeQFyRJmJ73J6OyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXFwuuNCEfVm5tfWNzK79d2Nnd2z8oHh51VZRIBh0WiUj2PapA8BA6mmsB/VgCDTwBPe/uOvN79yAVj8K2nsXgBnQScp8zqo3Uao+KJVImpFqvEWzIpeM4dUMqF6RKCLaNlaGEVmiOiu/DccSSAELNBFVqYJNYuymVmjMB88IwURBTdkcnMDA0pAEoN10cOsdnRhljP5KmQo0X6veJlAZKzQLPdAZUT9VvLxP/8gaJ9h035WGcaAjZcpGfCKwjnH2Nx1wC02JmCGWSm1sxm1JJmTbZFEwIX5/i/0m3UrZr5WqrWmpcreLIoxN0is6RjeqogW5QE3UQQ4Ae0BN6tm6tR+vFel225qzVzDH6AevtExU2jSU=</latexit>

T
<latexit sha1_base64="aYxRIWjsV5S7UFBi8zFosg5xhS4=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8hdkQk/UW9OIxAfOQZAmzk9lkzOyDmVkhLPkCLx4U8eonefNvnE0iqGhBQ1HVTXeXFwuuNMYf1srq2vrGZm4rv72zu7dfODhsqyiRlLVoJCLZ9YhigoespbkWrBtLRgJPsI43ucr8zj2TikfhjZ7GzA3IKOQ+p0QbqXk7KBRxCeNKrYqRIReO49QMKZ/jCsbINlaGIizRGBTe+8OIJgELNRVEqZ6NY+2mRGpOBZvl+4liMaETMmI9Q0MSMOWm80Nn6NQoQ+RH0lSo0Vz9PpGSQKlp4JnOgOix+u1l4l9eL9G+46Y8jBPNQrpY5CcC6QhlX6Mhl4xqMTWEUMnNrYiOiSRUm2zyJoSvT9H/pF0u2dVSpVkp1i+XceTgGE7gDGyoQR2uoQEtoMDgAZ7g2bqzHq0X63XRumItZ47gB6y3TxzKjSo=</latexit>

Y

<latexit sha1_base64="UnkzS51rJTbdu7bFb111wUkpdF8=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKcyGmKy3oBePCZgHJEuYncwmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFhwpTH+sHJr6xubW/ntws7u3v5B8fCoo6JEUtamkYhkzyOKCR6ytuZasF4sGQk8wbre9Drzu/dMKh6Ft3oWMzcg45D7nBJtpJYaFku4jHG1XsPIkEvHceqGVC5wFWNkGytDCVZoDovvg1FEk4CFmgqiVN/GsXZTIjWngs0Lg0SxmNApGbO+oSEJmHLTxaFzdGaUEfIjaSrUaKF+n0hJoNQs8ExnQPRE/fYy8S+vn2jfcVMexolmIV0u8hOBdISyr9GIS0a1mBlCqOTmVkQnRBKqTTYFE8LXp+h/0qmU7Vq52qqWGlerOPJwAqdwDjbUoQE30IQ2UGDwAE/wbN1Zj9aL9bpszVmrmWP4AevtE0QyjUQ=</latexit>s



Difference in Difference

16

Treatment assignment is not random and the two groups may well have different 
starting points  

Examples: Perhaps … 

• People in California are already more likely to switch to solar panels than 
people in Scotland (e.g. due to Tesla’s offer, affordability, sun, …)

• NHS Scotland might have a shorter wait time than NHS England (e.g. due to 
number of patients, funding available, …)

• Students at university A who get an internship already have a better 
performance at the university (e.g. due prior experience with coding, more 
advance courses, …) than students in university B
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Time

Treatment group: Have 

received T=1 at time s

S*

Outcome

Control group: Have not 

received T (T=0) at time s

Group T

Group C

Before time S, neither group has 

received a treatment 

After time S, Group T has received 

the treatment but group C has not

S0 S1

Treatment assignment is not random and the two groups may well have different 

starting points   

DiD: Treatment effect on outcome is estimated as  

the difference in changes over time between the two groups 

i.e. difference in trends
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Time

Treatment group: Have 

received T=1 at time s

S*

Outcome

Control group: Have not 

received T (T=0) at time s

Group T

Group C

Before time S, neither group has 

received a treatment 

After time S, Group T has received 

the treatment but group C has not

S0 S1

Treatment assignment is not random and the two groups may well have different 

starting points   

DiD: Treatment effect on outcome is estimated as  

the difference in changes over time between the two groups 

i.e. difference in trends

= measured (line is for visualisation only!)
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Slide 1ATE: 
<latexit sha1_base64="lP98fGYFM6XZty3Q3vK5KXHFZ5c="></latexit>

E[Y1 � Y0] = EX

⇥
E[Y |T = 1, X]� E[Y |T = 0, X]

⇤

ATT: 

Iterated expectation<latexit sha1_base64="GnYFjCrlLWbHFuuCi4SKPGiPDlw="></latexit>
E[Y1 � Y0|T = 1] = EX

⇥
E[(Y1 � Y0|T = 1, X)]

��T = 1
⇤

=
X

x

E[Y1 � Y0|T = 1, X = x]p(X = x|T = 1)

=
X

x

E[Y |T = 1, X = x]p(X = x|T = 1)�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)

=
X

x,y

yp(Y |T = 1, X = x)p(X = x|T = 1)�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)

=
X

x,y

yp(Y,X = x|T = 1)�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)

=
X

y

yp(Y |T = 1)�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)

= E[Y |T = 1]�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)
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Slide 1ATE: 
<latexit sha1_base64="lP98fGYFM6XZty3Q3vK5KXHFZ5c="></latexit>

E[Y1 � Y0] = EX

⇥
E[Y |T = 1, X]� E[Y |T = 0, X]

⇤

ATT: 

Iterated expectation

Weaker 
Unconfoundedness 
to either remove T 
or set it to zero

<latexit sha1_base64="hIt+6gz8mTJKf2kGbg3NPW1Eh14=">AAACC3icdVDLSgMxFM34rPVVdekmtgiuSqbUdtwV3bis0Jd0hiGTZtrQzIMkI5TavRt/xY0LRdz6A+78GzPtCCp6woWTc+4luceLOZMKoQ9jaXlldW09t5Hf3Nre2S3s7XdklAhC2yTikeh5WFLOQtpWTHHaiwXFgcdp1xtfpH73hgrJorClJjF1AjwMmc8IVlpyC8VrF0E7piKG9lF6sksetqANb3X13EIJlRGq1msIanJmWVZdk8opqiIETW2lKIEMTbfwbg8ikgQ0VIRjKfsmipUzxUIxwuksbyeSxpiM8ZD2NQ1xQKUzne8yg8daGUA/ErpCBefq94kpDqScBJ7uDLAayd9eKv7l9RPlW86UhXGiaEgWD/kJhyqCaTBwwAQlik80wUQw/VdIRlhgonR8eR3C16bwf9KplM1auXpVLTXOszhy4BAUwQkwQR00wCVogjYg4A48gCfwbNwbj8aL8bpoXTKymQPwA8bbJ/i5l9s=</latexit>

Y0 ?? T | X

<latexit sha1_base64="GnYFjCrlLWbHFuuCi4SKPGiPDlw="></latexit>

E[Y1 � Y0|T = 1] = EX

⇥
E[(Y1 � Y0|T = 1, X)]

��T = 1
⇤

=
X

x

E[Y1 � Y0|T = 1, X = x]p(X = x|T = 1)

=
X

x

E[Y |T = 1, X = x]p(X = x|T = 1)�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)

=
X

x,y

yp(Y |T = 1, X = x)p(X = x|T = 1)�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)

=
X

x,y

yp(Y,X = x|T = 1)�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)

=
X

y

yp(Y |T = 1)�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)

= E[Y |T = 1]�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)
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Slide 1ATE: 
<latexit sha1_base64="lP98fGYFM6XZty3Q3vK5KXHFZ5c="></latexit>

E[Y1 � Y0] = EX

⇥
E[Y |T = 1, X]� E[Y |T = 0, X]

⇤

ATT: 

Iterated expectation<latexit sha1_base64="GnYFjCrlLWbHFuuCi4SKPGiPDlw="></latexit>
E[Y1 � Y0|T = 1] = EX

⇥
E[(Y1 � Y0|T = 1, X)]

��T = 1
⇤

=
X

x

E[Y1 � Y0|T = 1, X = x]p(X = x|T = 1)

=
X

x

E[Y |T = 1, X = x]p(X = x|T = 1)�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)

=
X

x,y

yp(Y |T = 1, X = x)p(X = x|T = 1)�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)

=
X

x,y

yp(Y,X = x|T = 1)�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)

=
X

y

yp(Y |T = 1)�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)

= E[Y |T = 1]�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)
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Slide 1ATE: 
<latexit sha1_base64="lP98fGYFM6XZty3Q3vK5KXHFZ5c="></latexit>

E[Y1 � Y0] = EX

⇥
E[Y |T = 1, X]� E[Y |T = 0, X]

⇤

ATT: 

Iterated expectation<latexit sha1_base64="GnYFjCrlLWbHFuuCi4SKPGiPDlw="></latexit>
E[Y1 � Y0|T = 1] = EX

⇥
E[(Y1 � Y0|T = 1, X)]

��T = 1
⇤

=
X

x

E[Y1 � Y0|T = 1, X = x]p(X = x|T = 1)

=
X

x

E[Y |T = 1, X = x]p(X = x|T = 1)�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)

=
X

x,y

yp(Y |T = 1, X = x)p(X = x|T = 1)�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)

=
X

x,y

yp(Y,X = x|T = 1)�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)

=
X

y

yp(Y |T = 1)�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)

= E[Y |T = 1]�
X

x

E[Y |T = 0, X = x]p(X = x|T = 1)
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No confoundersATE: 

ATT = ATE only when there are no confounders! 

<latexit sha1_base64="d5ZssqeooMCn+qI67aaS4Nr6mI0="></latexit>

E[Y1 � Y0] = E[Y |T = 1]� E[Y |T = 0]
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Time

s*

Outcome

Group T

s0 s1
= measured

Treatment group: Have no 

treatment  received (T=0) at time s0

Control group: Have no treatment 

received (T=0) at time s0

Control group: Have 

no treatment received 

(T=0) at time s1

Group C

Treatment group: Have treatment  

received (T=1) at time s1
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Time

s*

Outcome

Group T

s0 s1
= measured

Treatment group: Have no 

treatment  received (T=0) at time s0

Control group: Have no treatment 

received (T=0) at time s0

Control group: Have 

no treatment received 

(T=0) at time s1

Group C

Treatment group: Have treatment  

received (T=1) at time s1

<latexit sha1_base64="307JOpucpfhUhrNSCZD6oH5as7U="></latexit>

E[Y (s1)|Group = T ]

<latexit sha1_base64="BaC7LvpqY/uyPsap7+A4JZdm84Y="></latexit>

E[Y (s1)|Group = C]

<latexit sha1_base64="Hie+RO3CAxel9kAbbTDi7NOX7WA="></latexit>

E[Y (s0)|Group = C]

<latexit sha1_base64="5MXknIgMjo8CwL6ihhZxSc+2RZc="></latexit>

E[Y (s0)|Group = T ]



Back to Difference in Difference

26
Time

s*

Outcome

Group T

s0 s1

Treatment group: Have no 

treatment  received (T=0) at time s0

Treatment group: Have treatment  

received (T=1) at time s1

<latexit sha1_base64="307JOpucpfhUhrNSCZD6oH5as7U="></latexit>

E[Y (s1)|Group = T ]

<latexit sha1_base64="5MXknIgMjo8CwL6ihhZxSc+2RZc="></latexit>

E[Y (s0)|Group = T ]

We want the ATT:  

i.e. amongst the treated, how does giving the treatment compare with not giving 

the treatment (causally)

<latexit sha1_base64="THjOjPkzjofo8HfP8ogcntzu+MQ="></latexit>

E[Y1 � Y0|Group = T ]



Back to Difference in Difference

27
Time

s*

Outcome

s0 s1

Treatment group: Have no 

treatment  received (T=0) at time s0

Treatment group: Have treatment  

received (T=1) at time s1

<latexit sha1_base64="5MXknIgMjo8CwL6ihhZxSc+2RZc="></latexit>

E[Y (s0)|Group = T ]

We want the ATT:  

i.e. amongst the treated, how does giving the treatment compare with not giving 

the treatment (causally) 

BUT:                                              is actually measured: 

while                                             is not (counterfactual), 

Because in Group T everyone receives the treatment at 

<latexit sha1_base64="sH8xI+/190GX1TSHIb1vN3Sb+94="></latexit>

E[Y1|Group = T ]
<latexit sha1_base64="dbzFbGNIH45ykh5kkMr8T0ZT6OQ="></latexit>

E[Y0|Group = T ]
<latexit sha1_base64="Or60s7oRoTA/ldWKaCjm2RAgl44=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hdmwJust6MVjRPOAZAmzk9lkyOyDmVkhLPkELx4U8eoXefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/ucr9zj2TisfRnZ4mzAvJKOIBp0Qb6VYN7EGpjCsYO/UaRoZcuK5bN6R6jh2MkW2sHGVYojkovfeHMU1DFmkqiFI9Gyfay4jUnAo2K/ZTxRJCJ2TEeoZGJGTKy+anztCpUYYoiKWpSKO5+n0iI6FS09A3nSHRY/Xby8W/vF6qA9fLeJSkmkV0sShIBdIxyv9GQy4Z1WJqCKGSm1sRHRNJqDbpFE0IX5+i/0m7WrFrFefGKTcul3EU4BhO4AxsqEMDrqEJLaAwggd4gmdLWI/Wi/W6aF2xljNH8APW2ydpkI3o</latexit>s1

<latexit sha1_base64="307JOpucpfhUhrNSCZD6oH5as7U="></latexit>

E[Y (s1)|Group = T ]

<latexit sha1_base64="THjOjPkzjofo8HfP8ogcntzu+MQ="></latexit>

E[Y1 � Y0|Group = T ]

Group T

<latexit sha1_base64="307JOpucpfhUhrNSCZD6oH5as7U="></latexit>

E[Y (s1)|Group = T ]

?

?
?



Back to Difference in Difference

28
Time

s*

Outcome

s0 s1

Treatment group: Have no 

treatment  received (T=0) at time s0

Treatment group: Have treatment  

received (T=1) at time s1

<latexit sha1_base64="5MXknIgMjo8CwL6ihhZxSc+2RZc="></latexit>

E[Y (s0)|Group = T ]

We want the ATT:  

i.e. amongst the treated, how does giving the treatment compare with not giving 

the treatment (causally) 

BUT:                                              is actually measured: 

while                                             is not (counterfactual), 

Because in Group T everyone receives the treatment at 

<latexit sha1_base64="sH8xI+/190GX1TSHIb1vN3Sb+94="></latexit>

E[Y1|Group = T ]
<latexit sha1_base64="dbzFbGNIH45ykh5kkMr8T0ZT6OQ="></latexit>

E[Y0|Group = T ]
<latexit sha1_base64="Or60s7oRoTA/ldWKaCjm2RAgl44=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hdmwJust6MVjRPOAZAmzk9lkyOyDmVkhLPkELx4U8eoXefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/ucr9zj2TisfRnZ4mzAvJKOIBp0Qb6VYN7EGpjCsYO/UaRoZcuK5bN6R6jh2MkW2sHGVYojkovfeHMU1DFmkqiFI9Gyfay4jUnAo2K/ZTxRJCJ2TEeoZGJGTKy+anztCpUYYoiKWpSKO5+n0iI6FS09A3nSHRY/Xby8W/vF6qA9fLeJSkmkV0sShIBdIxyv9GQy4Z1WJqCKGSm1sRHRNJqDbpFE0IX5+i/0m7WrFrFefGKTcul3EU4BhO4AxsqEMDrqEJLaAwggd4gmdLWI/Wi/W6aF2xljNH8APW2ydpkI3o</latexit>s1

<latexit sha1_base64="307JOpucpfhUhrNSCZD6oH5as7U="></latexit>

E[Y (s1)|Group = T ]

<latexit sha1_base64="THjOjPkzjofo8HfP8ogcntzu+MQ="></latexit>

E[Y1 � Y0|Group = T ]

Group T

<latexit sha1_base64="307JOpucpfhUhrNSCZD6oH5as7U="></latexit>

E[Y (s1)|Group = T ]

?

?
?

Utilise the control for this! 



Back to Difference in Difference

Time

s*

Outcome

s0 s1

Treatment group: Have no 

treatment  received (T=0) at time s0

Treatment group: Have treatment  

received (T=1) at time s1

<latexit sha1_base64="5MXknIgMjo8CwL6ihhZxSc+2RZc="></latexit>

E[Y (s0)|Group = T ]

We want the ATT:  

i.e. amongst the treated, how does giving the treatment compare with not giving 

the treatment (causally) 

BUT:                                              is actually measured: 

while                                             is not (counterfactual), 

Because in Group T everyone receives the treatment at 

<latexit sha1_base64="sH8xI+/190GX1TSHIb1vN3Sb+94="></latexit>

E[Y1|Group = T ]
<latexit sha1_base64="dbzFbGNIH45ykh5kkMr8T0ZT6OQ="></latexit>

E[Y0|Group = T ]
<latexit sha1_base64="Or60s7oRoTA/ldWKaCjm2RAgl44=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hdmwJust6MVjRPOAZAmzk9lkyOyDmVkhLPkELx4U8eoXefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/ucr9zj2TisfRnZ4mzAvJKOIBp0Qb6VYN7EGpjCsYO/UaRoZcuK5bN6R6jh2MkW2sHGVYojkovfeHMU1DFmkqiFI9Gyfay4jUnAo2K/ZTxRJCJ2TEeoZGJGTKy+anztCpUYYoiKWpSKO5+n0iI6FS09A3nSHRY/Xby8W/vF6qA9fLeJSkmkV0sShIBdIxyv9GQy4Z1WJqCKGSm1sRHRNJqDbpFE0IX5+i/0m7WrFrFefGKTcul3EU4BhO4AxsqEMDrqEJLaAwggd4gmdLWI/Wi/W6aF2xljNH8APW2ydpkI3o</latexit>s1

<latexit sha1_base64="307JOpucpfhUhrNSCZD6oH5as7U="></latexit>

E[Y (s1)|Group = T ]

<latexit sha1_base64="THjOjPkzjofo8HfP8ogcntzu+MQ="></latexit>

E[Y1 � Y0|Group = T ]

Group T

Control group: Have no treatment 

received (T=0) at time s0

<latexit sha1_base64="bg5S0t2OJA5YGADw+YNaZZj1mDo=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA8hdmwJust6MVjFPOAZAmzk9lkyOyDmVkhLPkDLx4U8eofefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/ucr9zj2TisfRnZ4mzAvJKOIBp0Qb6bY/G5TKuIKxU69hZMiF67p1Q6rn2MEY2cbKUYYlmoPSe38Y0zRkkaaCKNWzcaK9jEjNqWCzYj9VLCF0QkasZ2hEQqa8bH7pDJ0aZYiCWJqKNJqr3ycyEio1DX3TGRI9Vr+9XPzL66U6cL2MR0mqWUQXi4JUIB2j/G005JJRLaaGECq5uRXRMZGEahNO0YTw9Sn6n7SrFbtWcW6ccuNyGUcBjuEEzsCGOjTgGprQAgoBPMATPFsT69F6sV4XrSvWcuYIfsB6+wQEGY20</latexit>

}ATT 

<latexit sha1_base64="BaC7LvpqY/uyPsap7+A4JZdm84Y="></latexit>

E[Y (s1)|Group = C]Utilise the control for this!  

Assumption: Parallel trends (same gradient)

Group C

<latexit sha1_base64="Hie+RO3CAxel9kAbbTDi7NOX7WA="></latexit>

E[Y (s0)|Group = C]



Back to Difference in Difference

Time

s*

Outcome

s0 s1

Treatment group: Have no 

treatment  received (T=0) at time s0

Treatment group: Have treatment  

received (T=1) at time s1

<latexit sha1_base64="5MXknIgMjo8CwL6ihhZxSc+2RZc="></latexit>

E[Y (s0)|Group = T ]

We want the ATT:  

i.e. amongst the treated, how does giving the treatment compare with not giving 

the treatment (causally) 

BUT:                                              is actually measured: 

while                                             is not (counterfactual), 

Because in Group T everyone receives the treatment at 

<latexit sha1_base64="sH8xI+/190GX1TSHIb1vN3Sb+94="></latexit>

E[Y1|Group = T ]
<latexit sha1_base64="dbzFbGNIH45ykh5kkMr8T0ZT6OQ="></latexit>

E[Y0|Group = T ]
<latexit sha1_base64="Or60s7oRoTA/ldWKaCjm2RAgl44=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hdmwJust6MVjRPOAZAmzk9lkyOyDmVkhLPkELx4U8eoXefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/ucr9zj2TisfRnZ4mzAvJKOIBp0Qb6VYN7EGpjCsYO/UaRoZcuK5bN6R6jh2MkW2sHGVYojkovfeHMU1DFmkqiFI9Gyfay4jUnAo2K/ZTxRJCJ2TEeoZGJGTKy+anztCpUYYoiKWpSKO5+n0iI6FS09A3nSHRY/Xby8W/vF6qA9fLeJSkmkV0sShIBdIxyv9GQy4Z1WJqCKGSm1sRHRNJqDbpFE0IX5+i/0m7WrFrFefGKTcul3EU4BhO4AxsqEMDrqEJLaAwggd4gmdLWI/Wi/W6aF2xljNH8APW2ydpkI3o</latexit>s1

<latexit sha1_base64="307JOpucpfhUhrNSCZD6oH5as7U="></latexit>

E[Y (s1)|Group = T ]

<latexit sha1_base64="THjOjPkzjofo8HfP8ogcntzu+MQ="></latexit>

E[Y1 � Y0|Group = T ]

Group T

Control group: Have no treatment 

received (T=0) at time s0

<latexit sha1_base64="bg5S0t2OJA5YGADw+YNaZZj1mDo=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA8hdmwJust6MVjFPOAZAmzk9lkyOyDmVkhLPkDLx4U8eofefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/ucr9zj2TisfRnZ4mzAvJKOIBp0Qb6bY/G5TKuIKxU69hZMiF67p1Q6rn2MEY2cbKUYYlmoPSe38Y0zRkkaaCKNWzcaK9jEjNqWCzYj9VLCF0QkasZ2hEQqa8bH7pDJ0aZYiCWJqKNJqr3ycyEio1DX3TGRI9Vr+9XPzL66U6cL2MR0mqWUQXi4JUIB2j/G005JJRLaaGECq5uRXRMZGEahNO0YTw9Sn6n7SrFbtWcW6ccuNyGUcBjuEEzsCGOjTgGprQAgoBPMATPFsT69F6sV4XrSvWcuYIfsB6+wQEGY20</latexit>

}ATT 

<latexit sha1_base64="BaC7LvpqY/uyPsap7+A4JZdm84Y="></latexit>

E[Y (s1)|Group = C]Group C

<latexit sha1_base64="Hie+RO3CAxel9kAbbTDi7NOX7WA="></latexit>

E[Y (s0)|Group = C]

<latexit sha1_base64="xw8WBIgRfWBRt2KJoxGsNjvR+Ig="></latexit>

E[Y1 � Y0|Group = T ] = (E[Y (s1)|Group = T ]� E[Y (s0)|Group = T ])

� (E[Y (s1)|Group = C]� E[Y (s0)|Group = C])

<latexit sha1_base64="TEwWGNSoezesKrjfjYysYbxF4XY=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ08yMckt6MVjAmaBZAg9nZqkTc9Cd48QQr7AiwdFvPpJ3vwbO4ugog8KHu9VUVXPTwRXmpAPa219Y3NrO7OT3d3bPzjMHR23VJxKBk0Wi1h2fKpA8AiammsBnUQCDX0BbX98Pffb9yAVj6NbPUnAC+kw4gFnVBup4fVzeWJXq8QtFTGxS6RQdquGkGLRcSrYsckCebRCvZ977w1iloYQaSaoUl2HJNqbUqk5EzDL9lIFCWVjOoSuoRENQXnTxaEzfG6UAQ5iaSrSeKF+n5jSUKlJ6JvOkOqR+u3Nxb+8bqqDijflUZJqiNhyUZAKrGM8/xoPuASmxcQQyiQ3t2I2opIybbLJmhC+PsX/k1bBdi5tt+Hma1erODLoFJ2hC+SgMqqhG1RHTcQQoAf0hJ6tO+vRerFel61r1mrmBP2A9fYJKl+NMw==</latexit>

]



Back to Difference in Difference

Time

s*

Outcome

s0 s1

Treatment group: Have no 

treatment  received (T=0) at time s0

Treatment group: Have treatment  

received (T=1) at time s1

<latexit sha1_base64="5MXknIgMjo8CwL6ihhZxSc+2RZc="></latexit>

E[Y (s0)|Group = T ]

We want the ATT:  

i.e. amongst the treated, how does giving the treatment compare with not giving 

the treatment (causally) 

BUT:                                              is actually measured: 

while                                             is not (counterfactual), 

Because in Group T everyone receives the treatment at 

<latexit sha1_base64="sH8xI+/190GX1TSHIb1vN3Sb+94="></latexit>

E[Y1|Group = T ]
<latexit sha1_base64="dbzFbGNIH45ykh5kkMr8T0ZT6OQ="></latexit>

E[Y0|Group = T ]
<latexit sha1_base64="Or60s7oRoTA/ldWKaCjm2RAgl44=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hdmwJust6MVjRPOAZAmzk9lkyOyDmVkhLPkELx4U8eoXefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/ucr9zj2TisfRnZ4mzAvJKOIBp0Qb6VYN7EGpjCsYO/UaRoZcuK5bN6R6jh2MkW2sHGVYojkovfeHMU1DFmkqiFI9Gyfay4jUnAo2K/ZTxRJCJ2TEeoZGJGTKy+anztCpUYYoiKWpSKO5+n0iI6FS09A3nSHRY/Xby8W/vF6qA9fLeJSkmkV0sShIBdIxyv9GQy4Z1WJqCKGSm1sRHRNJqDbpFE0IX5+i/0m7WrFrFefGKTcul3EU4BhO4AxsqEMDrqEJLaAwggd4gmdLWI/Wi/W6aF2xljNH8APW2ydpkI3o</latexit>s1

<latexit sha1_base64="307JOpucpfhUhrNSCZD6oH5as7U="></latexit>

E[Y (s1)|Group = T ]

<latexit sha1_base64="THjOjPkzjofo8HfP8ogcntzu+MQ="></latexit>

E[Y1 � Y0|Group = T ]

Group T

Control group: Have no treatment 

received (T=0) at time s0

<latexit sha1_base64="bg5S0t2OJA5YGADw+YNaZZj1mDo=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA8hdmwJust6MVjFPOAZAmzk9lkyOyDmVkhLPkDLx4U8eofefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/ucr9zj2TisfRnZ4mzAvJKOIBp0Qb6bY/G5TKuIKxU69hZMiF67p1Q6rn2MEY2cbKUYYlmoPSe38Y0zRkkaaCKNWzcaK9jEjNqWCzYj9VLCF0QkasZ2hEQqa8bH7pDJ0aZYiCWJqKNJqr3ycyEio1DX3TGRI9Vr+9XPzL66U6cL2MR0mqWUQXi4JUIB2j/G005JJRLaaGECq5uRXRMZGEahNO0YTw9Sn6n7SrFbtWcW6ccuNyGUcBjuEEzsCGOjTgGprQAgoBPMATPFsT69F6sV4XrSvWcuYIfsB6+wQEGY20</latexit>

}ATT 

<latexit sha1_base64="BaC7LvpqY/uyPsap7+A4JZdm84Y="></latexit>

E[Y (s1)|Group = C]Group C

<latexit sha1_base64="Hie+RO3CAxel9kAbbTDi7NOX7WA="></latexit>

E[Y (s0)|Group = C]

<latexit sha1_base64="xw8WBIgRfWBRt2KJoxGsNjvR+Ig="></latexit>

E[Y1 � Y0|Group = T ] = (E[Y (s1)|Group = T ]� E[Y (s0)|Group = T ])

� (E[Y (s1)|Group = C]� E[Y (s0)|Group = C])

<latexit sha1_base64="TEwWGNSoezesKrjfjYysYbxF4XY=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ08yMckt6MVjAmaBZAg9nZqkTc9Cd48QQr7AiwdFvPpJ3vwbO4ugog8KHu9VUVXPTwRXmpAPa219Y3NrO7OT3d3bPzjMHR23VJxKBk0Wi1h2fKpA8AiammsBnUQCDX0BbX98Pffb9yAVj6NbPUnAC+kw4gFnVBup4fVzeWJXq8QtFTGxS6RQdquGkGLRcSrYsckCebRCvZ977w1iloYQaSaoUl2HJNqbUqk5EzDL9lIFCWVjOoSuoRENQXnTxaEzfG6UAQ5iaSrSeKF+n5jSUKlJ6JvOkOqR+u3Nxb+8bqqDijflUZJqiNhyUZAKrGM8/xoPuASmxcQQyiQ3t2I2opIybbLJmhC+PsX/k1bBdi5tt+Hma1erODLoFJ2hC+SgMqqhG1RHTcQQoAf0hJ6tO+vRerFel61r1mrmBP2A9fYJKl+NMw==</latexit>

]
<latexit sha1_base64="k/jOjFVaIy8A/P/IBABT2ByEcdI=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSY1TVwW3bhswT6gDWUynbRjJ5MwMxFK6Be4caGIWz/JnX/j9CGo6IELh3Pu5d57wpQzpRH6sApr6xubW8Xt0s7u3v5B+fCorZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wcj33O/dUKpaIWz1NaRDjkWARI1gbqRkMyhVkI9/3LqoQ2R5yazVkSM298KsedGy0QAWs0BiU3/vDhGQxFZpwrFTPQakOciw1I5zOSv1M0RSTCR7RnqECx1QF+eLQGTwzyhBGiTQlNFyo3ydyHCs1jUPTGWM9Vr+9ufiX18t0dBnkTKSZpoIsF0UZhzqB86/hkElKNJ8agolk5lZIxlhiok02JRPC16fwf9Ku2o5nu023Ur9axVEEJ+AUnAMH+KAObkADtAABFDyAJ/Bs3VmP1ov1umwtWKuZY/AD1tsnKHONMg==</latexit>

]



Back to Difference in Difference

Time

s*

Outcome

s0 s1

Treatment group: Have no 

treatment  received (T=0) at time s0

Treatment group: Have treatment  

received (T=1) at time s1

<latexit sha1_base64="5MXknIgMjo8CwL6ihhZxSc+2RZc="></latexit>

E[Y (s0)|Group = T ]

We want the ATT:  

i.e. amongst the treated, how does giving the treatment compare with not giving 

the treatment (causally) 

BUT:                                              is actually measured: 

while                                             is not (counterfactual), 

Because in Group T everyone receives the treatment at 

<latexit sha1_base64="sH8xI+/190GX1TSHIb1vN3Sb+94="></latexit>

E[Y1|Group = T ]
<latexit sha1_base64="dbzFbGNIH45ykh5kkMr8T0ZT6OQ="></latexit>

E[Y0|Group = T ]
<latexit sha1_base64="Or60s7oRoTA/ldWKaCjm2RAgl44=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hdmwJust6MVjRPOAZAmzk9lkyOyDmVkhLPkELx4U8eoXefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/ucr9zj2TisfRnZ4mzAvJKOIBp0Qb6VYN7EGpjCsYO/UaRoZcuK5bN6R6jh2MkW2sHGVYojkovfeHMU1DFmkqiFI9Gyfay4jUnAo2K/ZTxRJCJ2TEeoZGJGTKy+anztCpUYYoiKWpSKO5+n0iI6FS09A3nSHRY/Xby8W/vF6qA9fLeJSkmkV0sShIBdIxyv9GQy4Z1WJqCKGSm1sRHRNJqDbpFE0IX5+i/0m7WrFrFefGKTcul3EU4BhO4AxsqEMDrqEJLaAwggd4gmdLWI/Wi/W6aF2xljNH8APW2ydpkI3o</latexit>s1

<latexit sha1_base64="307JOpucpfhUhrNSCZD6oH5as7U="></latexit>

E[Y (s1)|Group = T ]

<latexit sha1_base64="THjOjPkzjofo8HfP8ogcntzu+MQ="></latexit>

E[Y1 � Y0|Group = T ]

Group T

Control group: Have no treatment 

received (T=0) at time s0

<latexit sha1_base64="bg5S0t2OJA5YGADw+YNaZZj1mDo=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA8hdmwJust6MVjFPOAZAmzk9lkyOyDmVkhLPkDLx4U8eofefNvnE0iqGhBQ1HVTXeXnwiuNMYf1srq2vrGZmGruL2zu7dfOjhsqziVlLVoLGLZ9YligkespbkWrJtIRkJfsI4/ucr9zj2TisfRnZ4mzAvJKOIBp0Qb6bY/G5TKuIKxU69hZMiF67p1Q6rn2MEY2cbKUYYlmoPSe38Y0zRkkaaCKNWzcaK9jEjNqWCzYj9VLCF0QkasZ2hEQqa8bH7pDJ0aZYiCWJqKNJqr3ycyEio1DX3TGRI9Vr+9XPzL66U6cL2MR0mqWUQXi4JUIB2j/G005JJRLaaGECq5uRXRMZGEahNO0YTw9Sn6n7SrFbtWcW6ccuNyGUcBjuEEzsCGOjTgGprQAgoBPMATPFsT69F6sV4XrSvWcuYIfsB6+wQEGY20</latexit>

}ATT 

<latexit sha1_base64="BaC7LvpqY/uyPsap7+A4JZdm84Y="></latexit>

E[Y (s1)|Group = C]Group C

<latexit sha1_base64="Hie+RO3CAxel9kAbbTDi7NOX7WA="></latexit>

E[Y (s0)|Group = C]

<latexit sha1_base64="xw8WBIgRfWBRt2KJoxGsNjvR+Ig="></latexit>

E[Y1 � Y0|Group = T ] = (E[Y (s1)|Group = T ]� E[Y (s0)|Group = T ])

� (E[Y (s1)|Group = C]� E[Y (s0)|Group = C])

<latexit sha1_base64="TEwWGNSoezesKrjfjYysYbxF4XY=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ08yMckt6MVjAmaBZAg9nZqkTc9Cd48QQr7AiwdFvPpJ3vwbO4ugog8KHu9VUVXPTwRXmpAPa219Y3NrO7OT3d3bPzjMHR23VJxKBk0Wi1h2fKpA8AiammsBnUQCDX0BbX98Pffb9yAVj6NbPUnAC+kw4gFnVBup4fVzeWJXq8QtFTGxS6RQdquGkGLRcSrYsckCebRCvZ977w1iloYQaSaoUl2HJNqbUqk5EzDL9lIFCWVjOoSuoRENQXnTxaEzfG6UAQ5iaSrSeKF+n5jSUKlJ6JvOkOqR+u3Nxb+8bqqDijflUZJqiNhyUZAKrGM8/xoPuASmxcQQyiQ3t2I2opIybbLJmhC+PsX/k1bBdi5tt+Hma1erODLoFJ2hC+SgMqqhG1RHTcQQoAf0hJ6tO+vRerFel61r1mrmBP2A9fYJKl+NMw==</latexit>

]<latexit sha1_base64="k/jOjFVaIy8A/P/IBABT2ByEcdI=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSY1TVwW3bhswT6gDWUynbRjJ5MwMxFK6Be4caGIWz/JnX/j9CGo6IELh3Pu5d57wpQzpRH6sApr6xubW8Xt0s7u3v5B+fCorZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wcj33O/dUKpaIWz1NaRDjkWARI1gbqRkMyhVkI9/3LqoQ2R5yazVkSM298KsedGy0QAWs0BiU3/vDhGQxFZpwrFTPQakOciw1I5zOSv1M0RSTCR7RnqECx1QF+eLQGTwzyhBGiTQlNFyo3ydyHCs1jUPTGWM9Vr+9ufiX18t0dBnkTKSZpoIsF0UZhzqB86/hkElKNJ8agolk5lZIxlhiok02JRPC16fwf9Ku2o5nu023Ur9axVEEJ+AUnAMH+KAObkADtAABFDyAJ/Bs3VmP1ov1umwtWKuZY/AD1tsnKHONMg==</latexit>]



Proof of estimator DiD

Parallel trends assumption: 

i.e.,

<latexit sha1_base64="BEwZejibn4IevwpWiCOh/95nR2o="></latexit>

E[Y0(s1)� Y0(s0)|Group = T ] = E[Y0(s1)� Y0(s0)|Group = C]
<latexit sha1_base64="eVfnId8AX/QreXwrAulcmY5FHHc="></latexit>⇣
Y0(s1)� Y0(s0)

⌘
?? Group T or C

<latexit sha1_base64="xw8WBIgRfWBRt2KJoxGsNjvR+Ig="></latexit>

E[Y1 � Y0|Group = T ] = (E[Y (s1)|Group = T ]� E[Y (s0)|Group = T ])

� (E[Y (s1)|Group = C]� E[Y (s0)|Group = C])



Proof of estimator DiD

Parallel trends assumption: 

i.e.,

<latexit sha1_base64="BEwZejibn4IevwpWiCOh/95nR2o="></latexit>

E[Y0(s1)� Y0(s0)|Group = T ] = E[Y0(s1)� Y0(s0)|Group = C]
<latexit sha1_base64="eVfnId8AX/QreXwrAulcmY5FHHc="></latexit>⇣
Y0(s1)� Y0(s0)

⌘
?? Group T or C

<latexit sha1_base64="xw8WBIgRfWBRt2KJoxGsNjvR+Ig="></latexit>

E[Y1 � Y0|Group = T ] = (E[Y (s1)|Group = T ]� E[Y (s0)|Group = T ])

� (E[Y (s1)|Group = C]� E[Y (s0)|Group = C])

<latexit sha1_base64="bZn5nuJ4X5GvDQfheRUvCSaNvV4="></latexit>

) E[Y0(s1)|Group = T ] = E[Y0(s0)|Group = T ] + E[Y0(s1)� Y0(s0)|Group = C]

And no pre-treatment effect (participants knowing they have been assigned to 

the treatment group do not change the behaviour based on this knowledge).
<latexit sha1_base64="UAq9zJpet5nEClOwvaD3L1wXZN8="></latexit>

) E[Y0(s1)|Group = T ] = E[Y (s0)|Group = T ] + E[Y (s1)|Group = C]� E[Y (s0)|Group = C]

Therefore:
<latexit sha1_base64="y9TEflesYPk+A4VOKgI2lOqyIt4="></latexit>

E[Y1 � Y0|Group = T ] = E[Y1(s1)� Y0(s1)|Group = T ]

= E[Y1(s1)|Group = T ]� E[Y0(s1)|Group = T ]

= (E[Y (s1)|Group = T ]� E[Y (s0)|Group = T ])

� (E[Y (s1)|Group = C]� E[Y (s0)|Group = C])
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Recall the positivity assumption: 

It is essential to apply propensity score matching or regression adjustment in 

order to identify the causal effect of treatment        on outcome      . 

Under certain assumptions on the data (or the design generating it), we can still 

identify this causal effect when positivity is completely violated. 

<latexit sha1_base64="oiP3sln8jX+Q9eBOhelOtHTMR8s=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0jS0vRY9OKxhbYW2lA222m7drMJuxuhhP4CLx4U8epP8ua/cfshqOiDgcd7M8zMCxPOlHacDyu3sbm1vZPfLeztHxweFY9POipOJYU2jXksuyFRwJmAtmaaQzeRQKKQw204vV74t/cgFYtFS88SCCIyFmzEKNFGarYGxZJjO65XqbnYsV2/7Hg1Q7xqpez72LWdJUpojcag+N4fxjSNQGjKiVI910l0kBGpGeUwL/RTBQmhUzKGnqGCRKCCbHnoHF8YZYhHsTQlNF6q3ycyEik1i0LTGRE9Ub+9hfiX10v1qBZkTCSpBkFXi0YpxzrGi6/xkEmgms8MIVQycyumEyIJ1Sabggnh61P8P+l4tlu1vWalVL9ax5FHZ+gcXSIX+aiOblADtRFFgB7QE3q27qxH68V6XbXmrPXMKfoB6+0TEO6NIQ==</latexit>

T
<latexit sha1_base64="EYWNFcOwYU/vo/VKz2JZPDLpBVc=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnrGkMkx6MVjAmaRZAg9nUrSpmehu0cIQ77AiwdFvPpJ3vwbO4ugog8KHu9VUVUvSARXmpAPK7e2vrG5ld8u7Ozu7R8UD49aKk4lgyaLRSw7AVUgeARNzbWATiKBhoGAdjC5mvvte5CKx9GNnibgh3QU8SFnVBupcdsvlohNHLdcdTCxHe+CuFVD3Er5wvOwY5MFSmiFer/43hvELA0h0kxQpboOSbSfUak5EzAr9FIFCWUTOoKuoRENQfnZ4tAZPjPKAA9jaSrSeKF+n8hoqNQ0DExnSPVY/fbm4l9eN9XDqp/xKEk1RGy5aJgKrGM8/xoPuASmxdQQyiQ3t2I2ppIybbIpmBC+PsX/k5ZrOxXbbZRLtctVHHl0gk7ROXKQh2roGtVREzEE6AE9oWfrznq0XqzXZWvOWs0cox+w3j4BGIKNJg==</latexit>

Y

<latexit sha1_base64="HqPxWQIKSEFrsShgT+j1PXue+zQ=">AAAB/nicdVDLSgMxFM3UV62vqrhyEyxC3QzJtLRdWCi6cVmhL2hLyaRpG5p5kGTEMhb8FTcuFHHrd7jzb0wfgooeuHByzr3k3uOGgiuN0IeVWFldW99Ibqa2tnd299L7Bw0VRJKyOg1EIFsuUUxwn9U114K1QsmI5wrWdMeXM795w6TigV/Tk5B1PTL0+YBToo3USx8heA7DbA2W8V0LluHtmXnjXjqDbISdfAlDZONiDjklQ5xCPlcsQmyjOTJgiWov/d7pBzTymK+pIEq1MQp1NyZScyrYNNWJFAsJHZMhaxvqE4+pbjxffwpPjdKHg0Ca8jWcq98nYuIpNfFc0+kRPVK/vZn4l9eO9KDUjbkfRpr5dPHRIBJQB3CWBexzyagWE0MIldzsCumISEK1SSxlQvi6FP5PGo6NC7Zznc9ULpZxJMExOAFZgEERVMAVqII6oCAGD+AJPFv31qP1Yr0uWhPWcuYQ/ID19glY0ZKL</latexit>

0 < p(T = 1|X = x) < 1
<latexit sha1_base64="/Wvo5ey6l/LZ/omvlp/B9equtRw="></latexit>

when p(X = x) > 0
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Recall the positivity assumption: 

It is essential to apply propensity score matching or regression adjustment in 

order to identify the causal effect of treatment        on outcome      . 

Under certain assumptions on the data (or the design generating it), we can still 

identify this causal effect when positivity is completely violated. 

Data structure:  

• Outcome     

• Binary treatment   

• Special confounder  

• (Extra confounders       possible but here omitted, same argument) 

<latexit sha1_base64="HqPxWQIKSEFrsShgT+j1PXue+zQ=">AAAB/nicdVDLSgMxFM3UV62vqrhyEyxC3QzJtLRdWCi6cVmhL2hLyaRpG5p5kGTEMhb8FTcuFHHrd7jzb0wfgooeuHByzr3k3uOGgiuN0IeVWFldW99Ibqa2tnd299L7Bw0VRJKyOg1EIFsuUUxwn9U114K1QsmI5wrWdMeXM795w6TigV/Tk5B1PTL0+YBToo3USx8heA7DbA2W8V0LluHtmXnjXjqDbISdfAlDZONiDjklQ5xCPlcsQmyjOTJgiWov/d7pBzTymK+pIEq1MQp1NyZScyrYNNWJFAsJHZMhaxvqE4+pbjxffwpPjdKHg0Ca8jWcq98nYuIpNfFc0+kRPVK/vZn4l9eO9KDUjbkfRpr5dPHRIBJQB3CWBexzyagWE0MIldzsCumISEK1SSxlQvi6FP5PGo6NC7Zznc9ULpZxJMExOAFZgEERVMAVqII6oCAGD+AJPFv31qP1Yr0uWhPWcuYQ/ID19glY0ZKL</latexit>

0 < p(T = 1|X = x) < 1
<latexit sha1_base64="/Wvo5ey6l/LZ/omvlp/B9equtRw="></latexit>

when p(X = x) > 0

<latexit sha1_base64="EYWNFcOwYU/vo/VKz2JZPDLpBVc=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnrGkMkx6MVjAmaRZAg9nUrSpmehu0cIQ77AiwdFvPpJ3vwbO4ugog8KHu9VUVUvSARXmpAPK7e2vrG5ld8u7Ozu7R8UD49aKk4lgyaLRSw7AVUgeARNzbWATiKBhoGAdjC5mvvte5CKx9GNnibgh3QU8SFnVBupcdsvlohNHLdcdTCxHe+CuFVD3Er5wvOwY5MFSmiFer/43hvELA0h0kxQpboOSbSfUak5EzAr9FIFCWUTOoKuoRENQfnZ4tAZPjPKAA9jaSrSeKF+n8hoqNQ0DExnSPVY/fbm4l9eN9XDqp/xKEk1RGy5aJgKrGM8/xoPuASmxdQQyiQ3t2I2ppIybbIpmBC+PsX/k5ZrOxXbbZRLtctVHHl0gk7ROXKQh2roGtVREzEE6AE9oWfrznq0XqzXZWvOWs0cox+w3j4BGIKNJg==</latexit>

Y
<latexit sha1_base64="oiP3sln8jX+Q9eBOhelOtHTMR8s=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0jS0vRY9OKxhbYW2lA222m7drMJuxuhhP4CLx4U8epP8ua/cfshqOiDgcd7M8zMCxPOlHacDyu3sbm1vZPfLeztHxweFY9POipOJYU2jXksuyFRwJmAtmaaQzeRQKKQw204vV74t/cgFYtFS88SCCIyFmzEKNFGarYGxZJjO65XqbnYsV2/7Hg1Q7xqpez72LWdJUpojcag+N4fxjSNQGjKiVI910l0kBGpGeUwL/RTBQmhUzKGnqGCRKCCbHnoHF8YZYhHsTQlNF6q3ycyEik1i0LTGRE9Ub+9hfiX10v1qBZkTCSpBkFXi0YpxzrGi6/xkEmgms8MIVQycyumEyIJ1Sabggnh61P8P+l4tlu1vWalVL9ax5FHZ+gcXSIX+aiOblADtRFFgB7QE3q27qxH68V6XbXmrPXMKfoB6+0TEO6NIQ==</latexit>

T

<latexit sha1_base64="7Ftb0/zDvZUYQuCslnD+t4vYUXg=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnomIZNj0IvHBMwCyRB6Op2kTc9Cd48QhnyBFw+KePWTvPk3dhZBRR8UPN6roqpekAiuNMYfVm5jc2t7J79b2Ns/ODwqHp+0VZxKylo0FrHsBkQxwSPW0lwL1k0kI2EgWCeYXi/8zj2TisfRrZ4lzA/JOOIjTok2UrM7KJawjR23UnMQth2vjN2aIW61UvY85Nh4iRKs0RgU3/vDmKYhizQVRKmegxPtZ0RqTgWbF/qpYgmhUzJmPUMjEjLlZ8tD5+jCKEM0iqWpSKOl+n0iI6FSszAwnSHRE/XbW4h/eb1Uj2p+xqMk1Syiq0WjVCAdo8XXaMglo1rMDCFUcnMrohMiCdUmm4IJ4etT9D9pu7ZTtd1mpVS/WseRhzM4h0twwIM63EADWkCBwQM8wbN1Zz1aL9brqjVnrWdO4Qest08W/o0l</latexit>

X

<latexit sha1_base64="1erjA0Ke8+G68EcQsm608jlJzhY=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZK0NF0W3bhswT6gDWUyvW3HTiZhZiKU0C9w40IRt36SO//G6UNQ0QMXDufcy733hAlnSjvOh5Xb2Nza3snvFvb2Dw6PiscnbRWnkkKLxjyW3ZAo4ExASzPNoZtIIFHIoRNOrxd+5x6kYrG41bMEgoiMBRsxSrSRmp1BseTYjutVai52bNcvO17NEK9aKfs+dm1niRJaozEovveHMU0jEJpyolTPdRIdZERqRjnMC/1UQULolIyhZ6ggEaggWx46xxdGGeJRLE0JjZfq94mMRErNotB0RkRP1G9vIf7l9VI9qgUZE0mqQdDVolHKsY7x4ms8ZBKo5jNDCJXM3IrphEhCtcmmYEL4+hT/T9qe7VZtr1kp1a/WceTRGTpHl8hFPqqjG9RALUQRoAf0hJ6tO+vRerFeV605az1zin7AevsEFXqNJA==</latexit>

W

<latexit sha1_base64="oiP3sln8jX+Q9eBOhelOtHTMR8s=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0jS0vRY9OKxhbYW2lA222m7drMJuxuhhP4CLx4U8epP8ua/cfshqOiDgcd7M8zMCxPOlHacDyu3sbm1vZPfLeztHxweFY9POipOJYU2jXksuyFRwJmAtmaaQzeRQKKQw204vV74t/cgFYtFS88SCCIyFmzEKNFGarYGxZJjO65XqbnYsV2/7Hg1Q7xqpez72LWdJUpojcag+N4fxjSNQGjKiVI910l0kBGpGeUwL/RTBQmhUzKGnqGCRKCCbHnoHF8YZYhHsTQlNF6q3ycyEik1i0LTGRE9Ub+9hfiX10v1qBZkTCSpBkFXi0YpxzrGi6/xkEmgms8MIVQycyumEyIJ1Sabggnh61P8P+l4tlu1vWalVL9ax5FHZ+gcXSIX+aiOblADtRFFgB7QE3q27qxH68V6XbXmrPXMKfoB6+0TEO6NIQ==</latexit>

T
<latexit sha1_base64="EYWNFcOwYU/vo/VKz2JZPDLpBVc=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnrGkMkx6MVjAmaRZAg9nUrSpmehu0cIQ77AiwdFvPpJ3vwbO4ugog8KHu9VUVUvSARXmpAPK7e2vrG5ld8u7Ozu7R8UD49aKk4lgyaLRSw7AVUgeARNzbWATiKBhoGAdjC5mvvte5CKx9GNnibgh3QU8SFnVBupcdsvlohNHLdcdTCxHe+CuFVD3Er5wvOwY5MFSmiFer/43hvELA0h0kxQpboOSbSfUak5EzAr9FIFCWUTOoKuoRENQfnZ4tAZPjPKAA9jaSrSeKF+n8hoqNQ0DExnSPVY/fbm4l9eN9XDqp/xKEk1RGy5aJgKrGM8/xoPuASmxdQQyiQ3t2I2ppIybbIpmBC+PsX/k5ZrOxXbbZRLtctVHHl0gk7ROXKQh2roGtVREzEE6AE9oWfrznq0XqzXZWvOWs0cox+w3j4BGIKNJg==</latexit>

Y
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Example 

Students with average mark              in undergraduate degree, receive a 

scholarship for postgrad degree. Causal effect of scholarship on performance? 

• Higher mark typically higher performance anyway, so upward bias 

• Positivity violation: All such students are “treated”, so  
<latexit sha1_base64="R8QgORp1qyDumEKYkHPhxHsBavI="></latexit>

p(T = 1|mark � 80) = 1

<latexit sha1_base64="EcRGUqWglK+gNF12LdlqN8R98zA=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPQ88kZOYY9OIxglkgGUJPpydp0rPY3SOEkI/w4kERr36PN//GziKo6IOCx3tVVNULM8GVxvjDWlvf2NzaLuwUd/f2Dw5LR8ctleaSsiZNRSo7IVFM8IQ1NdeCdTLJSBwK1g7HV3O/fc+k4mlyqycZC2IyTHjEKdFGaveG7A75uF8qYxs7btV3ELYdr4Jd3xC3Vq14HnJsvEAZVmj0S++9QUrzmCWaCqJU18GZDqZEak4FmxV7uWIZoWMyZF1DExIzFUwX587QuVEGKEqlqUSjhfp9YkpipSZxaDpjokfqtzcX//K6uY78YMqTLNcsoctFUS6QTtH8dzTgklEtJoYQKrm5FdERkYRqk1DRhPD1KfqftFzbqdnuTbVcv1zFUYBTOIMLcMCDOlxDA5pAYQwP8ATPVmY9Wi/W67J1zVrNnMAPWG+fsM+PKg==</latexit>� 80
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Example 

Students with average mark              in undergraduate degree, receive a 

scholarship for postgrad degree. Causal effect of scholarship on performance?  

• Higher mark typically higher performance anyway, so upward bias 

• Positivity violation: All such students are “treated”, so  
<latexit sha1_base64="R8QgORp1qyDumEKYkHPhxHsBavI="></latexit>

p(T = 1|mark � 80) = 1

<latexit sha1_base64="EcRGUqWglK+gNF12LdlqN8R98zA=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPQ88kZOYY9OIxglkgGUJPpydp0rPY3SOEkI/w4kERr36PN//GziKo6IOCx3tVVNULM8GVxvjDWlvf2NzaLuwUd/f2Dw5LR8ctleaSsiZNRSo7IVFM8IQ1NdeCdTLJSBwK1g7HV3O/fc+k4mlyqycZC2IyTHjEKdFGaveG7A75uF8qYxs7btV3ELYdr4Jd3xC3Vq14HnJsvEAZVmj0S++9QUrzmCWaCqJU18GZDqZEak4FmxV7uWIZoWMyZF1DExIzFUwX587QuVEGKEqlqUSjhfp9YkpipSZxaDpjokfqtzcX//K6uY78YMqTLNcsoctFUS6QTtH8dzTgklEtJoYQKrm5FdERkYRqk1DRhPD1KfqftFzbqdnuTbVcv1zFUYBTOIMLcMCDOlxDA5pAYQwP8ATPVmY9Wi/W67J1zVrNnMAPWG+fsM+PKg==</latexit>� 80

W = mark
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Example 

Students with average mark              in undergraduate degree, receive a 

scholarship for postgrad degree. Causal effect of scholarship on performance? 

• Higher mark typically higher performance anyway, so upward bias 

• Positivity violation: All such students are “treated”, so  

Example 

Admission to a museum is often cheaper for children (e.g., under 12 years) or for 

pensioners (e.g., above 65 years). What is the causal effect of this lower price on 

admission numbers? 

• Children and pensioners tend to go to a museum more often: upward bias 

• Positivity violation: All children and pensioners are “treated”, so 

<latexit sha1_base64="R8QgORp1qyDumEKYkHPhxHsBavI="></latexit>

p(T = 1|mark � 80) = 1

<latexit sha1_base64="EcRGUqWglK+gNF12LdlqN8R98zA=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPQ88kZOYY9OIxglkgGUJPpydp0rPY3SOEkI/w4kERr36PN//GziKo6IOCx3tVVNULM8GVxvjDWlvf2NzaLuwUd/f2Dw5LR8ctleaSsiZNRSo7IVFM8IQ1NdeCdTLJSBwK1g7HV3O/fc+k4mlyqycZC2IyTHjEKdFGaveG7A75uF8qYxs7btV3ELYdr4Jd3xC3Vq14HnJsvEAZVmj0S++9QUrzmCWaCqJU18GZDqZEak4FmxV7uWIZoWMyZF1DExIzFUwX587QuVEGKEqlqUSjhfp9YkpipSZxaDpjokfqtzcX//K6uY78YMqTLNcsoctFUS6QTtH8dzTgklEtJoYQKrm5FdERkYRqk1DRhPD1KfqftFzbqdnuTbVcv1zFUYBTOIMLcMCDOlxDA5pAYQwP8ATPVmY9Wi/W67J1zVrNnMAPWG+fsM+PKg==</latexit>� 80

W = mark

<latexit sha1_base64="wWEOd7PPGK1XOpziwiuKa1AxmAE="></latexit>

p(T = 1|Age < 12 or Age > 65) = 1
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Example 

Students with average mark              in undergraduate degree, receive a 

scholarship for postgrad degree. Causal effect of scholarship on performance? 

• Higher mark typically higher performance anyway, so upward bias 

• Positivity violation: All such students are “treated”, so  

Example 

Admission to a museum is often cheaper for children (e.g., under 12 years) or for 

pensioners (e.g., above 65 years). What is the causal effect of this lower price on 

admission numbers? 

• Children and pensioners tend to go to a museum more often: upward bias 

• Positivity violation: All children and pensioners are “treated”, so 

<latexit sha1_base64="R8QgORp1qyDumEKYkHPhxHsBavI="></latexit>

p(T = 1|mark � 80) = 1

<latexit sha1_base64="EcRGUqWglK+gNF12LdlqN8R98zA=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPQ88kZOYY9OIxglkgGUJPpydp0rPY3SOEkI/w4kERr36PN//GziKo6IOCx3tVVNULM8GVxvjDWlvf2NzaLuwUd/f2Dw5LR8ctleaSsiZNRSo7IVFM8IQ1NdeCdTLJSBwK1g7HV3O/fc+k4mlyqycZC2IyTHjEKdFGaveG7A75uF8qYxs7btV3ELYdr4Jd3xC3Vq14HnJsvEAZVmj0S++9QUrzmCWaCqJU18GZDqZEak4FmxV7uWIZoWMyZF1DExIzFUwX587QuVEGKEqlqUSjhfp9YkpipSZxaDpjokfqtzcX//K6uY78YMqTLNcsoctFUS6QTtH8dzTgklEtJoYQKrm5FdERkYRqk1DRhPD1KfqftFzbqdnuTbVcv1zFUYBTOIMLcMCDOlxDA5pAYQwP8ATPVmY9Wi/W67J1zVrNnMAPWG+fsM+PKg==</latexit>� 80

W = mark

<latexit sha1_base64="wWEOd7PPGK1XOpziwiuKa1AxmAE="></latexit>

p(T = 1|Age < 12 or Age > 65) = 1 W = Age
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How can we identify the causal effect here despite positivity violations? 
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How can we identify the causal effect here despite positivity violations? 

Sharp Regression Discontinuity (SRD) design, where       determines     : 

Here     is the cut-off value (e.g., Mark               ). 

<latexit sha1_base64="MlEsjxpjEn3/Tj/qeC+/RdjcZTI=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQpKWpsuCG5ct2Ae0oUymN+3YySTMTIQS+gVuXCji1k9y5984fQgqeuDC4Zx7ufeeMOVMacf5sDY2t7Z3dgt7xf2Dw6Pj0slpRyWZpNCmCU9kLyQKOBPQ1kxz6KUSSBxy6IbT64XfvQepWCJu9SyFICZjwSJGiTZSqzsslR3bcb1q3cWO7foVx6sb4tWqFd/Hru0sUUZrNIel98EooVkMQlNOlOq7TqqDnEjNKId5cZApSAmdkjH0DRUkBhXky0Pn+NIoIxwl0pTQeKl+n8hJrNQsDk1nTPRE/fYW4l9eP9NRPciZSDMNgq4WRRnHOsGLr/GISaCazwwhVDJzK6YTIgnVJpuiCeHrU/w/6Xi2W7O9VrXcaKzjKKBzdIGukIt81EA3qInaiCJAD+gJPVt31qP1Yr2uWjes9cwZ+gHr7RMU4I0i</latexit>

W
<latexit sha1_base64="j8Jyc0K4+Zm19rolREF65mFGQvk="></latexit>

T (W ) = I{W � c} =

(
1 if W � c

0 if W < c
<latexit sha1_base64="EcRGUqWglK+gNF12LdlqN8R98zA=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPQ88kZOYY9OIxglkgGUJPpydp0rPY3SOEkI/w4kERr36PN//GziKo6IOCx3tVVNULM8GVxvjDWlvf2NzaLuwUd/f2Dw5LR8ctleaSsiZNRSo7IVFM8IQ1NdeCdTLJSBwK1g7HV3O/fc+k4mlyqycZC2IyTHjEKdFGaveG7A75uF8qYxs7btV3ELYdr4Jd3xC3Vq14HnJsvEAZVmj0S++9QUrzmCWaCqJU18GZDqZEak4FmxV7uWIZoWMyZF1DExIzFUwX587QuVEGKEqlqUSjhfp9YkpipSZxaDpjokfqtzcX//K6uY78YMqTLNcsoctFUS6QTtH8dzTgklEtJoYQKrm5FdERkYRqk1DRhPD1KfqftFzbqdnuTbVcv1zFUYBTOIMLcMCDOlxDA5pAYQwP8ATPVmY9Wi/W67J1zVrNnMAPWG+fsM+PKg==</latexit>� 80

<latexit sha1_base64="/gPE4dAfiaB0PJ9J3pHJ+S5FbnM=">AAAB6HicdVDLSsNAFL3xWeur6tLNYBFchSQtTZcFNy5bsA9oQ5lMJ+3YySTMTIQS+gVuXCji1k9y5984fQgqeuDC4Zx7ufeeMOVMacf5sDY2t7Z3dgt7xf2Dw6Pj0slpRyWZJLRNEp7IXogV5UzQtmaa014qKY5DTrvh9Hrhd++pVCwRt3qW0iDGY8EiRrA2UosMS2XHdlyvWneRY7t+xfHqhni1asX3kWs7S5Rhjeaw9D4YJSSLqdCEY6X6rpPqIMdSM8LpvDjIFE0xmeIx7RsqcExVkC8PnaNLo4xQlEhTQqOl+n0ix7FSszg0nTHWE/XbW4h/ef1MR/UgZyLNNBVktSjKONIJWnyNRkxSovnMEEwkM7ciMsESE22yKZoQvj5F/5OOZ7s122tVy43GOo4CnMMFXIELPjTgBprQBgIUHuAJnq0769F6sV5XrRvWeuYMfsB6+wQnEI0u</latexit>c

<latexit sha1_base64="qzQOROmvxVzd3gXoxF+X0EWC0/M=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnomIZNjwIvHBLJBMoSeTiVp07PQ3SOEIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKoXJIIrTciHldva3tndy+8XDg6Pjk+Kp2cdFaeSQZvFIpa9gCoQPIK25lpAL5FAw0BAN5jdLP3uPUjF46il5wn4IZ1EfMwZ1UZqtobFErGJ41ZqDia245WJWzPErVbKnocdm6xQQhs0hsX3wShmaQiRZoIq1XdIov2MSs2ZgEVhkCpIKJvRCfQNjWgIys9Why7wlVFGeBxLU5HGK/X7REZDpeZhYDpDqqfqt7cU//L6qR7X/IxHSaohYutF41RgHePl13jEJTAt5oZQJrm5FbMplZRpk03BhPD1Kf6fdFzbqdpus1Kq1zdx5NEFukTXyEEeqqNb1EBtxBCgB/SEnq0769F6sV7XrTlrM3OOfsB6+wQQVI0f</latexit>

T
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How can we identify the causal effect here despite positivity violations? 

Sharp Regression Discontinuity (SRD) design, where       determines     : 

Here     is the cut-off value (e.g., Mark               ). 

Aim: Estimate the causal effect 

Example 

Mark in undergraduate is (at best) a fuzzy representation of scholarship merit 

(e.g., bad day): Students around cut-off c = 80 (e.g., 75-85) are comparable! 

<latexit sha1_base64="MlEsjxpjEn3/Tj/qeC+/RdjcZTI=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQpKWpsuCG5ct2Ae0oUymN+3YySTMTIQS+gVuXCji1k9y5984fQgqeuDC4Zx7ufeeMOVMacf5sDY2t7Z3dgt7xf2Dw6Pj0slpRyWZpNCmCU9kLyQKOBPQ1kxz6KUSSBxy6IbT64XfvQepWCJu9SyFICZjwSJGiTZSqzsslR3bcb1q3cWO7foVx6sb4tWqFd/Hru0sUUZrNIel98EooVkMQlNOlOq7TqqDnEjNKId5cZApSAmdkjH0DRUkBhXky0Pn+NIoIxwl0pTQeKl+n8hJrNQsDk1nTPRE/fYW4l9eP9NRPciZSDMNgq4WRRnHOsGLr/GISaCazwwhVDJzK6YTIgnVJpuiCeHrU/w/6Xi2W7O9VrXcaKzjKKBzdIGukIt81EA3qInaiCJAD+gJPVt31qP1Yr2uWjes9cwZ+gHr7RMU4I0i</latexit>

W
<latexit sha1_base64="j8Jyc0K4+Zm19rolREF65mFGQvk="></latexit>

T (W ) = I{W � c} =

(
1 if W � c

0 if W < c
<latexit sha1_base64="EcRGUqWglK+gNF12LdlqN8R98zA=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPQ88kZOYY9OIxglkgGUJPpydp0rPY3SOEkI/w4kERr36PN//GziKo6IOCx3tVVNULM8GVxvjDWlvf2NzaLuwUd/f2Dw5LR8ctleaSsiZNRSo7IVFM8IQ1NdeCdTLJSBwK1g7HV3O/fc+k4mlyqycZC2IyTHjEKdFGaveG7A75uF8qYxs7btV3ELYdr4Jd3xC3Vq14HnJsvEAZVmj0S++9QUrzmCWaCqJU18GZDqZEak4FmxV7uWIZoWMyZF1DExIzFUwX587QuVEGKEqlqUSjhfp9YkpipSZxaDpjokfqtzcX//K6uY78YMqTLNcsoctFUS6QTtH8dzTgklEtJoYQKrm5FdERkYRqk1DRhPD1KfqftFzbqdnuTbVcv1zFUYBTOIMLcMCDOlxDA5pAYQwP8ATPVmY9Wi/W67J1zVrNnMAPWG+fsM+PKg==</latexit>� 80

<latexit sha1_base64="/gPE4dAfiaB0PJ9J3pHJ+S5FbnM=">AAAB6HicdVDLSsNAFL3xWeur6tLNYBFchSQtTZcFNy5bsA9oQ5lMJ+3YySTMTIQS+gVuXCji1k9y5984fQgqeuDC4Zx7ufeeMOVMacf5sDY2t7Z3dgt7xf2Dw6Pj0slpRyWZJLRNEp7IXogV5UzQtmaa014qKY5DTrvh9Hrhd++pVCwRt3qW0iDGY8EiRrA2UosMS2XHdlyvWneRY7t+xfHqhni1asX3kWs7S5Rhjeaw9D4YJSSLqdCEY6X6rpPqIMdSM8LpvDjIFE0xmeIx7RsqcExVkC8PnaNLo4xQlEhTQqOl+n0ix7FSszg0nTHWE/XbW4h/ef1MR/UgZyLNNBVktSjKONIJWnyNRkxSovnMEEwkM7ciMsESE22yKZoQvj5F/5OOZ7s122tVy43GOo4CnMMFXIELPjTgBprQBgIUHuAJnq0769F6sV5XrRvWeuYMfsB6+wQnEI0u</latexit>c

<latexit sha1_base64="UugCA84jSDdVcjygtb2G7ntmM9s="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤

<latexit sha1_base64="qzQOROmvxVzd3gXoxF+X0EWC0/M=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnomIZNjwIvHBLJBMoSeTiVp07PQ3SOEIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKoXJIIrTciHldva3tndy+8XDg6Pjk+Kp2cdFaeSQZvFIpa9gCoQPIK25lpAL5FAw0BAN5jdLP3uPUjF46il5wn4IZ1EfMwZ1UZqtobFErGJ41ZqDia245WJWzPErVbKnocdm6xQQhs0hsX3wShmaQiRZoIq1XdIov2MSs2ZgEVhkCpIKJvRCfQNjWgIys9Why7wlVFGeBxLU5HGK/X7REZDpeZhYDpDqqfqt7cU//L6qR7X/IxHSaohYutF41RgHePl13jEJTAt5oZQJrm5FbMplZRpk03BhPD1Kf6fdFzbqdpus1Kq1zdx5NEFukTXyEEeqqNb1EBtxBCgB/SEnq0769F6sV7XrTlrM3OOfsB6+wQQVI0f</latexit>

T
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How can we identify the causal effect here despite positivity violations? 

Sharp Regression Discontinuity (SRD) design, where       determines     : 

Here     is the cut-off value (e.g., Mark               ). 

Aim: Estimate the causal effect 

Example 

Mark in undergraduate is (at best) a fuzzy representation of scholarship merit 

(e.g., bad day): Students around cut-off c = 80 (e.g., 75-85) are comparable! 

Real goal is to give scholarship to strong/talented/hard-working students

<latexit sha1_base64="j8Jyc0K4+Zm19rolREF65mFGQvk="></latexit>

T (W ) = I{W � c} =

(
1 if W � c

0 if W < c
<latexit sha1_base64="EcRGUqWglK+gNF12LdlqN8R98zA=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPQ88kZOYY9OIxglkgGUJPpydp0rPY3SOEkI/w4kERr36PN//GziKo6IOCx3tVVNULM8GVxvjDWlvf2NzaLuwUd/f2Dw5LR8ctleaSsiZNRSo7IVFM8IQ1NdeCdTLJSBwK1g7HV3O/fc+k4mlyqycZC2IyTHjEKdFGaveG7A75uF8qYxs7btV3ELYdr4Jd3xC3Vq14HnJsvEAZVmj0S++9QUrzmCWaCqJU18GZDqZEak4FmxV7uWIZoWMyZF1DExIzFUwX587QuVEGKEqlqUSjhfp9YkpipSZxaDpjokfqtzcX//K6uY78YMqTLNcsoctFUS6QTtH8dzTgklEtJoYQKrm5FdERkYRqk1DRhPD1KfqftFzbqdnuTbVcv1zFUYBTOIMLcMCDOlxDA5pAYQwP8ATPVmY9Wi/W67J1zVrNnMAPWG+fsM+PKg==</latexit>� 80

<latexit sha1_base64="/gPE4dAfiaB0PJ9J3pHJ+S5FbnM=">AAAB6HicdVDLSsNAFL3xWeur6tLNYBFchSQtTZcFNy5bsA9oQ5lMJ+3YySTMTIQS+gVuXCji1k9y5984fQgqeuDC4Zx7ufeeMOVMacf5sDY2t7Z3dgt7xf2Dw6Pj0slpRyWZJLRNEp7IXogV5UzQtmaa014qKY5DTrvh9Hrhd++pVCwRt3qW0iDGY8EiRrA2UosMS2XHdlyvWneRY7t+xfHqhni1asX3kWs7S5Rhjeaw9D4YJSSLqdCEY6X6rpPqIMdSM8LpvDjIFE0xmeIx7RsqcExVkC8PnaNLo4xQlEhTQqOl+n0ix7FSszg0nTHWE/XbW4h/ef1MR/UgZyLNNBVktSjKONIJWnyNRkxSovnMEEwkM7ciMsESE22yKZoQvj5F/5OOZ7s122tVy43GOo4CnMMFXIELPjTgBprQBgIUHuAJnq0769F6sV5XrRvWeuYMfsB6+wQnEI0u</latexit>c

<latexit sha1_base64="UugCA84jSDdVcjygtb2G7ntmM9s="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤

<latexit sha1_base64="MlEsjxpjEn3/Tj/qeC+/RdjcZTI=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQpKWpsuCG5ct2Ae0oUymN+3YySTMTIQS+gVuXCji1k9y5984fQgqeuDC4Zx7ufeeMOVMacf5sDY2t7Z3dgt7xf2Dw6Pj0slpRyWZpNCmCU9kLyQKOBPQ1kxz6KUSSBxy6IbT64XfvQepWCJu9SyFICZjwSJGiTZSqzsslR3bcb1q3cWO7foVx6sb4tWqFd/Hru0sUUZrNIel98EooVkMQlNOlOq7TqqDnEjNKId5cZApSAmdkjH0DRUkBhXky0Pn+NIoIxwl0pTQeKl+n8hJrNQsDk1nTPRE/fYW4l9eP9NRPciZSDMNgq4WRRnHOsGLr/GISaCazwwhVDJzK6YTIgnVJpuiCeHrU/w/6Xi2W7O9VrXcaKzjKKBzdIGukIt81EA3qInaiCJAD+gJPVt31qP1Yr2uWjes9cwZ+gHr7RMU4I0i</latexit>

W
<latexit sha1_base64="qzQOROmvxVzd3gXoxF+X0EWC0/M=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnomIZNjwIvHBLJBMoSeTiVp07PQ3SOEIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKoXJIIrTciHldva3tndy+8XDg6Pjk+Kp2cdFaeSQZvFIpa9gCoQPIK25lpAL5FAw0BAN5jdLP3uPUjF46il5wn4IZ1EfMwZ1UZqtobFErGJ41ZqDia245WJWzPErVbKnocdm6xQQhs0hsX3wShmaQiRZoIq1XdIov2MSs2ZgEVhkCpIKJvRCfQNjWgIys9Why7wlVFGeBxLU5HGK/X7REZDpeZhYDpDqqfqt7cU//L6qR7X/IxHSaohYutF41RgHePl13jEJTAt5oZQJrm5FbMplZRpk03BhPD1Kf6fdFzbqdpus1Kq1zdx5NEFukTXyEEeqqNb1EBtxBCgB/SEnq0769F6sV7XrTlrM3OOfsB6+wQQVI0f</latexit>

T
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How can we identify the causal effect here despite positivity violations? 

Sharp Regression Discontinuity (SRD) design, where       determines     : 

Here     is the cut-off value (e.g., Mark               ). 

Aim: Estimate the causal effect 

Example 

Mark in undergraduate is (at best) a fuzzy representation of scholarship merit 

(e.g., bad day): Students around cut-off c = 80 (e.g., 75-85) are comparable! 

Idea: SRD looks at the discontinuity in outcome at the cut-off, i.e., the outcome 

just above the cut-off minus the outcome just below the cut-off

<latexit sha1_base64="j8Jyc0K4+Zm19rolREF65mFGQvk="></latexit>

T (W ) = I{W � c} =

(
1 if W � c

0 if W < c
<latexit sha1_base64="EcRGUqWglK+gNF12LdlqN8R98zA=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPQ88kZOYY9OIxglkgGUJPpydp0rPY3SOEkI/w4kERr36PN//GziKo6IOCx3tVVNULM8GVxvjDWlvf2NzaLuwUd/f2Dw5LR8ctleaSsiZNRSo7IVFM8IQ1NdeCdTLJSBwK1g7HV3O/fc+k4mlyqycZC2IyTHjEKdFGaveG7A75uF8qYxs7btV3ELYdr4Jd3xC3Vq14HnJsvEAZVmj0S++9QUrzmCWaCqJU18GZDqZEak4FmxV7uWIZoWMyZF1DExIzFUwX587QuVEGKEqlqUSjhfp9YkpipSZxaDpjokfqtzcX//K6uY78YMqTLNcsoctFUS6QTtH8dzTgklEtJoYQKrm5FdERkYRqk1DRhPD1KfqftFzbqdnuTbVcv1zFUYBTOIMLcMCDOlxDA5pAYQwP8ATPVmY9Wi/W67J1zVrNnMAPWG+fsM+PKg==</latexit>� 80

<latexit sha1_base64="/gPE4dAfiaB0PJ9J3pHJ+S5FbnM=">AAAB6HicdVDLSsNAFL3xWeur6tLNYBFchSQtTZcFNy5bsA9oQ5lMJ+3YySTMTIQS+gVuXCji1k9y5984fQgqeuDC4Zx7ufeeMOVMacf5sDY2t7Z3dgt7xf2Dw6Pj0slpRyWZJLRNEp7IXogV5UzQtmaa014qKY5DTrvh9Hrhd++pVCwRt3qW0iDGY8EiRrA2UosMS2XHdlyvWneRY7t+xfHqhni1asX3kWs7S5Rhjeaw9D4YJSSLqdCEY6X6rpPqIMdSM8LpvDjIFE0xmeIx7RsqcExVkC8PnaNLo4xQlEhTQqOl+n0ix7FSszg0nTHWE/XbW4h/ef1MR/UgZyLNNBVktSjKONIJWnyNRkxSovnMEEwkM7ciMsESE22yKZoQvj5F/5OOZ7s122tVy43GOo4CnMMFXIELPjTgBprQBgIUHuAJnq0769F6sV5XrRvWeuYMfsB6+wQnEI0u</latexit>c

<latexit sha1_base64="UugCA84jSDdVcjygtb2G7ntmM9s="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤

<latexit sha1_base64="MlEsjxpjEn3/Tj/qeC+/RdjcZTI=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQpKWpsuCG5ct2Ae0oUymN+3YySTMTIQS+gVuXCji1k9y5984fQgqeuDC4Zx7ufeeMOVMacf5sDY2t7Z3dgt7xf2Dw6Pj0slpRyWZpNCmCU9kLyQKOBPQ1kxz6KUSSBxy6IbT64XfvQepWCJu9SyFICZjwSJGiTZSqzsslR3bcb1q3cWO7foVx6sb4tWqFd/Hru0sUUZrNIel98EooVkMQlNOlOq7TqqDnEjNKId5cZApSAmdkjH0DRUkBhXky0Pn+NIoIxwl0pTQeKl+n8hJrNQsDk1nTPRE/fYW4l9eP9NRPciZSDMNgq4WRRnHOsGLr/GISaCazwwhVDJzK6YTIgnVJpuiCeHrU/w/6Xi2W7O9VrXcaKzjKKBzdIGukIt81EA3qInaiCJAD+gJPVt31qP1Yr2uWjes9cwZ+gHr7RMU4I0i</latexit>

W
<latexit sha1_base64="qzQOROmvxVzd3gXoxF+X0EWC0/M=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnomIZNjwIvHBLJBMoSeTiVp07PQ3SOEIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKoXJIIrTciHldva3tndy+8XDg6Pjk+Kp2cdFaeSQZvFIpa9gCoQPIK25lpAL5FAw0BAN5jdLP3uPUjF46il5wn4IZ1EfMwZ1UZqtobFErGJ41ZqDia245WJWzPErVbKnocdm6xQQhs0hsX3wShmaQiRZoIq1XdIov2MSs2ZgEVhkCpIKJvRCfQNjWgIys9Why7wlVFGeBxLU5HGK/X7REZDpeZhYDpDqqfqt7cU//L6qR7X/IxHSaohYutF41RgHePl13jEJTAt5oZQJrm5FbMplZRpk03BhPD1Kf6fdFzbqdpus1Kq1zdx5NEFukTXyEEeqqNb1EBtxBCgB/SEnq0769F6sV7XrTlrM3OOfsB6+wQQVI0f</latexit>

T
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Idea: SRD looks at the discontinuity in outcome at the cut-off, i.e., the outcome 

just above the cut-off minus the outcome just below the cut-off 

<latexit sha1_base64="SEHjolveID7F3T8IQBuV742kPHs="></latexit>

⌧̂SRD = lim
w#c

E[Y | W = w]� lim
w"c

E[Y | W = w]

Imbens-Lemieux (2007)
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Idea: SRD looks at the discontinuity in outcome at the cut-off, i.e., the outcome 

just above the cut-off minus the outcome just below the cut-off 

Example 

Cut-off c lies at W = 6:

<latexit sha1_base64="SEHjolveID7F3T8IQBuV742kPHs="></latexit>

⌧̂SRD = lim
w#c

E[Y | W = w]� lim
w"c

E[Y | W = w]

Imbens-Lemieux (2007)

Discontinuity

<latexit sha1_base64="nQ4lYDDgv5yaBNDWEWmujVuM2BQ="></latexit>

E
⇥
Y1|W = w

⇤

<latexit sha1_base64="LfpNMrgkRrmGZPYshq1VchCcBsA="></latexit>

E
⇥
Y0|W = w

⇤
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Idea: SRD looks at the discontinuity in outcome at the cut-off, i.e., the outcome 

just above the cut-off minus the outcome just below the cut-off 

Example 

Cut-off c lies at W = 6:

<latexit sha1_base64="SEHjolveID7F3T8IQBuV742kPHs="></latexit>

⌧̂SRD = lim
w#c

E[Y | W = w]� lim
w"c

E[Y | W = w]

Imbens-Lemieux (2007)

Discontinuity

<latexit sha1_base64="nQ4lYDDgv5yaBNDWEWmujVuM2BQ="></latexit>

E
⇥
Y1|W = w

⇤

<latexit sha1_base64="LfpNMrgkRrmGZPYshq1VchCcBsA="></latexit>

E
⇥
Y0|W = w

⇤

Complete positivity violation
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Aim: Assumptions to identify the causal effect                                                                      ? 
<latexit sha1_base64="UugCA84jSDdVcjygtb2G7ntmM9s="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤
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Aim: Assumptions to identify the causal effect                                                                      ? 

Exchangeability / unconfoundedness  

holds because W determines T 

However, not directly useful due to complete positivity violation! 

<latexit sha1_base64="UugCA84jSDdVcjygtb2G7ntmM9s="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤

<latexit sha1_base64="0eKAkIwGulybJNOLi+zA8craoXw="></latexit>

Y0, Y1 ?? T | W
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Aim: Assumptions to identify the causal effect                                                                      ? 

Exchangeability / unconfoundedness  

holds because W determines T 

However, not directly useful due to complete positivity violation! 

Similarly, the second term here has no support in the data:  

<latexit sha1_base64="UugCA84jSDdVcjygtb2G7ntmM9s="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤

<latexit sha1_base64="0eKAkIwGulybJNOLi+zA8craoXw="></latexit>

Y0, Y1 ?? T | W

<latexit sha1_base64="8lgmQcVFMvGkuy0YpYSQk9wh7X8="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤
= E

⇥
Y1 | W = c

⇤
� E

⇥
Y0 | W = c

⇤
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Aim: Assumptions to identify the causal effect                                                                      ? 

Exchangeability / unconfoundedness  

holds because W determines T 

However, not directly useful due to complete positivity violation! 

Similarly, the second term here has no support in the data:  

Key assumption: 

The functions                                                                 are continuous (at least at w = c) 

Consequence: 

Any jump / discontinuity at                      is only due to the treatment

<latexit sha1_base64="UugCA84jSDdVcjygtb2G7ntmM9s="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤

<latexit sha1_base64="0eKAkIwGulybJNOLi+zA8craoXw="></latexit>

Y0, Y1 ?? T | W

<latexit sha1_base64="8lgmQcVFMvGkuy0YpYSQk9wh7X8="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤
= E

⇥
Y1 | W = c

⇤
� E

⇥
Y0 | W = c

⇤

<latexit sha1_base64="5ss/CbaxJwSVrhdZWlalz/5lbmE="></latexit>

µt(w) = E
⇥
Yt | W = w

⇤

<latexit sha1_base64="mkXsIFsEWLfHjWaGELHIpu5FgFY=">AAAB7HicdVDLSsNAFL2pr1pfVZduBovgKiRpaboRCm5cVrAPaEOZTCft0MkkzEyEEvoNblwo4tYPcuffOH0IKnrgwuGce7n3njDlTGnH+bAKG5tb2zvF3dLe/sHhUfn4pKOSTBLaJglPZC/EinImaFszzWkvlRTHIafdcHq98Lv3VCqWiDs9S2kQ47FgESNYG6ndRVeIDMsVx3Zcr9ZwkWO7ftXxGoZ49VrV95FrO0tUYI3WsPw+GCUki6nQhGOl+q6T6iDHUjPC6bw0yBRNMZniMe0bKnBMVZAvj52jC6OMUJRIU0Kjpfp9IsexUrM4NJ0x1hP121uIf3n9TEeNIGcizTQVZLUoyjjSCVp8jkZMUqL5zBBMJDO3IjLBEhNt8imZEL4+Rf+Tjme7ddu7rVWazXUcRTiDc7gEF3xowg20oA0EGDzAEzxbwnq0XqzXVWvBWs+cwg9Yb5/+YY4q</latexit>

W = c
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Aim: Assumptions to identify the causal effect                                                                      ? 

Key assumption: 

The functions                                                                are continuous (at least at w = c) 

Now, we can identify the causal effect of T on Y at                      :

<latexit sha1_base64="UugCA84jSDdVcjygtb2G7ntmM9s="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤

<latexit sha1_base64="5ss/CbaxJwSVrhdZWlalz/5lbmE="></latexit>

µt(w) = E
⇥
Yt | W = w

⇤

<latexit sha1_base64="mkXsIFsEWLfHjWaGELHIpu5FgFY=">AAAB7HicdVDLSsNAFL2pr1pfVZduBovgKiRpaboRCm5cVrAPaEOZTCft0MkkzEyEEvoNblwo4tYPcuffOH0IKnrgwuGce7n3njDlTGnH+bAKG5tb2zvF3dLe/sHhUfn4pKOSTBLaJglPZC/EinImaFszzWkvlRTHIafdcHq98Lv3VCqWiDs9S2kQ47FgESNYG6ndRVeIDMsVx3Zcr9ZwkWO7ftXxGoZ49VrV95FrO0tUYI3WsPw+GCUki6nQhGOl+q6T6iDHUjPC6bw0yBRNMZniMe0bKnBMVZAvj52jC6OMUJRIU0Kjpfp9IsexUrM4NJ0x1hP121uIf3n9TEeNIGcizTQVZLUoyjjSCVp8jkZMUqL5zBBMJDO3IjLBEhNt8imZEL4+Rf+Tjme7ddu7rVWazXUcRTiDc7gEF3xowg20oA0EGDzAEzxbwnq0XqzXVWvBWs+cwg9Yb5/+YY4q</latexit>

W = c
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Aim: Assumptions to identify the causal effect                                                                      ? 

Key assumption: 

The functions                                                                are continuous (at least at w = c) 

Now, we can identify the causal effect of T on Y at                      :

<latexit sha1_base64="UugCA84jSDdVcjygtb2G7ntmM9s="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤

<latexit sha1_base64="5ss/CbaxJwSVrhdZWlalz/5lbmE="></latexit>

µt(w) = E
⇥
Yt | W = w

⇤

<latexit sha1_base64="mkXsIFsEWLfHjWaGELHIpu5FgFY=">AAAB7HicdVDLSsNAFL2pr1pfVZduBovgKiRpaboRCm5cVrAPaEOZTCft0MkkzEyEEvoNblwo4tYPcuffOH0IKnrgwuGce7n3njDlTGnH+bAKG5tb2zvF3dLe/sHhUfn4pKOSTBLaJglPZC/EinImaFszzWkvlRTHIafdcHq98Lv3VCqWiDs9S2kQ47FgESNYG6ndRVeIDMsVx3Zcr9ZwkWO7ftXxGoZ49VrV95FrO0tUYI3WsPw+GCUki6nQhGOl+q6T6iDHUjPC6bw0yBRNMZniMe0bKnBMVZAvj52jC6OMUJRIU0Kjpfp9IsexUrM4NJ0x1hP121uIf3n9TEeNIGcizTQVZLUoyjjSCVp8jkZMUqL5zBBMJDO3IjLBEhNt8imZEL4+Rf+Tjme7ddu7rVWazXUcRTiDc7gEF3xowg20oA0EGDzAEzxbwnq0XqzXVWvBWs+cwg9Yb5/+YY4q</latexit>

W = c

(Expectation linear)

<latexit sha1_base64="5+8BhxLP5hi+TLgAcK0nuEspwTs="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤

= E
⇥
Y1 | W = c

⇤
� E

⇥
Y0 | W = c

⇤

= lim
w#c

E
⇥
Y1 | W = w

⇤
� lim

w"c
E
⇥
Y0 | W = w

⇤

= lim
w#c

E
⇥
Y | W = w

⇤
� lim

w"c
E
⇥
Y | W = w

⇤
= ⌧̂SRD
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Aim: Assumptions to identify the causal effect                                                                      ? 

Key assumption: 

The functions                                                                are continuous (at least at w = c) 

Now, we can identify the causal effect of T on Y at                      :

<latexit sha1_base64="UugCA84jSDdVcjygtb2G7ntmM9s="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤

<latexit sha1_base64="5ss/CbaxJwSVrhdZWlalz/5lbmE="></latexit>

µt(w) = E
⇥
Yt | W = w

⇤

<latexit sha1_base64="mkXsIFsEWLfHjWaGELHIpu5FgFY=">AAAB7HicdVDLSsNAFL2pr1pfVZduBovgKiRpaboRCm5cVrAPaEOZTCft0MkkzEyEEvoNblwo4tYPcuffOH0IKnrgwuGce7n3njDlTGnH+bAKG5tb2zvF3dLe/sHhUfn4pKOSTBLaJglPZC/EinImaFszzWkvlRTHIafdcHq98Lv3VCqWiDs9S2kQ47FgESNYG6ndRVeIDMsVx3Zcr9ZwkWO7ftXxGoZ49VrV95FrO0tUYI3WsPw+GCUki6nQhGOl+q6T6iDHUjPC6bw0yBRNMZniMe0bKnBMVZAvj52jC6OMUJRIU0Kjpfp9IsexUrM4NJ0x1hP121uIf3n9TEeNIGcizTQVZLUoyjjSCVp8jkZMUqL5zBBMJDO3IjLBEhNt8imZEL4+Rf+Tjme7ddu7rVWazXUcRTiDc7gEF3xowg20oA0EGDzAEzxbwnq0XqzXVWvBWs+cwg9Yb5/+YY4q</latexit>

W = c

(Expectation linear)

<latexit sha1_base64="5+8BhxLP5hi+TLgAcK0nuEspwTs="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤

= E
⇥
Y1 | W = c

⇤
� E

⇥
Y0 | W = c

⇤

= lim
w#c

E
⇥
Y1 | W = w

⇤
� lim

w"c
E
⇥
Y0 | W = w

⇤

= lim
w#c

E
⇥
Y | W = w

⇤
� lim

w"c
E
⇥
Y | W = w

⇤
= ⌧̂SRD

(Continuity)
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Aim: Assumptions to identify the causal effect                                                                      ? 

Key assumption: 

The functions                                                                are continuous (at least at w = c) 

Now, we can identify the causal effect of T on Y at                      :

<latexit sha1_base64="UugCA84jSDdVcjygtb2G7ntmM9s="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤

<latexit sha1_base64="5ss/CbaxJwSVrhdZWlalz/5lbmE="></latexit>

µt(w) = E
⇥
Yt | W = w

⇤

<latexit sha1_base64="mkXsIFsEWLfHjWaGELHIpu5FgFY=">AAAB7HicdVDLSsNAFL2pr1pfVZduBovgKiRpaboRCm5cVrAPaEOZTCft0MkkzEyEEvoNblwo4tYPcuffOH0IKnrgwuGce7n3njDlTGnH+bAKG5tb2zvF3dLe/sHhUfn4pKOSTBLaJglPZC/EinImaFszzWkvlRTHIafdcHq98Lv3VCqWiDs9S2kQ47FgESNYG6ndRVeIDMsVx3Zcr9ZwkWO7ftXxGoZ49VrV95FrO0tUYI3WsPw+GCUki6nQhGOl+q6T6iDHUjPC6bw0yBRNMZniMe0bKnBMVZAvj52jC6OMUJRIU0Kjpfp9IsexUrM4NJ0x1hP121uIf3n9TEeNIGcizTQVZLUoyjjSCVp8jkZMUqL5zBBMJDO3IjLBEhNt8imZEL4+Rf+Tjme7ddu7rVWazXUcRTiDc7gEF3xowg20oA0EGDzAEzxbwnq0XqzXVWvBWs+cwg9Yb5/+YY4q</latexit>

W = c

(Expectation linear)

<latexit sha1_base64="5+8BhxLP5hi+TLgAcK0nuEspwTs="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤

= E
⇥
Y1 | W = c

⇤
� E

⇥
Y0 | W = c

⇤

= lim
w#c

E
⇥
Y1 | W = w

⇤
� lim

w"c
E
⇥
Y0 | W = w

⇤

= lim
w#c

E
⇥
Y | W = w

⇤
� lim

w"c
E
⇥
Y | W = w

⇤
= ⌧̂SRD

(Continuity)

<latexit sha1_base64="LJXtBFO0XI5PQBleVJ1dtz+mnQI=">AAACAnicdVDLSgNBEJz1GeMr6km8NAbB07K7CUkuSsCLRwWjCUkIs5NZHZx9MNOrhiV48Ve8eFDEq1/hzb9xEiOoaEFDUdVNd5efSKHRcd6tqemZ2bn53EJ+cWl5ZbWwtn6q41Qx3mCxjFXTp5pLEfEGCpS8mShOQ1/yM//yYOSfXXGlRRyd4CDh3ZCeRyIQjKKReoXNVs+FPWhBB/kNZiACGMI17APrFYqO7bheueaCY7vVkuPVDPEq5VK1Cq7tjFEkExz1Cm+dfszSkEfIJNW67ToJdjOqUDDJh/lOqnlC2SU9521DIxpy3c3GLwxhxyh9CGJlKkIYq98nMhpqPQh90xlSvNC/vZH4l9dOMah1MxElKfKIfS4KUgkYwygP6AvFGcqBIZQpYW4FdkEVZWhSy5sQvj6F/8mpZ7sV2zsuF+v1SRw5skW2yS5xSZXUySE5Ig3CyC25J4/kybqzHqxn6+WzdcqazGyQH7BePwA4W5Vr</latexit>

Y1 = Y if w > c
<latexit sha1_base64="29aEpMMz92cylMJO+dRK3d9QVy0=">AAACAnicdVDLSgNBEJz1bXxFPYmXxiB4WmY3weSgEPDiUcH4IAlhdjKrg7MPZnrVsAQv/ooXD4p49Su8+TdOYgQVLWgoqrrp7gpSJQ1S+u6MjU9MTk3PzBbm5hcWl4rLK8cmyTQXDZ6oRJ8GzAglY9FAiUqcplqwKFDiJLjcG/gnV0IbmcRH2EtFO2LnsQwlZ2ilTnHtrENhF86gheIGc5Ah9OEadoB3iiXqUs+v1DygrlctU79mib9dKVer4Ll0iBIZ4aBTfGt1E55FIkaumDFNj6bYzplGyZXoF1qZESnjl+xcNC2NWSRMOx++0IdNq3QhTLStGGGofp/IWWRMLwpsZ8Twwvz2BuJfXjPDsNbOZZxmKGL+uSjMFGACgzygK7XgqHqWMK6lvRX4BdOMo02tYEP4+hT+J8e+6227/mGlVK+P4pgh62SDbBGPVEmd7JMD0iCc3JJ78kienDvnwXl2Xj5bx5zRzCr5Aef1AzO1lWg=</latexit>

Y0 = Y if w < c
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Aim: Assumptions to identify the causal effect                                                    ? 

Key assumption: 

The functions                                                                are continuous (at least at w = c) 

Now, we can identify the causal effect of T on Y at                      :

<latexit sha1_base64="UugCA84jSDdVcjygtb2G7ntmM9s="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤

<latexit sha1_base64="5ss/CbaxJwSVrhdZWlalz/5lbmE="></latexit>

µt(w) = E
⇥
Yt | W = w

⇤

<latexit sha1_base64="mkXsIFsEWLfHjWaGELHIpu5FgFY=">AAAB7HicdVDLSsNAFL2pr1pfVZduBovgKiRpaboRCm5cVrAPaEOZTCft0MkkzEyEEvoNblwo4tYPcuffOH0IKnrgwuGce7n3njDlTGnH+bAKG5tb2zvF3dLe/sHhUfn4pKOSTBLaJglPZC/EinImaFszzWkvlRTHIafdcHq98Lv3VCqWiDs9S2kQ47FgESNYG6ndRVeIDMsVx3Zcr9ZwkWO7ftXxGoZ49VrV95FrO0tUYI3WsPw+GCUki6nQhGOl+q6T6iDHUjPC6bw0yBRNMZniMe0bKnBMVZAvj52jC6OMUJRIU0Kjpfp9IsexUrM4NJ0x1hP121uIf3n9TEeNIGcizTQVZLUoyjjSCVp8jkZMUqL5zBBMJDO3IjLBEhNt8imZEL4+Rf+Tjme7ddu7rVWazXUcRTiDc7gEF3xowg20oA0EGDzAEzxbwnq0XqzXVWvBWs+cwg9Yb5/+YY4q</latexit>

W = c

(Expectation linear)

<latexit sha1_base64="5+8BhxLP5hi+TLgAcK0nuEspwTs="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤

= E
⇥
Y1 | W = c

⇤
� E

⇥
Y0 | W = c

⇤

= lim
w#c

E
⇥
Y1 | W = w

⇤
� lim

w"c
E
⇥
Y0 | W = w

⇤

= lim
w#c

E
⇥
Y | W = w

⇤
� lim

w"c
E
⇥
Y | W = w

⇤
= ⌧̂SRD

(Continuity)

Causal identifiability!
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A similar approach exist to identify the causal effect around a cut-off c                                            

when treatment below and above c is not deterministic 

This is called Fuzzy Regression Discontinuity (FRD) 

Example 

FRD can incorporate (non-)compliers and never-takers. For example, if grades on 

an assignment are below cut-off c, extra help is offered to students —> may or 

may not take the help. What is the causal effect of this help? 

Causal identifiability and estimation of FRD requires an approach similar to 

instrumental variables (see reference)

<latexit sha1_base64="UugCA84jSDdVcjygtb2G7ntmM9s="></latexit>

⌧SRD = E
⇥
Y1 � Y0 | W = c

⇤

Imbens-Lemieux (2007)



Overview of the course

• Lecture 1: Introduction & Motivation, why do we care about causality? 

Why deriving causality from observational data is non-trivial. 

• Lecture 2: Recap of probability theory, variables, events, conditional 

probabilities, independence, law of total probability, Bayes’ rule 

• Lecture 3: Recap of regression, multiple regression, graphs, SCM  

• Lecture 4-20: Causality

Causal Effect Estimation Casual Discovery

Obsv confounders Unobsv confounders

Regression 
Adjustment

Propensity 
score 

Rubin

IV
Front-door 

criterion

Rubin, Pearl

Constraint-
based

Score-
based

FCMs


