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informatics Self-Study Solutions (Background) Michael Cutmann

These are exercises for self-study and exam preparation. All material is examinable unless otherwise
mentioned.

Exercise 1. The chain rule factorisation

Let (x,y, z) be three discrete random variables, each taking values in {0,1}. Suppose their joint probability
mass function is
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(a) The chain rule for the ordering x,y, z is

p(z,y,2) = p(z)p(y|z)p(2|z,y) (1)

Determine the numerical values for all (conditional) pmfs in the above factorisation.

Solution. This requires repeat application of the sum and product rule. We start with

computing p(x):
plz=0)=> p(0,y,2) (S.1)
Y,z
1+24+344 10 1
=0 w2 (5.2
Furthermore: p(z =1)=1—p(z =0) =1/2.
Since (.9)
pP\x,y
x) = S.3
plon) = 202 (53)

we next compute p(z,y) by marginalising out z from p(z,y, 2):

p(z,y) =3, p(x,y,2)

r oy
142 _ 3
00 %5 =2
344 _ T
0 1 55 =g
143 _ 4
L0 55 =19
244 _ 6
L1 55 =9

The conditional p(y|z) thus is:
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z y plyle) =plz,y)/p(x)
00 &
01 &
Lo gt
L1 g3
For the last factor, we use
plafa,y) = PE82) (5.4)

p(z,y)

We thus normalise the joint p(z,y,z) with the values of the bivariate marginal p(z,y)
computed above.

z y z pilzy)
00 o0 %
00 1 2
010 2
01 1 3
1 00 %
101 3
110 2
11 1 2

(b) Specify the chain-rule factorisation for the ordering z,y,x.

Solution. We have
p(x,y,2) = p(2)p(yl2)p(zly, 2) (S.5)

(¢) Compute the numerical values for each factor found in the factorisation above.

Solution. We start with p(z):

p(z=0)=> plx,y,z=0) (S.6)
Y
1+3+14+2 7
% -3 (S.7)
Furthermore: p(z = 1) =1 — p(z = 0) = 3.
Since (0. 2)
p\y, =
Z) = S8
ol =P (558)

we next compute p(y, z) by marginalising out z from p(z,y, z)
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The conditional p(y|z) thus is:

y 2 pylz) =py,2)/p(2)
0 0 2
01
10 2
11 2
For p(z|y, z), we use
p(z,y,2)
px|Yy,z2) = —F— S.9
(=ly. 2) p(y, 2) (5.9)

and thus normalise the joint p(z,y,z) with the values of the bivariate marginal p(y, z)
computed above.

p(zly, 2)
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(d) Check that the pmf for (x,y,z) = (1,1,0) is the same when computed with the chain-rule for the
ordering x,y,z or z,Y,T.

Solution. For the ordering x,y, z, we have

pr=1Ly=12=0)=plz=1ply=1z=1p(z=0/z=1,y=1) (S.10)
1 3 2
=_-.2.Z A1
2 5 6 (S-11)
1
== (S.12)
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For the ordering z,y, x, we have

ple=Ly=12=0)=p(z=0)p(y =1z=0)plx =1y =12=0) (5.13)
7 5 2
- .2.z2 14
20 7 5 (5-14)
2 1
=5 =10 (S.15)
Exercise 2. FExpectations

Let (z,y, z) be three discrete random variables, each taking values in {0,1}. Suppose their joint probability

mass function is

p(mvya Z)
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(a) Compute E[(z + 1)?]

Solution. Because the expectation only

involves x, we only need to know p(z), which

we can compute via the sum-rule, marginalising out y and z. We have

plz =0)=> p(0,y,2) (S.16)
Y,z
1+2+3+4 10 1
- = — =, 1
20 20 2 (8-17)
Furthermore: p(z =1)=1—p(z =0) =1/2.
We thus obtain
E((z+1)%] =) pla)(x+1)* (S.18)
Lo oo
=5 (17 +2%) (S.19)
5
he S.20
: (520
(b) Compute E[(x + 1)*(y + 2)]
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nonlinear combination of z and y, we

Solution. Because the expectation depends on a
need to know p(z,y), which we can compute via the sum-rule, marginalising out z. We
have
vy play)=>,p®y,2)
142 _ 3
00 %5 =3
344 _ 7
0 1 %5 =3
143 _ 4
L0 S5 =%
244 _ 6
L1 %55 =2

We thus obtain

El(z +1)*(y +2)] =D _pla,y)(z +1)*(y +2) (5.21)
.,y
:2%-12-2+%-12-3+ (S.22)
2% 2.2+%.22.3 (S.23)
- %; 3—(1) + % ;—(2) (S.24)
=30 (S.25)
(¢c) Compute E[(z +1)2(y + 2)|x = 0]
Solution. Following the definition for conditional expectations, we have
El(@+1)*(y+2)lz =01 =Y _plylz = 0)1*(y +2) (S.26)
y
=ply=0z=0)-24+ply=1xz=0)-3 (S.27)
The conditional p(y|x = 0) is
=0
plole =0) = =08 (528)
_ {1} y=0 (S.29)
0 y=1
Hence
E[(x+1)2(y+2)ya::o]:3-2+l-3 (S.30)
= 2710 (S.31)
=3 (S.32)
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