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Practicalities

▶ Course team: Chris Heunen

Kengo Hirata

▶ Website: Learn, Piazza
▶ Lectures: Tuesdays and Thursdays 2-3pm
▶ Tutorials: Wednesdays 2-3pm, week 2-10
▶ Labs: Mondays 2-3pm, weeks 2 and 4
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Assessment

▶ Labs (0%): practical
▶ Tutorials (0%): exercise sheets
▶ Coursework (30%): week 5
▶ Written exam (70%): April-May diet
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Material

4 / 4



Introduction to Quantum Programming
and Semantics
Week 1: ZX calculus

Chris Heunen

1 / 33



2 / 33



Overview

It’s all about pictures:

▶ can manipulate like flow chart
▶ mathematically rigorous backend
▶ complete for quantum computation
▶ higher level than quantum circuits
▶ built up from basic elements: Z and X observables
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Overview

ZX calculus:

▶ Game
▶ Rules
▶ Interpretation
▶ Power
▶ Example
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The game

Two-dimensional:
▶ Time goes up
▶ Space extends left and right
▶ Wires represent qubits
▶ Whole diagram represents process

Example process that takes 3 qubits and returns 2:
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Only connectivity matters

Doesn’t matter how exactly we draw wires:
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Only connectivity matters

Doesn’t even matter how boxes oriented:

Wedge breaks rotational symmetry
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What goes inside the box?

Can build up from certain simple ones by placing side by side, or on
top of each other and connecting input and output wires. Four basic
ones:

α
α

α
α

α ∈ [0,2π) can be any phase
Draw phase 0 as dot without label
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Example

Process with 2 input qubits and 2 output qubits:
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The rules

Two kinds:
▶ Graphical rules: graph isotopy
▶ Axioms governing basic building blocks:

9 groups making them behave as Z and X observables
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Monoid rules

= = = =

= = = =
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Frobenius rules

= =
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Fusion rules

α β

= α+ β
α β

= α+ β
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Identity rules

Shorthand notation:

α :=
α

α :=
α

H :=

π
2

π
2

π
2
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Identity rules

= =

=
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Colour change rule

=

H

H H
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Copy rule

=
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π-Copy rule

α

π

=
α

π π
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Bialgebra rule

=
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Scalars rule

“Ignore global scalar factors”

α

β

=
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The interpretation

What do all these rules mean?
▶ doesn’t matter row dots of same colour connected, as long as

phases add up (modulo 2π)
▶ think of wires as qubits/2-by-2 matrices:

▶ white dots tell you how to multiply diagonal matrices (in Z basis)
▶ black dots tell you how to multiply diagonal matrices (in X basis)

▶ what happens when changing between Z and X basis
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Standard model

t |

=

(
1 0
0 1

)
t |

=


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1


r z

=


1
0
0
1


r z

=
(
1 0 0 1

)

22 / 33



Standard model

t
H

|

=

(
1 1
1 −1

)
t

α

|

=

(
1

eiα

)
t

α

|

=

(
1 0 0 0
0 0 0 eiα

)
t

α

|

=

(
1 + eiα

1 − eiα

)
t

α

|

=

(
1 + eiα 1 − eiα 1 − eiα 1 + eiα

1 − eiα 1 + eiα 1 + eiα 1 − eiα

)
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Standard model

t
f g

|

= JfK ⊗ JgK

t

f

g |

= JgK ◦ JfK
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Game makes sense

Any graphical manipulations done with ZX diagrams yield valid
equalities between matrices

Theorem (ZX calculus is sound): Let D1,D2 be diagrams in the ZX
calculus. If D1 equals D2 under the axioms of the ZX calculus, then
JD1K = JD2K.
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Approximate universality

ZX calculus captures essence of quantum computation very efficiently

Any linear transformation from m qubits to n qubits can be
approximated up to arbitrary precision.

Theorem (ZX calculus is approximately universal): For any 2m-by-2n

matrix f , and any error margin ε > 0, there exists a diagram D in the
ZX calculus, that only includes phases that are integer multiples of π4 ,
such that ∥JDK − f∥ < ε.
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Completeness

If two matrices are equal, both given by ZX calculus diagrams, is
there always a graphical proof of this using only the axioms of the ZX
calculus?

Need two more axioms (that are sound):

πφ ψ

φ θ ψ

−θ

=
π φψ

φ−θψ

θ
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Completeness

π
4

π
4

π
4

−π
2

π
4

π
4

π
4

=

π
2

π
4

π
4 π π

4

π

π
4

for any phases φ,ψ, θ that are multiples of π
4 . Let’s call the ZX

calculus with these two extra rules the π
4 -ZX calculus.
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π
4 -ZX calculus. If JD1K = JD2K, then D1 = D2 under the axioms of the
π
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Automation

ZX calculus is very amenable to automation. All a ZX calculation
really is, is a bunch of finite labelled graphs, and a sequence of one
of finitely many rules. Computers can handle this very well, and in
fact search for such proofs for us themselves.
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Quantum circuit optimisation

▶ Given quantum circuit may be very inefficient: many expensive
(T) gates.

▶ Approximate universality: convert circuit into ZX diagram
▶ Manipulate ZX diagram using axioms: make it simpler
▶ Convert simplex ZX diagram back into circuit: fewer expensive

gates.
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Quantum circuit optimisation in practice
This optimisation strategy is in fact used in practice!
The currently best commercial state-of-the-art quantum circuit
optimiser is based on this: t|ket⟩ by Cambridge Quantum Computing.

Original circuit:

+

+

+
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Quantum circuit optimisation in practice
This optimisation strategy is in fact used in practice!
The currently best commercial state-of-the-art quantum circuit
optimiser is based on this: t|ket⟩ by Cambridge Quantum Computing.

Circuit expanded as ZX diagram. Small boxes are Hadamard gates.
There are 21 T gates (dots with phases that are not multiples of π/2):
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Quantum circuit optimisation in practice
This optimisation strategy is in fact used in practice!
The currently best commercial state-of-the-art quantum circuit
optimiser is based on this: t|ket⟩ by Cambridge Quantum Computing.

Simplified ZX diagram. Dotted lines are wires carrying a Hadamard
gate.
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Quantum circuit optimisation in practice
This optimisation strategy is in fact used in practice!
The currently best commercial state-of-the-art quantum circuit
optimiser is based on this: t|ket⟩ by Cambridge Quantum Computing.

After optimisation 15 T gates remain:
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Quantum circuit optimisation
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Summary

ZX calculus:
▶ intuitive: all about pictures
▶ rigorous: mathematical backend
▶ sound: what you can do graphically you can do algebraically
▶ complete: what you can do algebraically you can do graphically
▶ approximately universal: can express any quantum computation
▶ higher level than quantum circuits
▶ automation: will do yourself in lab session
▶ circuit optimisation: state of the art
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