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Introduction to Quantum Programming and Seman-
tics: tutorial 5 answers

Exercise 3.11

Let X R X. Compute:

Tr(R) = ε ◦ (R⊗ idX) ◦ σX,X ◦ η
= {((x, x), •) | x ∈ X} ◦ (R⊗ idX) ◦ {((x, y), (y, x)) | x, y ∈ X} ◦ {(•, (x, x)) | x ∈ X}
= {((x, x), •) | x ∈ X} ◦ (R⊗ idX) ◦ {(•, (x, x)) | x ∈ X}
= {((x, x), •) | x ∈ X} ◦ {(•, (y, x)) | (x, y) ∈ R}
= {(•, •) | ∃x ∈ X : xRx}.

So Tr(R) = 1 when R has a fixed point, and Tr(R) = 0 otherwise.

Exercise 3.12

(a) Say f = g† ◦ g for A g B. Now use dagger duality:

TrA(f) = εA ◦ (g† ⊗ idA∗) ◦ (g ⊗ idA∗) ◦ σA∗,A ◦ ηA
= εA ◦ (g† ⊗ idA∗) ◦ σA∗,B ◦ (idA∗ ⊗ g) ◦ ηA
= η†A ◦ σA,A∗ ◦ (g† ⊗ idA∗) ◦ σA∗,B ◦ (idA∗ ⊗ g) ◦ ηA
= η†A ◦ (idA∗ ⊗ g†) ◦ (idA∗ ⊗ g) ◦ ηA.

(b) If f = g† ◦ g, then f ∗ = g∗ ◦ (g†)∗ = (g∗) ◦ (g∗)†.

(c)

TrA∗(f ∗) = εA∗ ◦ (f ∗ ⊗ idA) ◦ σA,A∗ ◦ ηA∗

= εA∗ ◦ (idA∗ ⊗ f) ◦ σA,A∗ ◦ ηA∗

= εA ◦ σA,A∗ ◦ (idA∗ ⊗ f) ◦ σA,A∗ ◦ σA∗,A ◦ ηA
= TrA(f).

(d) This is graphically immediately clear.

(e) Suppose f = a† ◦ a and g = b† ◦ b; use the cyclic property to see
Tr(g ◦ f) = Tr((b† ◦ a)† ◦ (b† ◦ a)), and then use part (a) to see that this
scalar is positive.

Exercise 3.13

If A ⊗ B h A ⊗ B is an inverse of f ⊗ g, take f−1 to be TrB((id ⊗ g) ◦ h) •
dim(B)−1. This works in any monoidal category by dropping the braid from the
trace/dimension.


