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Multi-Armed Bandit Problem

Multi-armed bandit (MAB) problem:
Q Pevive Q)

e There are k actions (“arms”) to choose from

e On each time stept=1,2,3,..., you choose an
action A = a and receive a scalar reward sampled
from some unknown random variable R;, where

g«(a) = E[R¢|Ar = d]

R: are iid (independently and identically distributed)
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e Goal: maximise total received rewards over time



Exploration-Exploitation Dilemma

e \We can form action-value estimates:

Qi(a) = g«(a)

e The greedy action attime tis:

Al = arg max Q:(a)

e Exploitation: choose A; = Af; Exploration: choose At # Af

Exploration-exploitation problem:
How to balance exploration and exploitation to maximise rewards?

= Can't exploit or explore all the time (why?)




Action-Value Methods

Action-value methods:
e [earn action-value estimates

e E.g sample average:

t—1
Qi(a) = NtZa) SR, + [A, = a]

where N¢(a) is number of times action a was selected until before t
e Sample average converges to true action values in the limit:

lim . Q:(a) = g«(a)

Ne(a)—



e-Greedy Action Selection

e Greedy action selection:
Ar=Af = arg max Q:t(a)

e c-greedy action selection:

Af with probability 1 — €
A = ) )
random action otherwise

e Simplest way to balance exploration and exploitation



10-Armed Bandit Testbed

2000 random MABs 3
each with 10 arms

normal reward dist. 2
each 1000 time steps
1
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y Methods on the 10-Armed Testbed
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Averaging Learning Rule

e Sample average (for 1-armed bandit):

- Ri+Ry+ ...+ Rn—q
N n—1

Qn
e Can compute incrementally:
1
Qny1=0Qn+ o [Rn — Qn]

e This is a standard form for update rules:

NewEstimate «+— OldEstimate + StepSize [Target — OldEstimate]



Derivation of Incremental Update

Qny1 = — )Y R

- %(Rn +1Qn — Q)

- atfn-ol



Simple Bandit Algorithm

A simple bandit algorithm

Initialize, for a = 1 to k:
Q(a) <0
N(a) <0

Loop forever:
4 o | argmax, Q(a) with probability 1 —e  (breaking ties randomly)
a random action with probability
R < bandit(A)
N(A)«+ N(A)+1
Q) « QA) + iy [R— Q(A)]




Non-Stationary Action Values

Suppose the true action values change slowly over time
e We then say that the problem is non-stationary
e Sample average not appropriate (why?)

e Many RL methods have to deal with non-stationarity (e.g. due to bootstrapping)

Have to “track” action values, e.g. using step size parameter a € (0, 1]

Qn1 = Qn +a[Rn — Qp]

n



Standard Stochastic Approximation Convergence Conditions

Estimates Q;(a) will converge to true values g.(a) with probability 1 if:
> ap(a) = oo and > ap(a) < oo
n=1 n=1

L4 eg Oén:%

'ﬂOt an:%

e not a, = ¢ (constant)

12



Optimistic Initial Values

All methods so far depend on initial estimates Qy

= Can incentivise exploration by using “optimistic” initial values

100% —
Optimistic, greedy
=5, =0
80% | @=5
% 60% - Realistic, € -greedy
. Q1=0, £=0.1
Optimal
action  40% eg Va:Qia) =5
20% - and a = 0.1
0% =7 T T T T 1
1 200 400 600 800 1000

Steps
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Upper Confidence Bound (UCB) Action Selection

Instead exploring uniform-randomly (e-greedy), explore “promising” actions first.

Upper Confidence Bound (UCB): estimate upper confidence bounds on action value

estimates and choose action with highest bound:
(Note: standard UCB

a if N¢(a) =0, else assumes rewards in [0,1])

A =
arg maxg [Qt(a) + ¢y/log t/Nt(a)}
— @
Intuition: second term is size of o
one-sided confidence interval for
average reward —

true expected reward upper confidence bound



Upper Confidence Bound (UCB) Action Selection

Average
reward

0.5F

See Tutorial 2
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Gradient Bandit Algorithm

Greedy, e-greedy, and UCB use estimates of g.(a)

e Can we select actions without computing estimates of g,?



Gradient Bandit Algorithm

Gradient-based policy optimisation:

e Use differentiable policy m(alf) with :}j}’g}fff/’?;@y/’/
parameter vector § € RY — /’///% Z 7
_,—f///://////
_/’/,’/ //
7Tt(ﬂ|9): Pr{At:a |9t:9} fi/// // Jﬁf
s ,// |
e Use gradient ascent on policy parameters “/ / 05 //
to maximise expected reward / /f //
/ [ 1 / /
Or11 = 0: + CYVgtE[Rt] J / I,(f /f /
| |




Gradient Bandit Algorithm with Softmax

e Represent m; with softmax distribution:

th(a) 40
Zb eHi(b)

H¢(a) are preference values (parameters)

wt(a) =

Preference

e Update policy parameters:

HH_'](G) = Ht(a) + S’I_Elt[(R;])

= Hi(a) + a(R: — Re)([a = Adh — me(a)) M e

Actions

with baseline Ry =130 _|R



Gradient Bandit Algorithm

100%
80% M,,w with baseline Re=1>,Rs
a=04
% 60% |
Optimal A=0.1 e
action  40%+ /f - without baseline Ri=0
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Deterministic Policies

Heri(a) = He(a) + a(Re — Re)([a = Ady — ()

Bonus questions:
e What if some actions have zero probability?

e E.g what if initial policy is deterministic?

m(a) =1for some a

20



Summary Comparison of Bandit Algorithms

151
UCB greedy with

optimistic
initialization
o =0.1

14r

Average ;|

reward .

. gradient

over first 12+ bandit
1000 steps

1/128 1/64 1/32  1/16  1/8 1/4 172 1 2 4

e a ¢ Qo N




Conclusion

Multi-armed bandit problem is simplest type of RL problem

e Bandit algorithms seek to maximise total reward over extended time
e Must balance exploration and exploitation —a key problem in RL

e First building block for more complex RL algorithms
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Required:

e RL book, Chapter 2 (21-2.8)
(Box “The Bandit Gradient Algorithm as Stochastic Gradient Ascent” in Sec 2.8 is
not examined)

Optional:

e UCB paper:
P. Auer, N. Cesa-Bianchi, P. Fischer (2002). Finite-time analysis of the multiarmed
bandit problem. Machine Learning, 47(2-3), 235-256.

e Bandit Algorithms
by Tor Lattimore and Csaba Szepesvari
Free download: https://tor-lattimore.com/downloads/book/book.pdf
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https://tor-lattimore.com/downloads/book/book.pdf

[Extra/not examined] Derivation of Gradient Bandit Algorithm (1/4)

In exact gradient ascent:
OE[R{]
(6]
8Ht(a)

Her = He(a) + where  E[R] = m(x)q.(x)
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (1/4)

In exact gradient ascent:
OE[R{]
(6]
8Ht(a)

Her = He(a) + where  E[R] = m(x)q.(x)

IE[R:] )
OH.(a) ~ OHq(a) [Zx: m(X)Cl*(X)]
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (1/4)

In exact gradient ascent:
OE[R{]

Hipq = He(a) + a 6Ht( )

where  E[R] = m(x)q.(x)

IE[R:] )
OH.(a) ~ OHq(a) [Zx: m(X)Cl*(X)]

_ Z q.(x 87” X) (product derivative rule)
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (1/4)

In exact gradient ascent:
OE[R{]
(6]
8Ht(a)

Her = He(a) + where  E[R] = m(x)q.(x)

IE[R:] )
OH.(a) ~ OHq(a) [Zx: m(X)Cl*(X)]

_ om(x) o
— ; g«(x) oH:(0) (product derivative rule)
=) (g.(X) — By) Om(X) (Bt is “baseline”)
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (2/4)

om(X) B 0
OH:(a) — OH(a)

7e(X)
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (2/4)

()ﬁ((X) 0

D)~ (@) ™)

%) et
 OHi(a) |32, et
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (2/4)

()ﬁ((X)

0

()H[(U)

= aHt(a) 7Tt(X)

%) et
 OHi(a) |32, et

et Zy eH[(y) o th(X)

aH[(G)

8Zy eHt()
8Ht(a)

(Zy eHr()/))z

(quotient derivative rule)
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (2/4)

()ﬁ((X)

0

()H[(U)

(@) ")

%) et
GH:(a) | 3, e

He(y)
ot 5, et — oHi() 92y e

OH:(a) aH(a)
(>, e)?
[a = x]y €00 3= eHil) — eHi(X)etie(a)
(>, ef)?

(quotient derivative rule)

([bl; = 1iff bis

oe* _ x
true, else 0) ( e’)

ox T
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (2/4)

om(X) B 0
D)~ (@) ™)

%) et
 OHi(a) |32, et

He(y)
ot 5, et — oHi() 92y e

__ OHi(a) OH¢(a) ( . . .
= quotient derivative rule)
(Zy eHr()/))z
[a = x]; e >, eMt(y) _ oHi(x) oH(a) ([bli =1iffbis .
- (>, e)? true, else 0) (Gr =€)

B [a = x|y eHt(x) eHt(x) gHi(a)

Zy eHi(y) (Zy ehi(v))2
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (2/4)

om(X) B 0
D)~ (@) ™)

%) et
 OHi(a) |32, et

He(y)
ot 5, et — oHi() 92y e

__ OHi(a) OH¢(a) ( . . .
quotient derivative rule)
(Zy eHr()/))z
[a = x]; e >, eMt(y) _ oHi(x) oH(a) ([bi =1iffbis .
- (>, e)? true, else 0) (Gr =€)

B [a = x|y eHt(x) eHt(x) gHi(a)

Zy eHi(y) (Zy ehi(v))2

= [a = Xy m(X) — me(x) me(a) = m(X) ([a = x]1 — me(a))
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (3/4)

gft[(R;]) N ;Wt(X)(CI*(X) - Bt)glilrzg)(;)) /me(x) (multiply by m(x)/m:(x))
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (3/4)

IE[R] _ ome(X)

oh(a) ;Wt(x)(CI*(X) - Bt)@Ht(G)/m(X) (multiply by 7¢(x)/m¢(x))
=E {(q*(At) - Bt)gﬁt((A(;)) /m(At)} (write as expectation over x)
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (3/4)

iy = 2 (-0 — B () (mutiply by (x)/()
=E {(q*(At) - Bt)gﬁt((A(;)) /m(At)} (write as expectation over x)
— B[ (Re R gy o /) ([R:JA] = .(40) and B; = R)
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (3/4)

gi[é?;]) - Z me(x)(G(X) — Bt)g;zg’;)) Jmi(X) (multiply by m(x)/m(x))
=E {(q*(At) - Bt)gﬁt((A(;)) /m(At)} (write as expectation over x)
_E {(Rt _ Rt)gﬁt({\;)) /m(At)] (E[Re}A] = g.(A7) and B, = R)

=E[(Re — Re) m(Ad)([a = Adhy — me(a)) /me(Ar)]

26



[Extra/not examined] Derivation of Gradient Bandit Algorithm (3/4)

o > me(@- () - B) 3oy 70 (multiply by m:(x)/m(x))
87” /m(At)} (write as expectation over x)
_&[(R R At)] (E[RAd] = q.(A) and B = R)

(la = Ady = m(a))/me(Ar)]

—R)([a = Ay — Wt(a))}

-sfen
1o
- E[(#
E[(R
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (3/4)

gi[(Rt]) ZWI(X)(CI*(X) - Bt)ggig)(;)) /mt(X) (multiply by m(x)/m(x))
{ am /m(At)} (write as expectation over x)
= E{ Ri — Ry) At)] (E[Rt|Ad] = q«(Ar) and By = Ry)
=E[(Rt (la = Ady = m(a))/me(Ar)]
= [ Rt [G = At]1 - TI't(CI))]
Thus:

Hpa(a) = Hi(a) + a(Re — Re)(la = A — mi(a)) O
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (4/4)

Z(Cl*(x) — Bt) :))HTEZ)) = Z(q*(x) — By) m(x) ([a = x|y — 7))

X X

Baseline B; does not change expectation because:
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (4/4)

Z(Cl*(x) — Bt) :))HTEZ)) = Z(q*(x) — By) m(x) ([a = x|y — 7))

X

Baseline B; does not change expectation because:

ome(x) ome(x)
;(q W)~ B )
B 87T ) omt(X)
_EX: t (a) Z t8/—/i(a
ome(x)
B tz OHZ(a
=0 because..
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[Extra/not examined] Derivation of Gradient Bandit Algorithm (4/4)

o) g 0m(9) Z“ ==ty
> (095 ~Seamey)
=> mXa=xh—>_ m(x)m(a)
3" g0 2 g Ol x ;
- OHi(a) 4= "'0Hi(a) = m(a) — 3 m(x) m(a)
_ Z 87Tt(X X
o OH(a) = m(a) — m(a) Zﬂt(x) 0

=0 because... ——
e 27



