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Lecture Outline

1. Recap: What is RL? A Demo 

2. Simplest RL problem: Multi-armed bandits 

3. Explore-exploit dilemma 

4. Algorithms for multi-armed bandits: UCB

2



My Interests
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The Big Picture: What is RL?

Learning to act
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The Reinforcement Learning Loop
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Multi-Armed Bandit: RL Without State
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Multi-Armed Bandits: Notation

- Random Variables: capital italics, such as 
<latexit sha1_base64="qpAEoIuJCcNj8HfTSwTclMdNIKg=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEw8ELJrDHqEePGIRh4JrJvZYRYmzD4y06shhP/w4kFjvPov3vwbB9iDgpV0ulLVnekpP5FCo21/Wyura+sbm7mt/PbO7t5+4eCwqeNUMd5gsYxV26eaSxHxBgqUvJ0oTkNf8pY/vJ76rUeutIijexwl3A1pPxKBYBSN9FArkbsSqXlouodeoWiX7RnIMnEyUoQMda/w1e3FLA15hExSrTuOnaA7pgoFk3yS76aaJ5QNaZ93DI1oyLU7nl09IadG6ZEgVqYiJDP198aYhlqPQt9MhhQHetGbiv95nRSDK3csoiRFHrH5Q0EqCcZkGgHpCcUZypEhlClhbiVsQBVlaILKmxCcxS8vk+Z52amUK7cXxSrN4sjBMZzAGThwCVW4gTo0gIGCZ3iFN+vJerHerY/56IqV7RzBH1ifP8lskOA=</latexit>

A,R,At, Rt

<latexit sha1_base64="8rbZyO+jVKZA9c6jK/w/lqJskuI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqheh4sVjBWsLTQiT7bZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMC1MpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjJ51kivEWS2SiOiFoLkXMWyhQ8k6qOESh5O1wdDfz22OutEjiR5yk3I9gEIu+YIBGCmzbayovvw2Q3lAI0JsGdtWpOXPQVeIWpEoKNAP7y+slLIt4jEyC1l3XSdHPQaFgkk8rXqZ5CmwEA941NIaIaz+fXz6lZ0bp0X6iTMVI5+rviRwirSdRaDojwKFe9mbif143w/61n4s4zZDHbLGon0mKCZ3FQHtCcYZyYggwJcytlA1BAUMTVsWE4C6/vEqeLmpuvVZ/uKw2oIijTE7IKTknLrkiDXJPmqRFGBmTZ/JK3qzcerHerY9Fa8kqZo7JH1ifP3wskwg=</latexit>

Pr{At = at}
<latexit sha1_base64="Z9BiBjcreNlVgO1Um8LOSoS7ZAc=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgIYRdkegx4MVjBPOAZF16J7PJkNkHM71KWPIfXjwo4tV/8ebfOEn2oIkFTRdV3UxP+YkUGm372yqsrW9sbhW3Szu7e/sH5cOjto5TxXiLxTJWXR80lyLiLRQoeTdRHEJf8o4/vpn5nUeutIije5wk3A1hGIlAMEAjPUCVqioFD0330CtX7Jo9B10lTk4qJEfTK3/1BzFLQx4hk6B1z7ETdDNQKJjk01I/1TwBNoYh7xkaQci1m82vntIzowxoECtTEdK5+nsjg1DrSeibyRBwpJe9mfif10sxuHYzESUp8ogtHgpSSTGmswjoQCjOUE4MAaaEuZWyEShgaIIqmRCc5S+vkvZFzanX6neXlQbkcRTJCTkl58QhV6RBbkmTtAgjijyTV/JmPVkv1rv1sRgtWPnOMfkD6/MHj3uRYA==</latexit>a, r, at, rt

- Realisations of these variables: lower case, such as 

<latexit sha1_base64="QcRq+S8wBvzO9LhrQ6FtRIq42AQ=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSyCh1ISkeqx4sWTVLCtkIYy2W7apZsPdjdCCb158a948aCIV/+CN/+NmzQHbX0w8Hhvhpl5XsyZVJb1bZSWlldW18rrlY3Nre0dc3evI6NEENomEY/EvQeSchbStmKK0/tYUAg8Trve+Crzuw9USBaFd2oSUzeAYch8RkBpqW8e9gJQIwI8vZzWsGPVbLeGc83z0ptp36xadSsHXiR2QaqoQKtvfvUGEUkCGirCQUrHtmLlpiAUI5xOK71E0hjIGIbU0TSEgEo3zf+Y4mOtDLAfCV2hwrn6eyKFQMpJ4OnO7EI572Xif56TKP/CTVkYJ4qGZLbITzhWEc5CwQMmKFF8ogkQwfStmIxAAFE6uooOwZ5/eZF0Tut2o964Pas2oYijjA7QETpBNjpHTXSNWqiNCHpEz+gVvRlPxovxbnzMWktGMbOP/sD4/AEyxZhd</latexit>

A, [0, 1],N
- Sets: script capitals, intervals, blackboard, such as
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Multi-Armed Bandits

0 1

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}
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<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

1

…

0

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}
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Formal Definition

Definition (Multi-Armed Bandit Problem):

Goal: maximise expected total reward.

Given: a set of k actions,    , number of rounds T.
<latexit sha1_base64="RNeeHTqYIr5s36WT2roi9F+MQ54=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRKR6rLixmUF+4A2lJvppB06mQkzE6GEfoYbF4q49Wvc+TdO2iy0emDgcM69zLknTDjTxvO+nNLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IWrKmaBtwwynvURRjENOu+H0Nve7j1RpJsWDmSU0iHEsWMQIGiv1BzGaCUGe3cyH1ZpX9xZw/xK/IDUo0BpWPwcjSdKYCkM4at33vcQEGSrDCKfzyiDVNEEyxTHtWyowpjrIFpHn7plVRm4klX3CuAv150aGsdazOLSTeUS96uXif14/NdF1kDGRpIYKsvwoSrlrpJvf746YosTwmSVIFLNZXTJBhcTYliq2BH/15L+kc1H3G/XG/WWtiUUdZTiBUzgHH66gCXfQgjYQkPAEL/DqGOfZeXPel6Mlp9g5hl9wPr4BfTORgQ==</latexit>

A

Repeat for t in T rounds: 

1. Algorithm selects arm 

2. Algorithm observes reward 

<latexit sha1_base64="nXoVWkFZmC+f6UCSsHjLf7PtdtE=">AAAB/HicbVDLSsNAFJ3UV62vapduBovgqiQi1WWLG5cV7AOaECbTSTt0MgkzN0II9VfcuFDErR/izr9x2mahrQcGDufcyz1zgkRwDbb9bZU2Nre2d8q7lb39g8Oj6vFJT8epoqxLYxGrQUA0E1yyLnAQbJAoRqJAsH4wvZ37/UemNI/lA2QJ8yIyljzklICR/Gqt7QN2ucRuRGBCicjbM79atxv2AnidOAWpowIdv/rljmKaRkwCFUTroWMn4OVEAaeCzSpuqllC6JSM2dBQSSKmvXwRfobPjTLCYazMk4AX6u+NnERaZ1FgJucR9ao3F//zhimEN17OZZICk3R5KEwFhhjPm8AjrhgFkRlCqOImK6YToggF01fFlOCsfnmd9C4bTrPRvL+qt0hRRxmdojN0gRx0jVroDnVQF1GUoWf0it6sJ+vFerc+lqMlq9ipoT+wPn8AFziUiQ==</latexit>

At 2 A
<latexit sha1_base64="2Nzzk6RLNfy8DOaeRhVI8cSvHSk=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY8OIxinnAZgmzk0kyZHZ2nekNhCXf4cWDIl79GG/+jZPHQRMLGoqqbrq7wkQKg6777eTW1jc2t/LbhZ3dvf2D4uFRw8SpZrzOYhnrVkgNl0LxOgqUvJVoTqNQ8mY4vJ36zRHXRsTqEccJDyLaV6InGEUrBQ8dJG2hiO9eeEGnWHLL7gxklXgLUoIFap3iV7sbszTiCpmkxviem2CQUY2CST4ptFPDE8qGtM99SxWNuAmy2dETcmaVLunF2pZCMlN/T2Q0MmYchbYzojgwy95U/M/zU+zdBJlQSYpcsfmiXioJxmSaAOkKzRnKsSWUaWFvJWxANWVocyrYELzll1dJ47LsVcqV+6tSlS7iyMMJnMI5eHANVbiDGtSBwRM8wyu8OSPnxXl3PuatOWcxcwx/4Hz+AOzckQM=</latexit>

Rt 2 [0, 1]
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Value: The Expected Reward

<latexit sha1_base64="8nfivY4H1CyCjU2HTtFB/CHjV+w=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCIFmFXJNoEIiJYRjEP2CzL3ckkGTL7cGZWCEu+wMZfsbFQxNbazr9xkmyhiQcGzpxzL/fe40WcSWWa30ZmaXlldS27ntvY3Nreye/uNWUYC0IbJOShaHsgKWcBbSimOG1HgoLvcdryhpcTv/VAhWRhcKdGEXV86AesxwgoLbn54r17XIIjXMUdH9TA85KrsX3rKv1lXXyhSRWD4+YLZtmcAi8SKyUFlKLu5r863ZDEPg0U4SClbZmRchIQihFOx7lOLGkEZAh9amsagE+lk0zPGeOiVrq4Fwr9AoWn6u+OBHwpR76nKyc7y3lvIv7n2bHqnTsJC6JY0YDMBvVijlWIJ9ngLhOUKD7SBIhgeldMBiCAKJ1gTodgzZ+8SJonZatSrtycFmqQxpFFB+gQlZCFzlANXaM6aiCCHtEzekVvxpPxYrwbH7PSjJH27KM/MD5/ALCSmhw=</latexit>

q⇤(a) = E[Rt | At = a]0 1

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

Value of arm
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Multi-Armed Bandits

0 1

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}
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<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

1

…

0

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

<latexit sha1_base64="8nfivY4H1CyCjU2HTtFB/CHjV+w=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCIFmFXJNoEIiJYRjEP2CzL3ckkGTL7cGZWCEu+wMZfsbFQxNbazr9xkmyhiQcGzpxzL/fe40WcSWWa30ZmaXlldS27ntvY3Nreye/uNWUYC0IbJOShaHsgKWcBbSimOG1HgoLvcdryhpcTv/VAhWRhcKdGEXV86AesxwgoLbn54r17XIIjXMUdH9TA85KrsX3rKv1lXXyhSRWD4+YLZtmcAi8SKyUFlKLu5r863ZDEPg0U4SClbZmRchIQihFOx7lOLGkEZAh9amsagE+lk0zPGeOiVrq4Fwr9AoWn6u+OBHwpR76nKyc7y3lvIv7n2bHqnTsJC6JY0YDMBvVijlWIJ9ngLhOUKD7SBIhgeldMBiCAKJ1gTodgzZ+8SJonZatSrtycFmqQxpFFB+gQlZCFzlANXaM6aiCCHtEzekVvxpPxYrwbH7PSjJH27KM/MD5/ALCSmhw=</latexit>

q⇤(a) = E[Rt | At = a]
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A Typical Run:

Round

0 1 0 0 01-5

11 0 006-10

11 00 111-15
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The Explore-Exploit Dilemma

0 0 0

0 00

00

Round

1-4

5-9

10-14 11

1

1

Exploit: Pick best option so far Explore: Learn more about other options
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The Explore-Exploit Dilemma: Always Present, After t=1

0 1

Exploit: Pick best option so far Explore: Learn more about other options
13

0 0

1

1



The Explore-Exploit Dilemma

Exploit: Pick best option so far Explore: Learn more about other options

Definition (Explore-Exploit Dilemma):

How to balance exploration and exploitation to 
maximise long-term rewards?

14



The Explore-Exploit Dilemma

Definition (Explore-Exploit Dilemma):

How to balance exploration and exploitation to 
maximise long-term rewards?

Discussion (2 minutes): 

Why will pure-exploration or pure-exploitation fail? 

How might you balance between the two?
15



MAB Approach 1: Action-Value Methods

0 1

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

10

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

1

…

0

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

<latexit sha1_base64="8nfivY4H1CyCjU2HTtFB/CHjV+w=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCIFmFXJNoEIiJYRjEP2CzL3ckkGTL7cGZWCEu+wMZfsbFQxNbazr9xkmyhiQcGzpxzL/fe40WcSWWa30ZmaXlldS27ntvY3Nreye/uNWUYC0IbJOShaHsgKWcBbSimOG1HgoLvcdryhpcTv/VAhWRhcKdGEXV86AesxwgoLbn54r17XIIjXMUdH9TA85KrsX3rKv1lXXyhSRWD4+YLZtmcAi8SKyUFlKLu5r863ZDEPg0U4SClbZmRchIQihFOx7lOLGkEZAh9amsagE+lk0zPGeOiVrq4Fwr9AoWn6u+OBHwpR76nKyc7y3lvIv7n2bHqnTsJC6JY0YDMBvVijlWIJ9ngLhOUKD7SBIhgeldMBiCAKJ1gTodgzZ+8SJonZatSrtycFmqQxpFFB+gQlZCFzlANXaM6aiCCHtEzekVvxpPxYrwbH7PSjJH27KM/MD5/ALCSmhw=</latexit>

q⇤(a) = E[Rt | At = a]
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MAB Approach 1: Action-Value Methods

0 1

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

10

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

1

…

0

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

<latexit sha1_base64="ijDvQComuamtgjjUbyBSgjV+A6U=">AAACCnicbVDLSsNAFJ3UV42PRl26GSxCdRESsdWNUHDjsoJ9QBvCZDpph84kcWYilNA/8A/c6g+4E7f+hHs/xGmbhW09cOFwzr2cywkSRqVynG+jsLa+sblV3DZ3dvf2S9bBYUvGqcCkiWMWi06AJGE0Ik1FFSOdRBDEA0baweh26refiJA0jh7UOCEeR4OIhhQjpSXfKj365xXku2fwBjp2tepbZcd2ZoCrxM1JGeRo+NZPrx/jlJNIYYak7LpOorwMCUUxIxOzl0qSIDxCA9LVNEKcSC+bPT6Bp1rpwzAWeiIFZ+rfiwxxKcc80JscqaFc9qbif143VeG1l9EoSRWJ8DwoTBlUMZy2APtUEKzYWBOEBdW/QjxEAmGlu1pICQI+MU1di7tcwippXdhuza7dX5brKC+oCI7BCagAF1yBOrgDDdAEGKTgBbyCN+PZeDc+jM/5asHIb47AAoyvX80dmAo=</latexit>

q⇤(a1) = 0.55
<latexit sha1_base64="6s4oQ9WBX2AhKNy2uqdSqVGI6Cw=">AAACB3icbVDLSgMxFM3UVx1fVZdugkWoLspMKdWNUHDjsoJ9QDsOmTTThiaZMckIZegH+Adu9QfciVs/w70fYtrOwrYeuHA4517O5QQxo0o7zreVW1vf2NzKb9s7u3v7B4XDo5aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawehm6refiFQ0Evd6HBOPo4GgIcVIG+nh0b8oIb9yDq+hU676haJTdmaAq8TNSBFkaPiFn14/wgknQmOGlOq6Tqy9FElNMSMTu5coEiM8QgPSNVQgTpSXzr6ewDOj9GEYSTNCw5n69yJFXKkxD8wmR3qolr2p+J/XTXR45aVUxIkmAs+DwoRBHcFpBbBPJcGajQ1BWFLzK8RDJBHWpqiFlCDgE9s2tbjLJaySVqXs1sq1u2qxjrKC8uAEnIIScMElqINb0ABNgIEEL+AVvFnP1rv1YX3OV3NWdnMMFmB9/QLWyJea</latexit>

q⇤(a2) = 0.4
<latexit sha1_base64="NdigEsTlUEPxjGkwUt7zDmm8yp8=">AAACB3icbVDLSsNAFJ34rPFVdelmsAjVRUhEajdCwY3LCvYBbQyT6aQdOjOJMxOhhH6Af+BWf8CduPUz3PshTtssbOuBC4dz7uVcTpgwqrTrflsrq2vrG5uFLXt7Z3dvv3hw2FRxKjFp4JjFsh0iRRgVpKGpZqSdSIJ4yEgrHN5M/NYTkYrG4l6PEuJz1Bc0ohhpIz08BudlFAzP4DV0nWpQLLmOOwVcJl5OSiBHPSj+dHsxTjkRGjOkVMdzE+1nSGqKGRnb3VSRBOEh6pOOoQJxovxs+vUYnhqlB6NYmhEaTtW/FxniSo14aDY50gO16E3E/7xOqqOqn1GRpJoIPAuKUgZ1DCcVwB6VBGs2MgRhSc2vEA+QRFibouZSwpCPbdvU4i2WsEyaF45XcSp3l6UaygsqgGNwAsrAA1egBm5BHTQABhK8gFfwZj1b79aH9TlbXbHymyMwB+vrFzkkl9c=</latexit>

q⇤(ak) = 0.8
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Estimating the Action-Value

0 1

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

Main Idea: Estimate the value of each arm!

<latexit sha1_base64="Pxqx+iAtgWcdIm+1ibNlz5TtrmQ="></latexit>

Qt(a) =
1

Nt(a)

t�1X

⌧=1

R⌧ · At=a

<latexit sha1_base64="r7M+Qs12E/TpAAlq2/s6L1kOhOs="></latexit>

Qt(a) =
Sum of rewards when taken a so far

Number of times taken a so far

18



Estimating the Action-Value

0 1

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

<latexit sha1_base64="Pxqx+iAtgWcdIm+1ibNlz5TtrmQ="></latexit>

Qt(a) =
1

Nt(a)

t�1X

⌧=1

R⌧ · At=a

<latexit sha1_base64="RV9DcG6aWTRw7HjUFoZ+Dwdd2kU="></latexit>

lim
Nt(a)!1

Qt(a) = q⇤(a)

Sample average converges in the limit

19



How to Explore, Exploit

0 0 0

0 00

00

Round

1-4

5-9

10-14 11

1

1

 Exploit: Pick best option so far 

 Explore: Learn more about other options 

Greedy action selection

<latexit sha1_base64="3slqr05ufCqo9AJy3GTDb8uRkzI="></latexit>

At = A⇤
t = argmax

a
Qt(a)

Random action selection

<latexit sha1_base64="BVEz3dfXUJtM0DjgBz0PX6q4SmQ="></latexit>

At ⇠ Unif(A)

20



 - greedy Action Selection

 Exploit: Pick best option so far 

 Explore: Learn more about other options 

Greedy action selection

<latexit sha1_base64="3slqr05ufCqo9AJy3GTDb8uRkzI="></latexit>

At = A⇤
t = argmax

a
Qt(a)

Random action selection

<latexit sha1_base64="BVEz3dfXUJtM0DjgBz0PX6q4SmQ="></latexit>

At ⇠ Unif(A)

<latexit sha1_base64="ZAcUl3I7FUXxXuiNGmohJy/gVGk="></latexit>✏MAB Algorithm 1:

Algorithm:     -greedy 
<latexit sha1_base64="p+dYuj72bVJioDs0v8WjKMtLlEI="></latexit>✏

For each round t in T:1
<latexit sha1_base64="iL3xVoR9Ocw5CTqz/wFcsBQ9fao="></latexit>

At =

(
A⇤

t Pr 1� ✏

Unif(A) otherwise
2

Execute At, observe Rt3

Update Nt(a), Qt(a)4

0
<latexit sha1_base64="9/3fwwTWOrcYgfL1J6A7Rzkj3R0="></latexit>

Q1(a), N1(a) = 0, 8a 2 A

21



MAB Experiment: Setup

2000 random MABs 

each with 10 arms 

normal reward dist. 

each 1000 rounds

22



Where is     = 0.1 after 

10,000 time steps? 

<latexit sha1_base64="p+dYuj72bVJioDs0v8WjKMtLlEI="></latexit>✏

MAB Experiment: Results

23



Incremental Learning Rule

Sample average (focusing on a single action):

<latexit sha1_base64="ap9g3WB4Gb7QHhknP3vAKxkRgvo="></latexit>

Qn =
R1 +R2 + . . .+Rn�1

n� 1

Can compute incrementally to avoid recomputing:
<latexit sha1_base64="9tCREG2fF0T3gBt2XuVGtgA2cFI="></latexit>

Qn+1 = Qn +
1

n
[Rn �Qn]

24



Learning Rules

Can compute incrementally to avoid recomputing:
<latexit sha1_base64="9tCREG2fF0T3gBt2XuVGtgA2cFI="></latexit>

Qn+1 = Qn +
1

n
[Rn �Qn]

 Standard form for update rules in RL 

NewEstimate <— OldEstimate + StepSize[Target - OldEstimate]

25



Simple Bandit Algorithm

26



Non-Stationary Problems

Issue: Suppose the true action values shift over time:


- This problem is then called non-stationary 

- Sample average alone is no longer appropriate (why?)


- Very common issue in RL!

Solution: track action values using a step-size parameter, 
<latexit sha1_base64="ijfm+Pmvi405N19Zo7R9Im4EF54="></latexit>

↵ 2 (0, 1]
<latexit sha1_base64="zC+ye6l+zIGF8Imkt0VtInBdb/8="></latexit>

Qn+1 = Qn + ↵[Rn �Qn]

27



Stochastic Approximation Convergence Conditions

Estimates           will converge with probability 1 to         if:
<latexit sha1_base64="qwd0riDOKWDxY0SbIdupLdkWDo0="></latexit>

Qn
<latexit sha1_base64="rI+m0BkeOUs2nyDOMxUoBtAQDY8="></latexit>q⇤

<latexit sha1_base64="CPzlRM+PcOKArPOvyZM1kCMWVtw="></latexit> 1X

n=1

↵n(a) ! 1 and
1X

n=1

↵2
n(a) < 1

Based on a classical result by Robbins and Monro (1951)

Works: 

<latexit sha1_base64="o7ZlflghXKS5coTmNIRqEfH1j0Q="></latexit>

↵n =
1

n
Not: 

<latexit sha1_base64="he+SkJcKN2GKZsym2xBnlnKpBcw="></latexit>↵n = c

<latexit sha1_base64="2N9W0ceofspV2WSGMnVd1YqHOfY="></latexit>

↵n =
1

n2,

28



Explore-Exploit Principle: Optimism Under Uncertainty

29

Optimism: Set        to be high!


See RL book: Section 2.6

<latexit sha1_base64="7hum7y7l0Psqn9PY+tr4cc0HMOU="></latexit>

Q1



Algorithm 2: Upper Confidence Bound (UCB)

0 1

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

10
<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

1

…

0

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

true value

30



0 1

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

Algorithm 2: Upper Confidence Bound (UCB)

true value = 0.55

Samples after five rounds:


0.2, 0.4, 0.45, 0.6, 0.9 

—> Sample average = 0.51

Q: How much more optimistic should we be?
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Confidence Intervals

0 1

<latexit sha1_base64="bjhvB0KJOJS2UNw7CfAw0xmygqo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjFfsBTSib7bZdutmE3YlQQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYd0JquBSKN1Gg5J1EcxqFkrfD8e3Mbz9xbUSsHnGS8CCiQyUGglG0ku83tJ89kBui/WmvXHGr7hxklXg5qUCORq/85fdjlkZcIZPUmK7nJhhkVKNgkk9Lfmp4QtmYDnnXUkUjboJsfvOUnFmlTwaxtqWQzNXfExmNjJlEoe2MKI7MsjcT//O6KQ6ug0yoJEWu2GLRIJUEYzILgPSF5gzlxBLKtLC3EjaimjK0MZVsCN7yy6ukdVH1atXa/WWlTvM4inACp3AOHlxBHe6gAU1gkMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDER+RKw==</latexit> P
r{
R

=
r}

true value = 0.55 Samples after five rounds:


0.2, 0.4, 0.45, 0.6, 0.9 

Q: How much more optimistic should we be?

<latexit sha1_base64="I/Zls4dCJokSZTURX+/1J/5p4hU="></latexit>

Qt(a1)

<latexit sha1_base64="rp3rQF4afL+Xzfdj2wuNYGmUgkI="></latexit>

+ c

s
log t

Nt(a)

Confidence 
intervals
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Algorithm 2: Upper Confidence Bound (UCB)

For each round t in T:1

2

Execute At, observe Rt3

Update Nt(a), Qt(a)4

0
<latexit sha1_base64="9/3fwwTWOrcYgfL1J6A7Rzkj3R0="></latexit>

Q1(a), N1(a) = 0, 8a 2 A

Algorithm:  UCB

<latexit sha1_base64="iUXsIySc7XGsXchi0HQ+MEAARK8="></latexit>

At =

(
Unif(A) maxa Nt(a) = 0

argmaxa[Qt(a) + c
q

log t
Nt(a)

] otherwise
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Experiments: UCB vs.  - greedy Action Selection
<latexit sha1_base64="ZAcUl3I7FUXxXuiNGmohJy/gVGk="></latexit>✏
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Gradient-Based Algorithms

35

RL Book: Section 2.8

We will return to this!



Recap

- Simplest RL problem: Multi-armed bandit (MAB) 

- MAB: k actions, no state. Goal: maximise long term reward 

- Dilemma: balance exploration and exploitation 

- Two basic algorithms: greedy and UCB
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Reading

- RL Book, Chapter 2 (2.1-2.8) 

Box “The Bandit Gradient Algorithm as Stochastic Gradient Ascent” in Sec 2.8 not 
examined 

Optional 

- UCB paper: P. Auer, N. Cesa-Bianchi, P. Fischer (2002). Finite-time analysis of the 
multi-armed bandit problem. Machine Learning, 47(2-3), 235-256. 

- Book: Bandit Algorithms by Tor Lattimore and Csaba Szepesvári. Free download: 
https://tor-lattimore.com/downloads/book/book.pdf 28
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