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Upcoming Event
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Lecture Outline

1. MDPs: Recap & Part 2 

2. Main quantities: Policies, Values. 

3. Algorithms for Solving MDPs: Value Iteration, Policy Iteration.

3



The Reinforcement Learning Loop

4

Agent

Environment

action
At

reward
Rt

state
St

Rt+1

St+1



The RL Loop with an MDP
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Markov Decision Processes
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Markov Decision Processes
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Markov Decision Processes
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Markov Decision Processes
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Markov Decision Processes
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(S, A, p)
<latexit sha1_base64="uEN27sLQ3cNePsOAbmOGNvMQl0M="></latexit>

(S, A, p, r)

<latexit sha1_base64="hCKqMOoUlEF8aMVIfFDfftp7Jj8="></latexit>

(S, A, p, r, “)
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Main Quantities

11

 Given an MDP,
<latexit sha1_base64="J+0K0BX5/16bGMFzyJmE7MjhusY="></latexit>

(S, A, p, r)

- Policy: 

- Discount factor:  

- Return: 

- State-value:  

- Action-value

<latexit sha1_base64="UCpCYJhdPa3pizQXu6bjsTmAsUw="></latexit>

fi(a | s)
<latexit sha1_base64="zxYe4iUP3Fcs6GrDUeAcqY+N6Tk="></latexit>

“ œ [0, 1)
<latexit sha1_base64="ztS4p5EBP3kPY1pDOEeEfOIPvx8="></latexit>

Gt = Rt+1 + “Rt+2 + “2Rt+3 + . . . =
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k=0
“kRt+1+k

<latexit sha1_base64="TcZELdZokjGMZcyr/UEc9ztXQyM="></latexit>

qfi(s, a) = Efi[Gt | St = s, At = a]

<latexit sha1_base64="EDIspVAZ4pK16o8xEtubkz5gsL8="></latexit>

vfi(s) = Efi[Gt | St = s]

, interested in:
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The Bellman Equation: State-Value
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Immediate reward discounted expected future value 

<latexit sha1_base64="zM8Hoz+25AecCS2JNWhRCgp4MRw="></latexit>

vfi(s) =
ÿ

aœA
fi(a | s)r(s, a) + “

ÿ

sÕœS
p(sÕ | s, a) · vfi(sÕ)



The Bellman Equation: State-Value
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Immediate reward discounted expected
future value 

<latexit sha1_base64="2ac9aMqbQVET22b9euslbBX/B3Y="></latexit>

vfi(s) =
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aœA
fi(a | s)r(s, a) + “ EsÕ [vfi(sÕ)]



The Bellman Equation: Action-Value
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Immediate reward discounted expected future value 

<latexit sha1_base64="bleQMyOP41f6pbgK0XCr0LEZuxs="></latexit>

qfi(s, a) = r(s, a) + “
ÿ

sÕœS
p(sÕ | s, a) · vfi(sÕ)



The Bellman Equation: Action-Value

19

Immediate reward discounted

<latexit sha1_base64="PPN2SxzAyD1xMBgWGI8I4TyG0dw="></latexit>

qfi(s, a) = r(s, a) + “ EsÕ [vfi(sÕ)]

expected
future value 



Optimality
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vfi(s) = vú(s) = max
fiÕ

vfiÕ(s)
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qfi(s, a) = qú(s, a) = max
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 Policy    is optimal if: <latexit sha1_base64="Eegwd4KU4Li5ChSpzZsgSZbwC/Y="></latexit>fi
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vfi(s) = vú(s) = max
fiÕ

vfiÕ(s)

<latexit sha1_base64="l8nFtZgBGlD6O6ZtxdKqCBarmJ8="></latexit>

qfi(s, a) = qú(s, a) = max
fiÕ

qfiÕ(s, a)

 Policy    is optimal if: <latexit sha1_base64="Eegwd4KU4Li5ChSpzZsgSZbwC/Y="></latexit>fi

By the Bellman Equation, this implies that for any optimal policy:
<latexit sha1_base64="QXd1KPmMlsRo/kROHK6HqOUB/+U="></latexit>

’fî’s : vfi(s) Ø vfî(s)



Optimal Value Functions, Policies

22

<latexit sha1_base64="H5+/6/9RLl6R6UTkftg9BoYnh38="></latexit>
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aœA

Q

a
ÿ

sÕ,r

p(sÕ, r|s, a) [r + “ vú(sÕ)]

R

b

<latexit sha1_base64="4bfEy+W7xifUDiBu0jKIXR8NJew="></latexit>

q⇤(s, a) =
X

s0,r

p(s0, r|s, a)[r + � v⇤(s
0)]



Example: Gridworld
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Gridworld: 

- States: cell locations in a grid 

- Actions: Move north/south/east/west. 

- Rewards: -1 off grid, +10/+5 in A/B, 0 otherwise.

<latexit sha1_base64="kkH4RuTRghCgMP9BAL1NtPZ0EOI="></latexit>

fi(a | s) ≥ Unif(A)



Discussion
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Gridworld: 

- States: cell locations in a grid 

- Actions: Move north/south/east/west. 

- Rewards: -1 off grid, +10/+5 in A/B, 0 otherwise.

<latexit sha1_base64="kkH4RuTRghCgMP9BAL1NtPZ0EOI="></latexit>

fi(a | s) ≥ Unif(A)
Discussion: What is the lowest 
value state? The highest? 

What are their values, roughly?
(1,1) (5,1)

(1,5)



Example: Gridworld
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<latexit sha1_base64="1zS+LoUqbXZO7rq2/pNPLfQa2/w="></latexit>

vfi(s)

<latexit sha1_base64="kkH4RuTRghCgMP9BAL1NtPZ0EOI="></latexit>

fi(a | s) ≥ Unif(A)

Gridworld: 

- States: cell locations in a grid 

- Actions: Move north/south/east/west. 

- Rewards: -1 off grid, +10/+5 in A/B, 0 otherwise.



Example: Gridworld — Optimal Policy
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Gridworld: 

- States: cell locations in a grid 

- Actions: Move north/south/east/west. 

- Rewards: -1 off grid, +10/+5 in A/B, 0 otherwise.

22.0 24.4 22.0 19.4 17.5

19.8 22.0 19.8 17.8 16.0

17.8 19.8 17.8 16.0 14.4

16.0 17.8 16.0 14.4 13.0

14.4 16.0 14.4 13.0 11.7

A B

A'

B'+10

+5

<latexit sha1_base64="gnfxO/ETxtFEhoz5Nmx8jRH6peQ="></latexit>

fiú(s)
<latexit sha1_base64="L/pCBmzD8nht4pSdXTebJoUEwIk="></latexit>

vfiú(s)



Value: System of Linear Equations
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Bellman Equations form a system of n =      linear equations
<latexit sha1_base64="3M0oiBdw33r1q7kD+c1o4EzrquQ="></latexit>

|S|

<latexit sha1_base64="rY2MXj1rsdfWUxKSFXnlXNPMr4M="></latexit>

vfi(s1) =
ÿ

a

fi(a|s1)
ÿ

sÕ,r

p(sÕ, r|s1, a) [r + “vfi(sÕ)]

vfi(s2) =
ÿ

a

fi(a|s2)
ÿ

sÕ,r

p(sÕ, r|s2, a) [r + “vfi(sÕ)]

...
vfi(sn) =

ÿ

a

fi(a|sn)
ÿ

sÕ,r

p(sÕ, r|sn, a) [r + “vfi(sÕ)]

Value function is unique solution — solve using any method to solve linear system.



Recap: The Main Ideas
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- Markov Decision Process: the canonical way to model RL problems 

- Policy:    is a strategy for assigning actions to states. 

- Value:        , Action-value:            capture expected cumulative discounted reward 

—> Long term view of the quality of a policy. 

- Goal: Find a policy that maximises value.

<latexit sha1_base64="rJooEaCu8yR+HzeBzgzrJatiQq8="></latexit>fi
<latexit sha1_base64="1zS+LoUqbXZO7rq2/pNPLfQa2/w="></latexit>

vfi(s)
<latexit sha1_base64="U4aj3QB/5Gd9NMSv0IeKqSfm+XA="></latexit>

qfi(s, a)



Two Problems: RL, and Planning
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Goal: maximise total reward.

Definition: The RL Problem (MDPs)

Given:       , query access to 
<latexit sha1_base64="6ubgeT7eg3wg+0XgJ1YAP1xdXYw="></latexit>

S, A <latexit sha1_base64="cmz4Ovf9IeT1fGsxm/e6sIKtBWo="></latexit>p

<latexit sha1_base64="Deh40kW6onNfSuY/KO3gpwXrO/U="></latexit>

St, Rt ≥ p(sÕ, r | s, a)

  Repeat, for t = 0, 1, … 

1. Agent selects action  

2. Agent observes 

<latexit sha1_base64="nXoVWkFZmC+f6UCSsHjLf7PtdtE=">AAAB/HicbVDLSsNAFJ3UV62vapduBovgqiQi1WWLG5cV7AOaECbTSTt0MgkzN0II9VfcuFDErR/izr9x2mahrQcGDufcyz1zgkRwDbb9bZU2Nre2d8q7lb39g8Oj6vFJT8epoqxLYxGrQUA0E1yyLnAQbJAoRqJAsH4wvZ37/UemNI/lA2QJ8yIyljzklICR/Gqt7QN2ucRuRGBCicjbM79atxv2AnidOAWpowIdv/rljmKaRkwCFUTroWMn4OVEAaeCzSpuqllC6JSM2dBQSSKmvXwRfobPjTLCYazMk4AX6u+NnERaZ1FgJucR9ao3F//zhimEN17OZZICk3R5KEwFhhjPm8AjrhgFkRlCqOImK6YToggF01fFlOCsfnmd9C4bTrPRvL+qt0hRRxmdojN0gRx0jVroDnVQF1GUoWf0it6sJ+vFerc+lqMlq9ipoT+wPn8AFziUiQ==</latexit>

At 2 A

Definition: Planning (MDPs)

Given: an MDP,     
<latexit sha1_base64="Pez3opam0Y3kZfoJumm5phGyuvA="></latexit>

(S, A, p)

Output: An optimal policy, <latexit sha1_base64="rJooEaCu8yR+HzeBzgzrJatiQq8="></latexit>fi

Planning algorithms can 
inspire RL algorithms
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Lecture Outline

1. Policy Iteration 

(a) Iterative policy evaluation 

(b) Policy Improvement 

2. Value Iteration 

3. Asynchronous and generalised DP

31



Planning: Solving an MDP

32

Definition: Planning (MDPs)

Given: an MDP,     

Output: An optimal policy, 

<latexit sha1_base64="hCKqMOoUlEF8aMVIfFDfftp7Jj8="></latexit>

(S, A, p, r, “)

<latexit sha1_base64="B65YiSZEKjbd5HeS/lUy3AMHP9E="></latexit>fiú

<latexit sha1_base64="yJ6z+/x6cy+vtsOUYnFpg87gYhk="></latexit>

fiú = arg max
fi

vfi(s), ’s



Dynamic Programming
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Dynamic programming is a family of algorithms 

—> Main idea: use Bellman Equations to organise search for good policies:

<latexit sha1_base64="Byr0ijdS5pAHn/YZU34nhdMKro8="></latexit>

vfi(s) =
ÿ

a

fi(a|s)
ÿ

sÕ,r

p(sÕ, r|s, a) [r + “vfi(sÕ)]

qfi(s, a) =
ÿ

sÕ,r

p(sÕ, r|s, a) [r + “vfi(sÕ)]



DP Algorithm 1: Policy Iteration

34

First algorithm: Policy Iteration, consists of two phases: 

1. (E) Policy evaluation: compute      for  

2. (I) Policy improvement: make policy     greedy w.r.t. 

<latexit sha1_base64="TTEho0XhO1LAtkuoeypUUMbJ/eM="></latexit>vfi
<latexit sha1_base64="rJooEaCu8yR+HzeBzgzrJatiQq8="></latexit>fi

<latexit sha1_base64="rJooEaCu8yR+HzeBzgzrJatiQq8="></latexit>fi <latexit sha1_base64="TTEho0XhO1LAtkuoeypUUMbJ/eM="></latexit>vfi

Process converges to optimal policy!



DP Algorithm 1: Policy Iteration

35



E: Policy Evaluation
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Bellman Equations form a system of n =      linear equations
<latexit sha1_base64="3M0oiBdw33r1q7kD+c1o4EzrquQ="></latexit>

|S|

<latexit sha1_base64="rY2MXj1rsdfWUxKSFXnlXNPMr4M="></latexit>

vfi(s1) =
ÿ

a

fi(a|s1)
ÿ

sÕ,r

p(sÕ, r|s1, a) [r + “vfi(sÕ)]

vfi(s2) =
ÿ

a

fi(a|s2)
ÿ

sÕ,r

p(sÕ, r|s2, a) [r + “vfi(sÕ)]

...
vfi(sn) =

ÿ

a

fi(a|sn)
ÿ

sÕ,r

p(sÕ, r|sn, a) [r + “vfi(sÕ)]

Gauss elimination has complexity 
<latexit sha1_base64="HgrR6S23nJGob0Oa1I98EdxEEok="></latexit>

O(n3)



Iterative Policy Evaluation
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Algorithm Sketch: 

• Initialise 

• Update                       for each state s

<latexit sha1_base64="8iJ0h/nJFdBskfTj2JxWdU1Dk8k="></latexit>

v0(s) = 0
<latexit sha1_base64="8o/G9tJqfWJZqFsHPeEJ1etaSYw="></latexit>vk æ vk+1

<latexit sha1_base64="jCk9LCy3NjSwwsF4ZjYz0AMB6FM="></latexit>

vk+1(s) =
ÿ

a

fi(a|s)
ÿ

sÕ,r

p(sÕ, r|s, a) [r + “vk(sÕ)]

Note: Sequence converges to     , stop when changes no more changes to <latexit sha1_base64="TTEho0XhO1LAtkuoeypUUMbJ/eM="></latexit>vfi
<latexit sha1_base64="bDGXwb3j9mflAM6owysPVQZCWAg="></latexit>vk



Iterative Policy Evaluation: Pseudo-code

38



Example: Gridworld
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States: cell location in grid; grey squares are terminal 

Actions: move north, south, east, west 

Rewards: -1 until terminal state reached (recall: absorbing state, reward 0) 

Undiscounted: 
<latexit sha1_base64="R8gwFKItSTfIaqHuGHyt3FH6i0Y="></latexit>

“ = 1



Example: Policy Evaluation in Gridworld

40

<latexit sha1_base64="kkH4RuTRghCgMP9BAL1NtPZ0EOI="></latexit>

fi(a | s) ≥ Unif(A)



Policy Iteration: Two Steps

41

First algorithm: Policy Iteration, consists of two phases: 

1. (E) Policy evaluation: compute      for  

2. (I) Policy improvement: make policy     greedy w.r.t. 

<latexit sha1_base64="TTEho0XhO1LAtkuoeypUUMbJ/eM="></latexit>vfi
<latexit sha1_base64="rJooEaCu8yR+HzeBzgzrJatiQq8="></latexit>fi

<latexit sha1_base64="rJooEaCu8yR+HzeBzgzrJatiQq8="></latexit>fi <latexit sha1_base64="TTEho0XhO1LAtkuoeypUUMbJ/eM="></latexit>vfi

?



<latexit sha1_base64="zt7yW7Hhx5kh2zJu0j1XH1Ow9Sg="></latexit>

fiÕ(s) = arg max
a

qfi(s, a)

= arg max
a

ÿ

sÕ,r

p(sÕ, r | s, a)[r + “vfi(sÕ)]

Policy Iteration

42

2. (I) Policy improvement: make policy     greedy w.r.t.      <latexit sha1_base64="rJooEaCu8yR+HzeBzgzrJatiQq8="></latexit>fi <latexit sha1_base64="TTEho0XhO1LAtkuoeypUUMbJ/eM="></latexit>vfi

?

<latexit sha1_base64="zt7yW7Hhx5kh2zJu0j1XH1Ow9Sg="></latexit>

fiÕ(s) = arg max
a

qfi(s, a)

= arg max
a

ÿ

sÕ,r

p(sÕ, r | s, a)[r + “vfi(sÕ)]

<latexit sha1_base64="IiKsEx906BRvzou5mMiGcnms5PI="></latexit>

’s œ S



Policy Improvement Theorem

43

Policy Improvement Theorem

Policy Improvement Theorem

Let ⇡ and ⇡
0 be policies such that for all s:

X

a

⇡
0(a|s) q⇡(s, a) �

X

a

⇡(a|s) q⇡(s, a)

= v⇡(s)

Then ⇡
0 must be as good as or better than ⇡:

8s : v⇡0(s) � v⇡(s)

15
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DP Algorithm 2: Value Iteration

45



DP Algorithms: Policy Iteration and Value Iteration
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Value IterationPolicy Iteration



Reading

- RL book, Chapter 4 (4.1–4.7) 

(Iterative Policy Evaluation proof not examined) 

- Optional: 

- Dynamic Programming and Optimal Control by Dimitri P. Bertsekas 

http://www.athenasc.com/dpbook.html 

- On the Complexity of Solving Markov Decision Problems by Littman, Dean, Kaelbling  

https://arxiv.org/pdf/1302.4971
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vfi(s) Æ qfi(s, fiÕ(s)) (here for deterministic policies)
= EfiÕ [Rt+1 + “vfi(St+1) | St = s, At = fiÕ(s)]
= EfiÕ [Rt+1 + “vfi(St+1) | St = s]
Æ EfiÕ [Rt+1 + “qfi(St+1, fiÕ(St+1)) | St = s] (by premise)
= EfiÕ [Rt+1 + “EfiÕ [Rt+2 + “vfi(St+2) | St+1, At+1 = fiÕ(St+1) | St = s]]
= EfiÕ

#
Rt+1 + “Rt+2 + “2vfi(St+2) | St = s

$

Æ EfiÕ
#
Rt+1 + “Rt+2 + “2Rt+3 + “3vfi(St+3) | St = s

$

. . .

Æ EfiÕ
#
Rt+1 + “Rt+2 + “2Rt+3 + “3Rt+4 + ... | St = s

$

= vfiÕ(s)


