Reinforcement Learning

Markov Decision Processes: Part 2 + Dynamic Programming: Part 1
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| ecture Outline

1. MDPs: Recap & Part 2

2. Main quantities: Policies, Values.

3. Algorithms for Solving MDPs: Value lteration, Policy lteration.



The Reinforcement Learning Loop
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The RL Loop with an MDP

state reward action
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Transition function

Set of states
Set of actions

S
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p(s" | s,a)
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Markov Decision Processes

S Set of states
Set of actions
Transition function

Reward function




Markov Decision Processes

S
A
p(s' | s,a)
r(s,a)
Sometimes (S, A, p)

will write:

(87 ‘/47 p? r)

Set of states
Set of actions
Transition function

Reward function

(87 Aapa r, ﬁY)
(87 Avpa Y, SO)
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Main Quantities

Given an MDP, (S, A,p, T), interested in:

- Policy: 7-‘-(& | S)
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Main Quantities

Given an MDP, (S, A,p, T), interested in:

— POliCyZ 7-‘-(0/ | S)

- Discount factor: Y & [O, 1)

- Return: G = Rt—|—1 VRHQ ”YZRHB ce e — ZWth F14+-k

- State-value: UW(S) — 437? [Gt | St — S]

- Action-value C]W(S, CL) — ":77 [Gt | St — S, At — CL]
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The Bellman Equation: State-Value

— Z m(a | s)r(s,a) + Z p(s' | s,a) -
acA : s'eS

Immediate reward discounted expected future value
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The Bellman Equation: State-Value

Ur(8) = Z m(a | s)r(s,a) _|_ Usr (U (7))
ac A

Immediate reward discounted expected
future value
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The Bellman Equation: Action-Value

QW(Sv CL) — T(Sa CL) T

Immediate reward discounted expeéted future value
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The Bellman Equation: Action-Value

QW(37 CL) — T(Sv CL) T

Immediate reward discounted

expected
future value
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Optimality

Policy 7T is optimal if:

Vr(8) = v4(8) = max Vs (S)

Gr(8,a) = q«(8,a) = max g/ (s, a)
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Optimality

Policy 77 is optimal if:

Vr(8) = v4(S) = max Vet (S)

Gr(8,a) = q«(s,a) = max g (s, a)

By the Bellman Equation, this implies that for any optimal policy:
VitVs : v (s) > vi(s)
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Optimal Value Functions, Policies

ac A

V«(s) = max p(S’ rls,a) |r +vv*(8’)])

ZP s’ 7, a)[r 4y va(s)

s’ r

e
e
=%
=0
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Example: Gridworld
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Gridworld:

- States: cell locations in a grid

- Actions: Move north/south /east/west.

- Rewards: -1 off grid, +10/+5 in A/B, 0 otherwise.

m(a | s) ~ Unif(A)

+

Actions
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Discussion

Gridworld:

- States: cell locations in a grid

- Actions: Move north/south /east/west.

- Rewards: -1 off grid, +10/+5 in A/B, 0 otherwise.

m(a | s) ~ Unif(A)

B
Ja Discussion: What is the lowest
70| | B' value state? The highest?

1.5 | A

What are their values, roughly?

Actions

1,1 | A (5,1)
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Example: Gridworld

Gridworld:

- States: cell locations in a grid

- Actions: Move north/south /east/west.

- Rewards: -1 off grid, +10/+5 in A/B, 0 otherwise.

A . 3_3. 4.4 @ 1.5
Ja 15(3.0/ 2.3[1.9/ 0.5 7(a | s) ~ Unif(A)
g . | , 0.1/ 0.7 0.7. 04
1.0]-0.4/-0.4/-0.6-1.2 U ($)
X Actions 1 .9@-1 2-1.4-2.0
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Example: Gridworld — Optimal Policy

Gridworld:

- States: cell locations in a grid

- Actions: Move north/south /east/west.

- Rewards: -1 off grid, +10/+5 in A/B, 0 otherwise.

A B 22.0/24.4/22.0/19.4/17.5 —»4—1—»4 41“—

\ é 19.8/22.0{19.8/17.8/16.0 tl |||«

MB 17.819.8/17.8(16.0{14.4 | I P O O

/ 16.0/17.8]16.0/14.4/13.0 t, t 1 I TS

A 14.4)16.0{14.4/13.0{11.7 Lt g g
Ur, (8) T ()
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Value: System of Linear Equations

Bellman Equations form a system of n = |S| linear equations

Value function is unique solution — solve using any method to solve linear system.
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Recap: The Main ldeas

- Markov Decision Process: the canonical way to model RL problems
- Policy: 7 is a strategy for assigning actions to states.
- Value: v;(8), Action-value: ¢-(S,a) capture expected cumulative discounted reward

—> Long term view of the quality of a policy.

- Goal: Find a policy that maximises value.
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Two Problems: RL, and Planning

Definition: The RL Problem (MDPs) Definition: Planning (MDPs)

Given: S, A, query access to p Given: an MDP, (S, A, p)

" Repeat, fort =0, 1, ... Output: An optimal policy, TT

1. Agent selects action A; € A

2. Agent observes
StaRt Np(slar ‘ S,CL) : :
Planning algorithms can

inspire RL algorithms

Goal: maximise total reward.
29



Reinforcement Learning

Dynamic Programming: Part 1

David Abel, Michael Herrmann
Based on slides by Stefano V. Albrecht
24 28 January, 2025
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| ecture Outline

1. Policy lteration
(a) Iterative policy evaluation
(b) Policy Improvement

2. Value lteration

3. Asynchronous and generalised DP
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Planning: Solving an MDP

Definition: Planning (MDPs)

Given: an MDP, (S, A,p,r,~)

QOutput: An optimal policy, T

T = arg max v, (s), Vs

T
32



Dynamic Programming

Dynamic programming is a family of algorithms

—> Main idea: use Bellman Equations to organise search for good policies:

vr(s) =) wlals) Y _p(s'sr]s,a) [r+ yvr(s')]

ar(s,0) = 3 p(s',7s,) [r + yue(s')
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DP Algorithm 1: Policy lteration

First algorithm: Policy lteration, consists of two phases:

1. (E) Policy evaluation: compute U for 7T

2. (1) Policy improvement: make policy 71 greedy w.r.t. U

E I E I E I
o > Urg > T > Uy > 9 A 7> Ty

Process converges to optimal policy!

> Uy
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DP Algorithm 1: Policy lteration

evaluation

Vo v

T V

T~ greedy(V)

improvement
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E: Policy Evaluation

Bellman Equations form a system of n = |S| linear equations

vr(s1) = > m(als1) Y p(s',r|s1,a) [r+yvx(s)]
vr(s2) = > m(als2) Y p(s',r|s2,a) [r+ yvx(s)]

Uz (8n) = Z m(alsn) Zp(sla r|sn,a) [r+ g (s')]

» Gauss elimination has complexity O(n?)
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lterative Policy Evaluation

Algorithm Sketch:
e Initialise UQ(S) = ()

e Update U — VUp.1 for each state s

veri(s) =) w(als) Y p(s' rls,a) [r+yui(s)]

Note: Sequence converges to v, stop when changes no more changes to v;.
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lterative Policy Evaluation: Pseudo-code

Input 7, the policy to be evaluated
Initialize an array V(s) = 0, for all s € 8T
Repeat
A<+ 0
For each s € o:
v <+ V(s)
V(s) 52, wlals) X, pls's7ls, @) [ + 7V ()]
A +— max(A, |v — (S)D
until A < @ (a small positive number)
Output V = v,

38



Example: Gridworld

actions

States: cell location in grid; grey squares are terminal
Actions: move north, south, east, west
Rewards: -1 until terminal state reached (recall: absorbing state, reward 0)

Undiscounted: ¥ = 1
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Example: Policy Evaluation in Gridworld
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Policy lteration: Two Steps

First algorithm: Policy lteration, consists of two phases:
1. (E) Policy evaluation: compute V. for 7T

2. (I) Policy improvement: make policy 77 greedy w.r.t. U

41



Policy lteration

Vs € §

7'(s) = arg max ¢ (s, a)

= argmax Y p(s',r | s,a)[r + Y (s')]

s’ r

2. (1) Policy improvement: make policy 77 greedy w.r.t. U

42



Policy Improvement Theorem

Policy Improvement Theorem

Let 7 and 7’ be policies such that for all s:

> 7(als) gz (s, a)

a a

|V
VR
=

Va
N—"
K
N
N
\’CIJ

S
N—"

|
S
N
N\
VA
N—"

Then " must be as good as or better than

Vs : v (s) > vr(s)

43



Policy lteration

1. Initialization
V(s) € R and n(s) € A(s) arbitrarily for all s € S

. Policy Evaluation
Repeat
A<+ 0
For each s € o:
v < V(s)
V(s) <>y, p(s,rls,m(s))|r +V(s)]
A +— max(A, v — V(s)|)

until A < 6 (a small positive number)

. Policy Improvement
policy-stable <— true
For each s € o:
a < 7(s)
m(s) < argmax, ) . p(s',7|s,a) 7+ V()]
If a # 7w(s), then policy-stable < false
It policy-stable, then stop and return V and m; else go to 2
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DP Algorithm 2: Value Iteration

Initialize array V arbitrarily (e.g., V(s) =0 for all s € 8™)

Repeat
A <+ 0
For each s € o:
v <+ V(s)
V(s) < max, ), . p(s',r|s,a) 4V (s)]
A +— max(A, |lv —V(s)|)

until A < @ (a small positive number)

Output a deterministic policy, m, such that
m(s) = arg max, ZS,’TP(S,, rls,a) [fr‘ | ”yV(s’)]

45



DP Algorithms: Policy lteration and Value lteration

Policy Iteration Value Iteration
1. Initialization - . . i
V(s) € R and 7(s) € A(s) arbitrarily for all s € S Initialize array V arbitrarily (e.g., V(s) =0 for all s € 8T)
2. Policy Evaluation Repeat
Repeat AR
A+ 0 For each s € &:
For each s € 8: v+ V{(s)
e V(5) - mas, S, (57l ) V)
V(s) ¢ Xy, (s, rls, () [r + V()] A+ max(A, v — V(s)))

A +— max(A, v —V(s)|)

i1 A <6 11 positi b
until A < 6 (a small positive number) until A < ¢ (a small positive number)

3. Policy Improvement Output a deterministic policy, 7, such that

policy-stable < true m(s) = arg max, Zs/,r p(s',r|s,a) [T T ”YV(S/)]
For each s € o:

a < 7(s)

m(s) < argmax, ), . p(s’,7[s,a) V()]

If a # 7w(s), then policy-stable < false
It policy-stable, then stop and return V and m; else go to 2
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Reading

- RL book, Chapter 4 (4.1-4.7)

(Iterative Policy Evaluation proof not examined)

- Optional:
- Dynamic Programming and Optimal Control by Dimitri P. Bertsekas

http: //www.athenasc.com/dpbook.html

- On the Complexity of Solving Markov Decision Problems by Littman, Dean, Kaelbling
https://arxiv.org/pdf/1302.4971
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Policy Improvement Theorem: Proof Sketch

S
R
N\

VA
N—"
VA

¢r (8,7 (5)) (here for deterministic policies)
DRy :Rt—l—l T /Y/UT('(St—F ) St = s, Ay = 7-‘-/(8):
s [ Rev1 + y0r(St41) | St = 8]

< It Rt+1 + ’YCIW(StH, /(Sﬁ—l)) | St = 5] (by premise)
= Er [Rey1 +7Er [Rig2 + y0r (Sta2) | Sta1, Aerr = 7' (Sey1) | St = s]]

= Er |[Rip1 + YRig2 + Y 0r(Stt2) | St = s|

<Er |Rip1 4+ YRis2 + YV Riy3 + 7 v (Seas) | St = ]

<Ep [Riy1+YRiv2 + Y Riys + 7 Riva + .. | St = 8|

Vs (S)
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